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ABSTRACT 


Spectrograms of 35 variables of high luminosity in 14 globular clusters were obtained at Mount Wilson 
with low dispersion. Membership in the clusters was tested by measures of radial velocity, which were 
compared with the velocities obtained at the Lick Observatory from the integrated light of the clusters. 

A tabulation of the stars according to period and physical characteristics indicates that the globular 
clusters contain, in addition to the RR Lyrae stars, several variables of four definite groups: short period 
(1-2 days), W Virginis, RV Tauri (with high luminosity), and irregular or semiregular variables (period 
60-110 days). Cepheids, Mira stars, and semiregular variables (types M4—M6) are rare or absent. In gen- 
eral, the variables found in the clusters correspond to those of population II. 


The results of the spectroscopic observation! of Barnard’s variable in Messier 3 led to 
the observation of other variable stars in globular clusters { r the purpose of making 
more extended tests of the relationship between the variables in the clusters and the 
high-velocity stars of the RR Lyrae, W Virginis, RV Tauri, and Mira classes, well scat- 
tered throughout the galactic system. With the 100-inch telescope and dispersion of 
110 A/mm at Hy, spectrograms of most of the brighter variables were readily obtained 
in good seeing with exposures less than 4 hours. For some of the fainter stars in more dis- 
tant clusters a dispersion of 220 A/mm was necessary. 

On account of the low luminosity and the rapid changes in light and velocity of the 
variables with periods less than a day, satisfactory observations of such stars with avail- 
able equipment were not feasible. These stars, which, to avoid confusion, may be called 
“RR Lyrae variables” rather than ‘‘cluster variables,” are by far the most numerous of 
the variable stars in clusters. 

The known variables in the globular clusters number about 1300? in 60 different clus- 
ters. Among these variables, 67, because of their high luminosity and slow light-changes, 
evidently do not belong to the RR Lyrae class. About ten years ago spectroscopic ob- 
servation of these brighter variables was begun at Mount Wilson. The program included 
all for which periods had been determined except 19, whose southern declinations are 
greater than —40°. A few bright variable stars whose periods are unknown were added. 


1A. H. Joy, Mt. W. Contr., No. 637; Ap. J., 92, 396, 1940. 
2H. B. Sawyer, Pub. Dunlap Obs., 1, 127, 1939; 383, 1947. 
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Spectrograms were eventually obtained for 35 variables in 14 clusters. While the ob- 
servations are few and the quality not all that could be desired, the radial velocities as- 
sist in identifying the variables with the clusters, and the spectral characteristics usually 
define the type of variation. 

The data pertaining to the observations, together with the estimated spectral types 
and measured radial velocities, appear in T able 1. Plates taken with the lower dispersion 
of 220 A/mm are starred, and their measurement is subject to larger accidental errors. 
The relative intensity of the hydrogen emission lines on different spectrograms is indi- 
cated by a number (scale 1-5) following the letter e of the spectral type. The weights 
depend to a large extent on the definition of the lines of the plate as well as on the dis- 
persion of the spectrograms. The elements for the phases and references to their source 
are in the notes following the table. 

If the velocities define a curve, the y-velocity of the curve was taken to be the mean 
velocity of the star; but for the remaining stars, whose velocities are scattering because 
of poor measurement, irregular velocity changes, or inaccurate elements, the weighted 
mean of the measured velocities was computed. 

In Figure 1 the light-curves and velocity-curves of NGC 6205 (M13) var 2, 6254 (10) 
var 2, 7089 (2) var 11, and 5272 (3) var 95 (periods 5, 19, 67, and 103 days) are shown to 
illustrate the behavior of different classes of variables in clusters. The accuracy of the 
measurements does not warrant drawing conclusions based on details of the curves, but 
the characteristic velocity changes correspond to those observed in similar variables dis- 
tributed throughout the galactic system. 

Table 2 is a summary of the measured radial velocities of the several variables. The 
weighted mean velocities for 14 clusters were derived and compired with the values de- 
termined from integrated light of the clusters by N. U. Mayall* at the Lick Observatory. 
Except for one cluster, NGC 6218 (M12), for which the difference is 78 km/sec, the agree- 
ment of the velocities is satisfactory for observations with low dispersion. T he positive 
and negative differences are equal in number, and no certain systematic differences can 
be detected. The Lick values were obtained, for the most part, with a dispersion of 430 
A/mm. 

The velocities for individual stars are clearly of insufficient precision to justify any 
conclusions as to peculiar motions or rotation effects. 

In order to study the distribution of the brighter variables of the clusters among the 
different classes, the observed stars were arranged, as far as possible, in order of period 
in Table 3. The position in the table of the five variables for which no periods are known 
was determined largely from consideration of their spectra. The spectral distinctions 
between W Virginis, RV Tauri, and semiregular variables are not clearly evident at 
those phases at which the spectral types overlap; but, if the observations are distributed 
throughout the cycle of variation, the class may be assigned with considerable confi- 
dence. 

The median photographic absolute magnitudes of the seventh column of Table 3 are 
computed by assuming a value of 0.0 for the median absolute magnitude of the RR Lyrae 
variables in the same cluster. The relative intensity of the greatest observed strength of 
hydrogen emission in different stars is shown in the last column of the table. In several 
stars the maximum strength of emission has probably not been observed. The high in- 
tensities found in the W Virginis group are especially noteworthy. 

The data of Table 3 represent the physical characteristics of 33 variables. Since they 
comprise nearly all the variables in globular clusters observable at Mount Wilson which 
have periods greater than 1 day, we may conclude that they are fairly representative of 
such stars. Inspection of the table reveals several significant facts in regard to the vari- 
ables which are members of globular clusters. 


3 Ap. J., 104, 290, 1946. 
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SPECTROSCOPIC OBSERVATIONS OF VARIABLES IN CLUSTERS 





| - 
- Var. | Phase | Velocity 
NGC (N : Q Bm 
NGC (M) No. | JD | (Days) } Spectenm (Km/Sec) | 





5139 (w Cen)...... 1 | E2162 2423024. ius ee F6 +176 | 


ad 
uw 


| 
5272 (3) e 95 | C6772 | 2427998. 26.93 M2e2 | —168 
| 7168 | 9027. 24.22 | K | ood 

7274 | 9364. 51.65 aaa: | =e 1 
7290 | 9392. 79.53 ; | 

7303 9410. 97.51 

7346 0452.7 36.24 

152 | 2430149. 10.95 

201 0207.7 | 68.89 

430 0445. 100.76 

463 0501. 53.40 | 

475 | 0515.7. 67.34 

498 | 0533.7 85.38 

1363 | 1550. 70.55 

1411 | 1599. 16.30 

1674 1892. 103.07 

1715 1979.7 


So: o-oo 


WMNMNS: WwW: WOW 


mOoOnmoooCoOH: 


|} SSSSMUNSSS |] &!] ONOWS 








-|~ 


5272 (3) ; (15) 


5904 (5) vare = 174 | 2430179.68 | 12.35 G3 
| 472 | 0514.66 | 12.73 G3 
502 | 0534.73 7.06 | F8 
512 | 0546.68 | 19.01 | G2 
538 | 0575.67 22.26 | G2el 
880 | 0917.68 3.94 | F8 
1434 1636.69 | 2.29 | F6 
1686 1921.81 4.29 | F6 | 
1976 | 2637 .95 25.50 | F4 


a O00 ne 
SUS ESSSSS 


ee Set it et 


uw 


wn | 


[+ | +++++4+4+4+4 


5904 (5) © 1383 2431564.95 
1435 1636.80 
1692* 1923.88 
1977* 2638.00 


| 
| 


je et ee 





5904 (5) ; 9 ‘ 2430179 
0514 
0531.7 
0534 
0544 
0563 
0894 
1564 
2669 


DAdinwiurws 
QSAR aeoss 


+t+t+++++4+4 


| 
| 
| 
| 
| 
| 
} 
1 


+ 
wn 
oO 
oo 
o | 





6093 (80) . 1431 2431635 .76 15.26 F6e5 
1859* 2377.76 3.66 | GO 
2050* 2747.72 12.52 G0e2 


++ 
an 


* Dispersion 220 A/mm at Hy. 





TABLE 1—Continued 








= 
= 


—— | Var. Velocity 
NGC (M) | No. JD : Spectrum (Km/Sec) 





ee a oe a 


6121 (4) ie. 4 E 2430545. 71 G2 
0562.69 ete G4 
0574.67 eee 
1564.96 Ste ateoavee ; 

2698 . 89 


—— a © 
oooonm 














wn 





6121 (4).. E 509 2430545 .77 
1391 1565.95 
1461 1665. 
2014* 2698. 


wMmon 





wn 








6205 (13) | 1) 38 2432007. 7: 
2008. 
2009 


oos|N | oomo| » 


m1 wun 





_— 


6205 (13) E 2430179. 
5 0208. 
0209 
0604 
0896.7 
231567 
2397. 
2749. 




















cooor rR RHO, 
MnAwosdOoncoo 











6205 (13) 6 | E 835*| 2430857.833 
| 1308.78: 











6205 (13) — 2430562. 

5 0573.7 

2010. 

2054. 

: 2344.7: 
2010* 2697. 
2023* 2716. 
2058* 2749. 





ooor-oo-— 
mammnoSmmne 








6205 (13) a | ES 2430546. 
0895. 
0945. 
1601. 
2346.7 
2697. 
2716 
2749. 








COCR eee em | p | 
| wnneoooos| a! 

















TABLE 1—Continued 





icc far. : Velocity | 
NGC (M) No. . Spectrum | (Km/Sec) | 
| 








6218 (12)........ - 2429409.938 | 9.649 
9452.851 | 6.039 
9805.826 | 2.330 
9807.715 | 4.219 
2430515. 868 14.512 
0855.928 | 13.396 
1638.722 | 5.282 
2374 747 | 





} 
j 


6254 (10) 





6254 (10) wl | ©7271 | 2429363.995 | 18.199 | F8e2 
7 9439.842 | 0.276 
2430147.891 | 14.427 | F5e3 
0178.781 | 7.809 | G2 
1637.878 | 4.094 | GO 
1663.733 | 11.185 | F8e5 
1921.933 | 6.839 | GO 





© 1857* | 2432376.865 


6402 (14).........) 1 
2046" | 2746.721 


6402 (14).. = 2 E 2053* 2432748 742 


eo 
1 
| 


1882* 
2047* | —-2746.826 


‘ 


6402 (14).........| | E2020* | 2432715.833 
| |  2051* (2747828 








6626 (28)....... | E1887" | 2432454.650 | 
204* | 2748. 849 


LOM ALAN LOLA OAL LAREN A ti NPN Ag LEAD 


6656 (22); ...... 5 | y § | 2430562.749 
0916. 838 
1599941 
1662. 837 
1667 . 736 





6056 (22).. ee £17 2431976. 866 : : 
2083. 715 | , GSel | 215 





| 


—174 





TABLE 1—Continued 


| ) 
| | 
a | Var. | Phase . Velocity | 
NGC (M) : F | D Spec y 
( Ain | J (Days) Km/Sec) We. 


6656 (22).. é 2431976.951 41.62 
7 2082.675 59.64 
2790.739 66.02 


Raid — _ — ~ = socpeniehaaoe 
6656 (22) E1713 | 2431977.936 | 0.198 | 
1714 1978.931 1.192 
1716 1979 .930 0.501 


6656 (22) 14 | £1440* | 2431638.84 64. 
| (1722 2009.87. | 35. 


| 


6779 (56)... | 1 | E1784* | 2432111.688 
2055* 2748.899 | 


6779 (56) 3 i E S33 2430573. 865 
| | 1466* 1666. 868 

1720* 2008 . 940 

1742* 2055.790 

2026* 2716.934 

2049* 2746.962 


6779 (56) | E 173 | 2430178.920 22 
| 202 0207.851 35.15 
252 0249.779 | 77.08 
507 0344.920 | 82.20 
562 0004. 771 99 

852 0894.948 | 
1460 1664.892 | 51.87 
1856 2375.941 | 42.76 
2025* 2716.910 | 23.65 
2048* 2746.908 | 53.65 
2090* |. 2790.785 | 7.50 


7078 (15) | E1761* 2432082 . 794 .816 FO 
1765* 2083. 688 271 A8 


E1117* | 2431284.951 
2060* 2749 .957 


7078 (15) Neb. 


7089 (2) | E1794 | 2426607.800 984 | GOel 
| | 1879 | 2432452.802 240 | G2 
1883* | 2453.757 194 | G2el 

1906* 2496.717 5.260 F8 





TABLE 1—Continued 


| | 
Phase ec inin Velocity 
(Days) _— | (Km/Sec) 


NGC (1 a tat JD 


7089 (2) ced : E 1862* | 2432408.977 | 4. 803 | F6 
184° 2453.806 | 14.523 ; 





E 1880* 2432452 . 865 
2087* 2789.8 





_ 





te ne | C6977 | 2428466.688 

| 7087 | 8731 .946 

y 21219 8793.792 

Cis | 8850.676 

7187 | 9143.701 

E 282 | 2430268.747 

306 0296.722 

317 0298. 747 

340 0324. 667 

511 0545 .958 

534 0573.951 

yy 24423 0602. 828 

| E 59 0633 .724 

609 | 0635. 767 

630 0654.729 

857 0896 .962 

1854 | 2374.920 

1861 2377 .938 

1888 2454. 834 

1901 2494. 684 

1905 | 2496. 648 
2091* 2790. 895 


SOM eR OOR ROR OOH HE OOHOO 
WUNSSOSCOUNSONOUNOOUNOUM| oO 


- 


l 
| 
| 
| 





NOTES TO TABLE 1 

5272 (3) Var. 95. Min. = JD 2427249.5 + 103419£. J. L. Greenstein, Harvard Bull., No. 901, 1935. A 
spectrogram by D. M. Popper (Ap. J., 105, 208, 1947) showed an M-type spectrum 16 days after 
minimum, but no emission lines. The first observation of the table was made by R. F. Sanford, who 
previously (Pop. Astr., 27, 99, 1919) in 1918 had obtained low-dispersion spectrograms of this star 
on April 9-10, showing bright Hy and Hé, and on May 13-14, showing no emission lines. 

5272 (3) Var. 154. Barnard’s variable for which results from 15 spectrograms have been published by Joy 
(Mt. W. Contr., No. 637; Ap. J., 92, 396, 1940). The spectral type varied between F5 and G3e, and the 
velocity range was 56 km sec. 

5904 (5) Var. 42. Max. = JD 2427567.8 + 254738E. P. Oosterhoff, Leiden Obs. Ann., 17, Part IV, 18, 
1941, 

5904 (5) Var. 50. Probably irregular. Mrs. Helen Sawyer Hogg writes that the period of 106 days sug- 
gested by S. I. Bailey does not hold at present. 

5904 (5) Var. 84. Max. = JD 2415027.5 + 26452. S. 1. Bailey, Harvard Ann., 78, 158, 1917. The period 
can probably be improved. 

6093 (80) Var. 1. Max. = JD 2429406.8 + 15470E. H. B. Sawyer, letter of July 21, 1948. Light-curve 
of W Virginis type. 

6121 (4) Var. 4. Irregular, with cycles of variation between 50 and 80 days, resembling UU Her in spec- 
trum ss", fluctuations. H. B. Sawyer, J.R.A.S. Canada, 36, 213, 1942. 

6121 (4) Var. 13. No period known. Probably irregular or RV Tauri class. 

6205 (13) Var. 1. Max. = JD 2427685.763 + 1445899F. H. B. Sawyer, Pub. Dunlap Obs., 1, 233, 1942. 

6205 (13) Var. 2. Max. = JD 2427308.868 + 54110034. H. B. Sawyer, Pub. Dunlap Obs., 1, 233, 1942. 

6205 (13) Var. 6. Max. = JD 2427274.867 + 2411283E. H. B. Sawyer, Pub. Dunlap Obs., 1, 233, 1942. 
The near-by south preceding companion star gives a velocity of —244 km/sec on one plate. 

6205 (13) Var. 10. Irregular or RV Tauri class. 
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6205 (13) Var. 11. Irregular or RV Tauri class. A spectrogram, spectral type KO Ib at maximum, was ob- 
tained by D. M. Popper (Ap. J., 105, 209, 1947). Color index at minimum, +1.8 mag. 

6218 (12) Var. 1. Max. = JD 2427306.708 + 15¢508E. H. B. Sawyer, Pub. Dunlap Obs., 1, 61, 1938. 
The variable star is the preceding and usually the brighter star of the close pair. Both stars fall on the 
slit. The radial velocity of the following star, spectra] type cKO, from four plates is —47 km/sec. 

6254 (10) Var. 1. Small magnitude range and comparatively low absolute magnitude place this star in 
the irregular or RV Tauri group. 

6254 (10) Var. 2. Max. = JD 2420607.712 + 184754E. H. B. Sawyer, Pub. Dunlap Obs., 1, 65, 1938. 

6402 (14) Var. 1. Per. = 18.75 days. H. B. Sawyer, Pub. Dom. A p. Obs. Victoria, 7, 126, 1938. 

6402 (14) Var. 2. Per. = 2.7952 days. H. B. Sawyer, Pub. Dom. A p. Obs. Victoria, 7, 126, 1938. 

6402 (14) Var. 7. Per. = 13.59 days. H. B. Sawyer, Pub. Dom. Ap. Obs. Victoria, 7, 126, 1938. 

6402 (14) Var. 17. Spectral lines few and poor. The velocity measures are unsatisfactory and have been 
omitted from the mean for the cluster. The type of variation is uncertain. Membership in the cluster 
may be questioned because of distance from the center and poor agreement of the radial velocities. 

6626 (28) Var. 4. Per. = 12-15 days. H. B. Sawyer, letter of July 21, 1948. Although the spectrograms 
are very poor, they seem to indicate irregular or RV Tauri variability. 

6656 (22) Var. 5. No period. Irregular or RV Tauri class. 

6656 (22) Var. 8. Max. = JD 2413373.6 + 61°F. H. B. Sawyer, Pub. Dunlap Obs., 1, 300, 1944. 

6656 (22) Var. 9. Max. = JD 2416761.5 + 87471E. H. B. Sawyer, Pub. Dunlap Obs., 1, 300, 1944. 

6656 (22) Var. 11. Max. = JD 2429436.917 + 14690502. H. B. Sawyer, Pub. Dunlap Obs., 1, 300, 1944. 

6656 (22) Var. 14. Max. = JD 2418160.6 + 200°2E. H. B. Sawyer, Pub. Dunlap Obs., 1, 300, 1944. The 
large positive velocity indicates that this Mira variable is not a member of the cluster. 

6779 (56) Var. 1. Max. = JD 2428688.733 + 1450998. H. B. Sawyer, letter of October 24, 1946. 

6779 (56) Var. 3. Min. = JD 2428015.8 + 101467E. H. B. Sawyer, letter of February 26, 1948. 

6779 (56) Var. 6. Min. = JD 2430172.7 + 90402E. J.R.A.S. Canada, 43, 38, 1949. 

7078 (15) Var. 1. Max. = JD 2415021.990 + 14437478E. M. J. Levy, Harvard Bull., No. 893, p. 29, 1933. 

7078 (15) Nebula. Planetary nebula discovered by F. G. Pease, Pub. A.S.P., 40, 342, 1928. Plate E 1117 
was obtained by R. Minkowski. The bright lines of hydrogen and 4471 He 1, 3726 [O m1], 3728 (O m1], 
3868 [Ne 11], 4363 [O m1], 4958 [O m1], and 5006 [O m1] were measured. The line 4686 He 11 is very 
weak, if present. The close agreement of the radial velocity with that of the cluster indicates that the 
nebula is, without doubt, a member of the cluster. No variation of light has been suspected. 

7089 (2) Var. 1. Max. = JD 2426607.800 + 1545647E. H. B. Sawyer, Pub. Dom. Ap. Obs. Victoria, 6, 
278, 1935. 

7089 (2) Var. 5. Max. = JD 2426628.644 + 1745548E. H. B. Sawyer, Pub. Dom. Ap. Obs. Victoria, 6, 
278, 1935. 

7089 (2) Var. 6. Max. = JD 2422162.928 + 1943010E. H. B. Sawyer, Pub. Dom. Ap. Obs. Victoria, 6, 
278, 1935. 

7089 (2) Var. 11. Min. = JD 2431259.8 + 674086E. H. B. Sawyer, J.R.A.S. Canada, 43, 38, 1949. 
Chévremont’s well-known variable. The star is among the most luminous variables in the clusters. 


The stars almost exclusively fall in certain groups. Period and spectral type define the 
groups, within each of which the magnitude range and luminosity are conspicuously 
limited. 

The RR Lyrae stars preponderate among the variables in clusters but do not appear 
in the table because they have not been observed spectroscopically. The stars of Group 1 
(Table 3) with periods from 1.4 to 2.8 days are well separated from the other groups in 
period, absolute magnitude, and spectral type. Although a distinct gap in period sepa- 
rates this group from the RR Lyrae stars and the absolute magnitudes are definitely 
brighter, the periodic range in spectral type is much the same as in those of the shorter- 
period variables. Since cepheids with periods greater than 2 days are practically nonex- 
istent in clusters, it seems reasonable to conclude that Group 1 is more closely related to, 
or perhaps an offshoot of, the populous RR Lyrae group. Two noncluster variables, SW 
Tau (Per. = 1.6 days, A7-F2) and XX Vir (Per. = 1.3 days, A2—FO), with early spec- 
tral type and high galactic latitude, may belong to this isolated group. The remaining 
43 noncluster variables with periods between 1.0 and 3.0 days are fairly concentrated 
toward the galactic plane and for the most part probably fall in the cepheid category. 
All those known to be cepheids, such as SU Cas (1.9 days, F5-F7), TU Cas (2.1 days, 
F5-G2), and DT Cyg (2.5 days, F5-F7), have spectral types somewhat later than SW 
Tau, XX Vir, and the stars of Group 1. 

In Group 2 only one cepheid, NGC 6205 (M13) var 2, was observed at Mount Wilson, 
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although another variable—5139 (w Cen) var 48 (Per. = 4.5 days, M = —1.1)—may 
be a member of this class. The conspicuous lack of cepheids in the clusters is the outstand- 
ing fact of the distribution of the variable stars and shows beyond question that the 
population of the clusters is on a basis quite different from that of the galactic system 
as a whole. 

The stars of Group 3, period 13-19 days, constitute a relatively large group, whose 
characteristics differ materially from those of the other groups. Their spectroscopic be- 
havior closely duplicates that of W Virginis. When they are compared with galactic 
cepheids of like period, their spectral types are considerably earlier, especially at mini- 
mum light, and the G band (CH) is not seen. Their absolute magnitudes, determined by 
comparing their apparent magnitudes with those of the RR Lyrae stars, are fainter than 
those of the cepheids of like periods. This conclusion is also supported by the lesser 
strength of the lines of ionized atoms in the stars of the clusters. The emission lines of 
hydrogen reach great intensity during increasing light in the variables of the clusters but 
have not been detected in the cepheids. The light-curves of some of these variables show 
distinct resemblance to that of W Virginis, but further photometric observations are 
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Fic. 1.—Light- and velocity-curves of four variable stars in globular clusters. The sources of the light- 
curves are found in the notes to Table 1. 
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needed for others. Few noncluster variables of this class are known, and the prototype 
W Virginis is the only one bright enough to be easily observed. 

Group 4 is anomalous, and the relation of the 5 stars included in it to other variables 
either in or outside the clusters is uncertain. Spectroscopically they are like AC Her, but 
the spectral range is much less. The spectra differ little from those of Group 3, except 
that the bright lines do not attain such great intensity. The luminosity is much higher 
than that of stars of any other group. H. B. Sawyer‘ has recently shown that two of the 
stars—7089 (2) var 11 and 6779 (56) var 6—have light-changes characteristic of the RV 
Tauri class. The period of 7089 (2) var 11 is double that previously recognized; possibly 
further observation will show that the periods of 5904 (5) var 42 and 5904 (5) var 84 also 
should be doubled. Although the high luminosity of the stars of the group corresponds 
to that of the cepheids with period of 30 days, they can hardly be normal cepheids be- 
cause their spectral types, especially at minimum light, are too early and between mini- 
mum and maximum they show hydrogen emission lines which do not appear in cepheids. 
Their velocities seem to be irregular, with comparatively small range. Doubtless, 5139 
(w Cen) var 1, whose period (58.7 days) also was doubled when it was recognized as an 
RV Tauri variable, is properly included in this group, although only one plate is avail- 
able. 
The stars of Group 5 have slow light-changes and are irregular or semiregular. The 
range of variation is less than in the other groups and the spectral type definitely later. 

The luminosities are comparatively low and do not increase with their longer periods. 
Although the physical characteristics of the different stars of this group agree reasonably 
well among themselves, different classes of variation may be represented. For example, 
the light-curve® and spectrum of 6121 (4) var 4 are similar to those of UU Her, which may 
be related to the variables of the RV Tauri class. Further observations will probably 
make it possible to identify some of the other variables as members of the RV Tauri 
class. The last two stars of the list show faint titanium oxide bands at minimum, but in 
other respects their spectra do not resemble those of Mira variables, and their luminos- 
ities are too bright. 

The long-period variables in 5139 (w Cen) and 104 (47 Tuc) are likewise too bright as 
compared with galactic long-period Me variables. We may conclude that Me variables as 
well as cepheids are either very rare or entirely absent in the globular clusters. 

The variable stars found most frequently in the globular clusters are those of the RR 
Lyrae, W Virginis, RV Tauri, and irregular classes. Such noncluster stars have long been 
known? to have large peculiar motions and to be widely scattered in galactic latitude. 
However, the Me variables’ and the less regular M-type variables,* many of which have 
high velocities, have not yet been certainly identified in the clusters. The presence of the 
high-velocity stars in large numbers and the paucity of cepheids in the clusters definitely 
indicate that population II largely predominates in these systems. 

The occurrence of large numbers of RR Lyrae variables in systems where cepheids 
are practically nonexistent shows that the two classes of variables are not so closely re- 


lated as has hitherto been assumed. 


In this study of the high-luminosity variable stars in the globular clusters I am deeply 
indebted to Mrs. Helen Sawyer Hogg for supplying firsthand many of the data concern- 
ing the periods and magnitudes used in this discussion. Without her untiring interest in 
the problems of the clusters and her kind co-operation, my observations would have 


little significance. 
4 J.R.A.S. Canada, 43, 38, 1949. 5 Tbid., 36, 213, 1942. 
6A. H. Joy, Pub. A.S.P., 37, 157, 1925; 44, 240, 1932. 
7P. W. Merrill, Mt. W. Contr., No. 649; Ap. J., 94, 171, 1941. 
8 A.H. Joy, Mt. W. Conir., No. 668; Ap. J., 96, 344, 1942. 
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ABSTRACT 
Distances of 31 open star clusters have been derived from the equivalent widths of the interstellar lines 


in the early-type stars. 
Velocities which have been obtained from both the interstellar and the stellar lines accord with dif- 


ferential galactic rotation. 
The distances have been derived by means of both stellar and interstellar velocities. Although the cor- 


relation of these distances with the corresponding equivalent widths is not especially good, it seems to be 
considerably better than the correlation of Trumpler’s distances with equivalent width. The equivalent 
widths and both the stellar and the interstellar velocities seem, therefore, to provide a useful means of 


obtaining the distances of open clusters. 
Large systematic and accidental errors in the interstellar velocities of open clusters derived by Miss 


Phyllis Hayford probably explain why her observations were unsuited to a solution for galactic rotation. 
The stellar and interstellar velocities of 14 stars (Table 3) provide good evidence that they belong to 


the h and x Persei clusters. 


A series of papers published during the interval 1937-1939! dealt with the equivalent 
widths and radial velocities of the interstellar lines in distant and consequently rela- 
tively faint stars. It was shown that the equivalent width of these lines increases with 
distance and that the radial velocities conform to the simple theory of differential 
galactic rotation, i.e., a complete cycle in 180° of galactic longitude has an amplitude 
roughly equal to half that given by the stellar velocities from the same stars. In other 
words, the effective source of interstellar lines is midway between observer and star. 

Those results may now be supplemented by the observations of nearly all the stars 
with interstellar Ca 11 lines in the open star clusters which can be reached from Mount 
Wilson. Observations have been made both at the 60-inch and at the 100-inch reflectors, 
with the dispersions given in the accompanying tabulation. Several of the stars were ob- 








Stars Weight 


| 
Designation | Dispersion 





| el 
cae ae A/mm | Brighter than 7.5 mag. | + 
a8 25 A/mm | 7.6-8.5 mag. | 2 


50 A/mm Fainter than 8.5 mag. 1 





served with two or three of these dispersions. 


THE EQUIVALENT WIDTHS 


The equivalent widths (E.W.) were determined by reference either to spectral calibra- 
tions or, in a few instances, to sensitometer spots, and they are expressed in angstroms of 


1 P, W. Merrilland R. F. Sanford, Mt. W. Contr., No. 564; Ap. J., 85, 73, 1937; O. C. Wilson and P. W. 
Merrill, Mt. W. Contr., No. 570; Ap. J., 86, 44, 1937; R. F. Sanford, Mt. W. Contr., No. 573; Ap. J., 86, 
136, 1937; P. W. Merrill, R. F. Sanford, O. C. Wilson, and Cora G. Burwell, Mt. W. Contr., No. 576; 
Ap. J., 86, 274, 1937; P. W. Merrill and O. C. Wilson, Mt. W. Contr., No. 582; Ap. J., 87, 9, 1938; P. W. 
Merrill and R. F. Sanford, Mt. W. Contr., No. 585; Ap. J., 87, 118, 1938; R. F. Sanford and O. C. Wilson, 
Mt. W. Contr., No. 613; Ap. J., 90, 235, 1939; O. C. Wilson, Mt. W. Contr., No. 614; Ap. J., 90, 244, 1939. 
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total absorption. Since He often rendered it difficult or impossible to measure the E.W. 
of H, the equivalent width of K only is considered in what follows. 

Since E.W.’s previously determined at Mount Wilson depended largely upon D 25 
spectrograms, it seemed best to reduce all the E.W.’s to that dispersion. The inter- 
comparison of the three dispersions showed the following E.W. relations in angstrom 


units: 
D25=D50—0.056A ; 


D 25 =1.25D10 (E.W.<0.40A); 
D25=D10+0.10A (E.W. > 0.40A). 


The correction for D 50 can be accepted as constant, since it applies only to faint stars 
with large measured E.W.’s, except for a few stars in NGC 1502, 1960, and 6531, for 
which no systematic corrections were used. The measures of E.W. are given in the fifth 
column of Table 1. The weight for each star is the sum of the weights of the plates used. 

Table 1 indicates that stars in the same group and presumably at the same distance 
have interstellar Ca 11 lines with essentially the same E.W.’s. This is to be expected, inas- 
much as all stars in a cluster have practically an identical interstellar path with nearly 
the same Ca 11 content. This similarity among the individual stars of a cluster ought to 
provide mean E.W.’s of considerable weight for each cluster. These mean E.W.’s are 
collected in the fourth column of Table 2. The distances given in the seventh column 
depend upon the relation of equivalent width to distance already found by the writer.’ 
The weights are the sums of weights of the individual plates involved. 


THE RADIAL VELOCITIES 


Radial velocities have been derived from the interstellar Ca 1 lines and from all suit- 
able stellar lines. All interstellar velocities were reduced to D 10 by corrections obtained 
from stars photographed with more than one dispersion. It was found necessary to in- 
crease interstellar velocities from D 25 by +1.8 km/sec and those from D 50 by 
+2.7 km/sec to correct them to the D 10 velocities. The interstellar Ca 11 velocities thus 
corrected and the stellar velocities for the individual stars are given in Table 1. The 
number following an interstellar velocity sums the weights for the plates involved. 

Mean interstellar and stellar velocities are collected in the ninth and eleventh columns 
of Table 2. The interstellar velocity for a cluster and its probable error are derived from a 
weighted mean of the interstellar velocities for the stars involved. The stellar velocity for 
a cluster is a mean of the velocities of the separate stars, weights being assigned on the 
basis of the number of spectrograms per star. The tenth and twelfth columns are the 
velocities of the ninth and eleventh columns, respectively, corrected for solar motion 
(+20 km/sec and apex a 271°, 6 + 28°) and then reduced to a distance of 1 kpc by 
division by the‘corresponding E.W. distance in kiloparsecs from the seventh column. 

Figure 1, A, has the reduced interstellar velocities of the tenth column plotted against 
galactic longitude. Figure 1, B, shows how the stellar velocities, when they are freed from 
solar motion and reduced to a distance of 1 kpc (twelfth column), progress with galactic 
longitude. The curve in Figure 1, A, is for differential galactic rotation about a center at 

= 325° with a semiamplitude of 8.9 km/sec’ appropriate to a distance of 0.5 kpc. The 
curve in Figure 1, B, has the semiamplitude 17.7 km/sec, that of differential galactic 
rotation for 1 kpc. Velocities of low weight are represented by open circles. There is good 
evidence of differential galactic rotation. 


2 Mt. W. Contr., No. 573; Ap. J., 86, 136, 1937. 
3 R. E. Wilson, Mt. W. Contr., No. 631; Ap. J., 92, 185, 1940. 





TABLE 1 
STARS IN OPEN CLUSTERS: VELOCITIES AND EQUIVALENT WIDTHS 
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*“R” calls attention to notes at the end of the table. 
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NOTES TO TABLE 1 
The sources for the velocities in the last two columns of Table 1 are as follows: 


V = Victoria, Pub. Dom. Ap. Obs. Victoria, L.. 13, 98, 1935. 
McD = McDonald Obs., Ap. J., 100, 189, 1944. 

Y = Yerkes. 

L = Lick Obs., Pub. Lick Obs., Vol. 18, 1932. 

LN = Neubauer at Lick, Ap. J., 97, 300, 1943. 

P = Popper at McDonald, Ap. J, 100, 94, 1944. 


A letter attached to each mean stellar velocity has the following estimated significance: 
Probable Error 


A colon following a stellar velocity signifies a mean of individual velocities that are very discordant. Two colons occur when 
it appears certain that the star is a spectroscopic binary. 


NGC 457. Stars without numbers from well-known catalogues can be identified by reference to Miss Phyllis Hayford’s Table II, 
Lick Obs. Bull., 16, 62-66, 1932. 

NGC 6530. No. 3 has four stellar velocities, —11, +112, pa. > and +148 km/sec. 

NGC 6613. Star No. 9 follows 4# and is 1’ south of HD 1683 

NGC 6871, HD 190918. The absorption-line velocity is that - a for the systemic velocity of this spectroscopic binary 
from 74 spectrograms (O. C. Wilson, Mt. W. Contr., No. 755; Ap. J., 109, 76, 1949). Dr. Wilson has permitted me to use his 
measures of the interstellar velocities on these same 74 spectrograms. 

NGC 6910. Star No. 4 isa spectroscopic binary, showing lines of both components. Both HD 194279 and star No. 4 show a weak 
component of interstellar K, whose measured velocity is about —53 km/sec. 

NGC 6913. All the signs of the differential co-ordinates for the stars in this cluster given by Miss Hayford need to be reversed. 


A comparison of Figure 1, A and B, shows that interstellar velocities of stars at a 
distance of 1 kpc have a differential galactic rotation-curve with about half the amplitude 
given by the stellar velocities. This merely confirms the results of various earlier studies. 


EQUIVALENT WIDTHS AND GALACTIC ROTATION 


Since Figure 1, A and B, have shown differential galactic rotation fairly well, it 
seemed possible that the velocities of the clusters might serve to determine the distances 
of the clusters. In testing this possibility, it seemed best to omit the clusters with veloci- 
ties of low weight near the null points of differential galactic rotation by excluding those 
for which sin 2 (J — 325°) is numerically less than 0.500 and also to omit the three clusters 
with the highest galactic latitudes. This left fifteen clusters with interstellar velocities 
and thirteen with stellar velocities. These velocities, when freed from solar motion, were 
divided by their respective values of sin 2 (J — 325°). It was assumed that the resulting 
velocities would be the semiamplitudes of differential galactic rotation appropriate to the 
distances of the respective stars. 

The mean equivalent widths for the fifteen clusters are plotted against these values of 
the semiamplitudes from the interstellar lines in Figure 2, A. Figure 2, B, is a similar 
treatment of the stellar velocities. The correlation of equivalent width with velocity is 
apparent in both figures but is, of course, far from perfect. The abscissae for Figure 2, B, 
are twice those of Figure 2, A; their ordinates are the same. Since the freehand curve 
through the points in A is much like that through the points in B, it is once again demon- 
strated that the semiamplitude of differential galactic rotation for the interstellar veloci- 
ties is half that for the stellar lines for the same stars, at least statistically. 


RELATION OF EQUIVALENT WIDTHS TO DISTANCE 


The sixth column of Table 2 contains the distances which Trumpler* has derived for 
these clusters, with the exception of the distance for the h and x Persei clusters, for 
which the value obtained by W. P. Bidelman® was substituted. The E.W.’s of the fourth 


* Lick Obs. Bull., 14, 154, 1930. 
5 Ap. J., 98, 61, 1943. 
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column of Table 2 are plotted against these distances in Figure 3, A. The E.W.’s are seen 
to increase statistically with distance, but the scatter is very large. 

It has been assumed that each interstellar velocity used in Figure 2, A, will give a 
value of the distance of the cluster to which it belongs if divided by 8.9 km/sec, the 
semiamplitude of interstellar velocity variation for stars at a distance of 1 kpc. Likewise, 
the velocities in Figure 2, B, are assumed to provide distances if divided by 17.7 km/sec, 
the semiamplitude of stellar-velocity variation at 1 kpc. Mean values of these distances 
from stellar and interstellar velocities are in the eighth column of Table 2. These are 
plotted against E.W.’s in Figure 3, B. The same stars are distinguished in Figure 3, A, by 
triangles, and it is evident that the correlation in 3, B, though far from perfect, is much 
better than for the triangles representing the same stars in 3, A. Hence it is concluded 
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***R’’ calls attention to notes at end of table 
NOTES TO TABLE 2 

NGC 869 and 884, The interstellar velocity for the cluster is the simple mean of all individual] values derived from two or more 
spectrograms, 

NGC 1981. Mean stellar velocity for the cluster is derived from one Mount Wilson and four Victoria velocities. 

NGC 2264. Stellar velocity for this cluster is the mean of the two velocities from Victoria. 

NGC 2353. Meanstellar velocity is the mean of two Mount Wilson, the Victoria, and the Neubauer velocities. 

NGC 2362. The velocity of this cluster has been assumed to be +40.4 km/sec, the systemic velocity derived for the orbit of 
HD 57061, 30 r CMa, a member of this cluster (Struve and Pogo, Ap. J., 68, 335, 1928). 

NGC 6231. The stellar velocity for this cluster is the mean of the Lick, McDonald, and Mount Wilson velocities. 

NGC 6383. The velocity of this cluster has been assumed to be —4 km, /sec, the systemic velocity derived for the spectroscopic 
binary HD 159176 (Trumpler, Pub. A.S.P., 42, 342, 1930). 
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Fic. 1.—A, Measured interstellar velocities of clusters after correction for solar motion and to 1 kilo- 
parsec by distances derived from equivalent widths are plotted against galactic longitude. Curve is for 
differential galactic rotation at } kpc. B, Measured stellar velocities similarly reduced and plotted. Curve 
is that for differential galactic rotation at 1 kpc. 
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Fic. 2.—A, Measured interstellar velocities for clusters with sin 2 (J — 325°) = 0.500 numerically, 
freed of solar motion and divided by sin 2 (/ — 325°), are plotted against equivalent widths. B, Same for 
measured stellar velocities of clusters. Curves are drawn freehand. 
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Fic. 3.—A, Equivalent widths are plotted against Trumpler’s distances. Curve is that of Mt. W. 


Contr., No. 573; Ap. J., 86, 141, 1937. B, Equivalent widths are plotted against distances derived from 
the velocities. Triangles identify the stars in 3,A, that are also in 3,B. Curve is freehand. 
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VELOCITIES OF 14 STARS NEAR THE h AND x PERSEI CLUSTERS 
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that both E.W.’s and velocities of open clusters provide criteria of their distances that 
merit their use at least for clusters of low galactic latitudes and those away from null 
points. 

It will be noted that there are eight clusters for which the distance by E.W. is less than 
half that given by Trumpler, and only one cluster for which the criterion of E.W. would 
more than double the distance. In practically all instances radical changes in distance 
determined by E.W.’s have been reductions. The over-all mean derived from Trumpler’s 
distances of the clusters in Table 2 is about 1600 parsecs, and the mean distance from 
E.W.’s is 1200 parsecs. 

The mean difference between the interstellar velocities in Table 2 and those which 
Miss Phyllis Hayford® derived is +8.9 + 9.0 km/sec, showing large systematic and acci- 
dental errors. This probably explains why she found her interstellar velocities unsuited 
to a determination of differential galactic rotation. 

Fourteen stars adjacent to, but not previously identified with, the h and x Persei 
clusters are listed in Table 3. Since their interstellar, as well as their stellar, velocities 
agree with those of the cluster stars, they are probably outlying cluster members. 


6 Lick Obs. Bull., 16, 53, 1932. , 
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ABSTRACT 
The total intensity of a saturated absorption line may be increased several fold in a magnetic field of 
a few kilogauss because the Zeeman pattern may be considerably wider than the thermal Doppler profile. 
The effect should be particularly marked for lines having wide, anomalous Zeeman patterns of many 
components; it is enhanced for elements of high atomic weight at reduced temperatures and in the ab- 
sence of turbulence. An upper limit to the intensification factor is half the number of components in the 


Zeeman pattern of the line. 

A method is developed for computing the magnetic intensification, W./Wo, for a saturated line of 
given pattern in integrated light of a star viewed from the direction of the pole (¢ = 0°) or viewed from 
the plane of the star’s equator (7 = 90°). For the line Fe 1 \ 4260, having a triplet pattern (Z = 1.60), 
W./Wo = 1.25 for a field of 8 kilogauss and a temperature of 10,000°. The intensification factor appears 
to ‘be essentially independent of 7; it may approach 7 for an exceptional line like Eu 1 \ 4205, which 
has 21 widespread components. If equivalent widths can be measured, it should be possible in principle 
to estimate stellar magnetic field strengths by detailed comparisons of lines selectively intensified by 
Zeeman splitting, even if pronounced rotation] broadening is present. 

In a number of the peculiar stars of type A, magnetic fields ranging up to several kilogauss have been 
measured with the polarizing analyzer; the conclusion is practically inescapable that magnetic intensifica- 
tion must contribute to the abnormal line intensities in the spectra of some of these stars. For about fifty 
lines in the spectrum of a? CVn, for which intensity estimates at three phases of the spectral variation 
have been published by Struve and Swings, the degree of observed intensity variation is compared with 
the magnetic intensification factor predicted from the Zeeman patterns; a satisfactory correspondence 


is found. 
I. INTRODUCTION 


In the spectrum of a star having a general magnetic field of several kilogauss intensity, 
the Zeeman patterns of many of the absorption lines must be considerably wider than 
the thermal Doppler profiles. This is easily shown by a simple calculation. For absorption 
lines that are strongly saturated (i.e., on the nearly horizontal part of the curve of 
growth), pronounced Zeeman broadening may therefore lead to a marked increase in 
total absorption. The intensification should be selective, affecting particularly those 
lines having wide anomalous Zeeman patterns of many components. It will also depend 
on the strength and direction of the magnetic field over the surface of the star; in this 
respect the problem is more complicated than in sunspots, for in a spot near the center 
of the sun’s disk it may often be assumed that the lines of force are parallel to the line 
of sight so that one deals only with the longitudinal Zeeman effect. Curves of growth 
for lines in the spectra of sunspots and the center of the sun have been compared by P. 
ten Bruggencate and H. von Kluber,! who obtained a relation for the broadening action 
of the Zeeman effect for the spot lines by treating it as a pseudo-Doppler effect. The in- 
crease of line intensities by the Zeeman effect in spot spectra has been emphasized by 
H. D. Babcock and C. E. Moore.? 

The probable importance of magnetic intensification in certain stellar spectra is sug- 
gested by the fact that strong general magnetic fields have recently been found in several 
of the “peculiar” stars of type A, including the spectrum variables; it is in spectra of 
stars of this group that puzzling anomalies in line intensity have been recognized for 
many years. The great diversity in spectra of stars of this type, with the tendency for 


1Zs.f. Ap., 18, 284, 1939. 
2‘*The Solar Spectrum, A 6600 to A 13495,” Pub. Carnegie Inst. Washington, No. 579, p. 9, 1947, 
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the enhancement of lines of certain elements or groups of elements (Zu 11 and other rare 
earths, Cr, Mn, Sr i, etc.), has never been explained. Therefore, it is of particular interest 
to investigate to what extent the normal spectral characteristics of A-type stars are 
modified by Zeeman broadening of saturated absorption lines when a magnetic field is 
present and whether such factors as actual differences in relative abundance from one 
star to another have to be considered. The concentration or stratification of certain ele- 
ments in a stellar atmosphere through magnetic, electric, and rotational effects is an- 
other possibility. The supposition that the peculiarities are due simply to actual differ- 
ences in abundance from star to star receives little favor, since many of the peculiar 
stars are spectrum variables in which some of the lines undergo large intensity variations 
in periods of a few days. 

The problems of the A-type stars have been ably discussed by O. Struve and P. 
Swings,’ who have emphasized the failure of ionization theory to account for the abnor- 
malities and who have suggested an explanation based on departures from thermody- 
namic equilibrium caused by the shape of the energy-curves. Previously, W. W. Morgan 
summarized the problem in these words: “It seems safe to conclude that there is some 
physical factor other than temperature and surface gravity concerned in the production 
of the spectra of the A stars. . . .”’* The inference now is strong that Morgan’s unknown 
physical factor is the magnetic field. This inference is strengthened by the fact that the 
observations, as far as they go, show a general correspondence between the degree of 
peculiarity of the spectrum and the strength of the magnetic field, which in one spec- 
trum variable star, HD 125248, attains a maximum of about +7800 gauss. Almost 
without exception, evidence of a magnetic field has been found in the brighter peculiar 
A stars that have sufficiently sharp spectral lines to permit a test with the double polariz- 
ing analyzer and that are within the range of declination accessible to the coudé spectro- 
graph of the 100-inch telescope. The well-known spectrum variable a? Canum Venati- 
corum is now included in the group in which a magnetic field has been found. In con- 
trast, spectra of normal A-type stars, such as Sirius, taken with the same apparatus, 
show no evidence of the Zeeman effect. 

In the present article the electromagnetic effects on the motions of ions and on the 
equilibrium of the stellar atmosphere will largely be neglected; only the results of Zee- 
man broadening of spectral lines will be considered. As in previous papers,® the mag- 
netic field intensity quoted is that at the pole of the star computed on the assumptions 
that the field is dipolar, that the star is spherical, that the number of effective atoms of 
a given kind per unit area is the same at all points on the surface, and that the coeffi- 


cient of limb darkening is 0.45. 


II. THE UPPER LIMIT OF MAGNETIC INTENSIFICATION 


A line of moderate intensity in a star having no magnetic field is represented by a 
point at C on the nearly horizontal part of the curve of growth (Fig. 1). An absorption 
line on this transition portion of the curve is strongly saturated, and its actual width is 
determined mainly by thermal Doppler broadening, with some small contribution from 
damping. Turbulence may also be a general contributing factor, but it is left out of con- 
sideration for the present. The line has an equivalent width, Wo, and the number of 
atoms effective in forming it is represented here by No. Now let the star acquire a mag- 


3 Observatory, 64, 291, 1942; Struve, Proc. Amer. Phil. Soc., 85, 349, 1942. 

4 Pub. Yerkes Obs., 7, Part 11], 118, 1935. Note added in proof: Morgan’s original suggestion that the 
additional factor is effective abundance of the elements is not contradicted but is supplemented by the 
new evidence for the strong magnetic field, which may well be more fundamental. 

5H. W. Babcock, Pub. A.S.P., 59, 260, 1947; Phys. Rev., 74, 498, 1948. 

6H. W. Babcock, Mt. W. Contr., No. 727; Ap. J., 105, 105, 1947; Mt. W. Contr., No. 748; Ap. J., 108, 
191, 1948. 
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netic field of several kilogauss. The line is split into a pattern of Zeeman components, 
specified, through the Landé g formula, by the spectroscopic terms of the two levels in- 
volved. If the splitting is comparable to, or greater than, the Doppler broadening, the n 
components of the pattern tend to separate (we are dealing now with light from an ele- 
mentary area on the surface of the star as observed with an ideal spectroscope). In each 
of the m components of the pattern there will be roughly 1/m times as many atoms effec- 
tive as acted originally, the actual distribution being specified by the “‘intensity”’ rules 
for the direct Zeeman effect in emission. Since initially the line was strongly saturated, 
each component would now have nearly the same total absorption, Wo, as the original 
unaffected line, were it not for the fact that the atoms are polarized by the magnetic 
field, so that each resolved component can absorb, at most, half the radiation from the 
continuous spectrum, the remaining radiation being transmitted. The total absorption 
or equivalent width, Wo, of such a line may be multiplied by a factor approaching as an 





8 ee al 


— 


7 
| 





3 ry 


Fic. 1.—Schematic curve of growth 


upper limit half the total number of components in its Zeeman pattern, if the applied 
field is of sufficient strength. For the upper limit of magnetic intensification we may 


write : 
W ‘) n 
—-) —- =. (1) 
Wo max 2 


This limit can never be fully attained, however, because, for regions of the stellar surface 
where the line of sight is parallel to the magnetic field, the + components of the Zeeman 
pattern are absent. 

The residual central intensity of a saturated absorption line will necessarily increase 
as the Zeeman components begin to be resolved in an increasing magnetic field; if resolu- 
tion is complete, the minimum intensity in the absorption pattern must be greater than 
50 per cent, owing to the polarization effect mentioned above. 

The half-width (total breadth at half-intensity), 2A’A, of an absorption line affected 
only by thermal motion of the atoms is 


2A’ = 7.16 X10-7 VF (2) 
v 


where T is the temperature and yu is the atomic weight. The formula and notation are 
those of A. Unséld,’ where 2A’) is related to the “Doppler breadth,” AXdp, by the for- 
mula 2A’A = 1.665 AXp. Resolution of Zeeman patterns will therefore be approached 
more readily for low temperature and high atomic weight. As an example, consider Eu 1 
\ 4205, which in HD 125248 at the phase of maximum positive field intensity is the 
strongest line in the photographic region of the spectrum, with the exception of the H 
lines. For this line of Eu (u = 152) at a temperature of 10,000° the half-width is 
0.023 A, while for a magnetic field of 8 kilogauss and a Zeeman pattern 2.75 times as 
wide as a normal triplet the pattern width becomes 0.36 A. The computed pattern of 
this line has twenty-one equally spaced components, an unusually large number. A com- 


7 Physik der Sternatmospharen (Berlin: Julius Springer, 1938), p. 158. 
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parison of the half-width with the pattern width shows that the line is widened by a fac- 
tor of about 15 in the field of 8 kilogauss; this, however, is insufficient for complete reso- 
lution, so that the intensification will fall considerably short of the upper limit, 21/2 = 
10.5. The field strength required to separate the components by the amount 24’ is 
about 11,000 gauss, and even with this there would be considerable overlapping of the 
wings. 

There is a large range in the complexity of the patterns and in the separation of the 
components for astrophysically interesting lines. Some of the “anomalous” patterns, 
particularly those arising from levels of high multiplicity with large J values, like Eu 0 
\ 4205, have twenty or more components, with an over-all spread up to about three 
times that of a normal Zeeman triplet. Most lines have simpler patterns of a few com- 
ponents, some are triplets, and a very few, such as arise from *D»o — °F; transitions, are 
unaffected by the magnetic field. The sensitivity of an absorption line to magnetic in- 
tensification should then depend in a predictable way upon its Zeeman pattern. 

In Figures 2 and 3 are plotted Zeeman patterns for a few typical lines of Eu 11, Fe 1, 
and Cri. The relative intensities of the components have been computed by the usual 
rules. The spread of each pattern is indicated in terms of the normal triplet and also in 
angstroms for a field of 8 kilogauss. This field strength is used because it corresponds ap- 
proximately to the maximum polar field of HD 125248. The half-width, 24’, is also in- 
dicated for each line, the assumed temperature being 10,000° K. For Eu 1 \ 4129 and 
\ 4205 are plotted the patterns observed in the laboratory with a field of 87,850 gauss 
by Russell, Albertson, and Davis.* Because of the much stronger field, the scale of these 
two laboratory patterns is not directly comparable with the others; they are shown be- 
cause they do not agree in detail with the computed patterns in either spacing or inten- 
sity. The differences are presumably due to breakdown of L-S coupling. 

An effect related to magnetic intensification may occur in lines that in the absence of 
a field are very weak and that fall on the proportional part of the curve of growth be- 
tween A and B (Fig. 1). If split into Zeeman components by a magnetic field, a weak line 
becomes broader and shallower, so that its visibility may decrease, although its total 
absorption cannot change. 

As a third case we may consider a line initially strong enough to possess wings due to 
radiation damping, so that it falls on the right-hand portion of the curve of growth 
where the equivalent width is proportional to the square root of the number of effective 
atoms. In general, the width of the Zeeman pattern, even for a field of 8 kilogauss, will 
be narrower than the over-all width of such a strong line. The intensification of the core 
of the line due to magnetic splitting will be less marked than for a line initially on the 
flat part of the curve but may still be of importance. Again, the magnitude of the effect 
should be predictable from the initial position of the line on the curve of growth, the 
nature of the Zeeman pattern, and the field intensity. Very weak lines and very strong 
“‘winged”’ lines, however, will not be further considered in this paper. 

Small-scale turbulence (along a given emergent ray) will, of course, broaden the line 
profile with an increase in total absorption and, if sufficiently strong, may diminish, or 
perhaps entirely mask, the effect of magnetic broadening. The two effects should be 
distinguishable, however, as turbulence will affect all lines of a given element similarly 
and may result in profiles with quite low central intensities. In many of the peculiar A 
stars, particularly those like y Equulei, 8 Coronae Borealis, and HD 188041, turbulence 
is certainly not obvious and is probably quite small. Spectrograms at 2.9 A/mm of y Equ 
have metallic lines of unusual sharpness, apparently limited by the resolution of the in- 
strument. The equivalent slit-width is 0.1 A. This star, so far as observations have 
shown, has an essentially constant magnetic field with H, = 1900 gauss.® There are no 


8 Phys. Rev., 60, 641, 1941. 
9H. W. Babcock, Mt. W. Contr., No. 748; Ap. J., 108, 191, 1948. 
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Fic. 2.—Calculated Zeeman patterns for typical lines of Eu 11 and Fe 1, showing the variety in number 
and spacing of components. Heights represent relative intensities. The unit of pattern width is the normal 
triplet; this unit is also indicated in terms of angstroms for a magnetic field of 8 kilogauss. The half-width 
is also indicated for each pattern. Note the much smaller half-width of Eu as compared to Fe. For the 
two Eu 11 lines, patterns observed in the laboratory by Russell, Albertson, and Davis are given (to a dif- 
ferent scale) for comparison with the computed patterns. 
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Fic. 3.—Computed Zeeman patterns for typical lines of Cr1. Two multiplets are represented. Note 
the variety of patterns within a multiplet; this may lead to marked selective effects on line intensities. 
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certain changes either in line intensity or in radial velocity. Any reduction of turbulence 
will increase the degree of saturation of absorption lines and will lower the level part of 
the curve of growth (as from B, C, to B’, C’, in Fig. 1), thus increasing the number of 
lines susceptible to magnetic intensification. The mechanical effects of a magnetic field 
on a moving mass of gas have been discussed by T. G. Cowling” with particular reference 
to the solar surface close to sunspots, where the field is about 1000 gauss. He concludes 
that any mass motion of the gas must be nearly along the lines of force. It is not clear to 
what extent this conclusion may be applicable to the problem of turbulence in the at- 
mosphere of a star like y Equ. 

It is evident that magnetic intensification should be most pronounced in stars having 
a strong magnetic field but not excessively high temperature and for lines arising from 
terms having a multiplicity of magnetic levels in elements of high atomic weight. These 
specifications fit so closely in most respects the peculiar stars of type A that a more exact 
study of the effect is desirable. 


III. THE INTEGRATED EFFECT 


In the absence of a field the line in question is assumed to have the same equivalent 
width, Wo, at all points on the disk of the star. Limb darkening is left out of considera- 
tion. The curve of growth is idealized, so that W is proportional to N, the number of 
atoms, up to a point at which saturation takes place abruptly; further increase in N is 
supposed to make no change in W. 

As an example, consider the line \ 4260.479 of Fe 1 (z7D3 — e’Ds), for which 2A’) = 
0.041 A at a temperature of 10,000°. The theoretical Zeeman pattern may be computed 
from the Landé g-values, which for the two terms in question are 


_, JU +1) +5641) —LE+1) | 
=1+ oF +1) =: 1.60. (3) 





In this simple case, the predicted pattern is + (0.00), 1.60, where the x component is in 
parentheses and the o components follow. For a normal triplet, +(0.00), 1.00, the 
shift of the ¢ components from the unshifted + component is Av = 4.67 K 10° H 
cm7'; hence, for Fe 1 4 4260 the shift is 0.109 A in a field of 8000 gauss; but this ap- 
plies only at the pole of the star. The field intensity at the surface of a uniformly mag- 
netized sphere is 


H = 3H, (1+3 sin?¢)'”, = 


where H, is 8000 gauss and ¢ is latitude on the surface of the star. 
The components of H parallel to the three co-ordinate axes are conveniently repre- 
sented by 


H,=3x2Hp,, H,=3y2Hp, H,= {2-3 (x*+ y) } Hp, (S) 


where the z-axis is the polar axis of the star and x and y are rectangular co-ordinates in 
the equatorial plane. 

It is also necessary to know the relative numbers of atoms effective in the components 
of the patterns for any surface element on the star as a function of the angle between the 
field and the line of sight. Here we shall assume that the field is strong enough to pro- 
duce essentially complete resolution of the components. The quantities N,, V,, and NV, 
correspond to the intensities of the triplet components as observed in the direct Zeeman 
effect (in emission) without an analyzer. They may be found with the aid of the Lorentz 
model of the atom used in the classical explanation of the Zeeman effect. Starting with 
an assemblage of electrons moving in orbits oriented at random in space, it may be 


10 Proc. R. Soc. London, A, 183, 453, 1945. 
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shown, by resolving the vibrations into components along the three axes, that the re- 
sults will be represented by the following fictional model when a magnetic field is ap- 
plied. One-third of the electrons move with unchanged frequency as linear oscillators 
along the z-axis, parallel to the field; one-third move with counterclockwise circular 
motion normal to z with frequency vp + Av; one-third move with clockwise circular mo- 
tion normal to z with frequency vp — Av. If the amplitude of the linear oscillators along 
the z-axis is a and if the radii of the circular orbits is 5, it may be shown that a = +26. 
This follows from the fact that the intensity of light emitted is independent of direction. 
The effective amplitude of each type of vibration will be the component of vibration 
perpendicular to the line of sight. Hence, if y is the angle between the line of sight and 
the z-axis, the intensities of the components are 


N,= N,=} (1+ cos? y): Nm =} sin? y. (6) 


These equations apply when no polarizing analyzer is used. For completeness, the corre- 
sponding expressions, if an analyzer for circularly polarized light is used, are given also, 
from the work of F. H. Seares:" 


N,=i(t+cosy)? 1 ssin?y; N,=1(1Fcosy)?. (7) 


Since equations (6) and (7) specify the relative intensities of the components in emission, 
we may expect that they also specify the relative intensities of weak, unsaturated ab- 
sorption lines in the inverse Zeeman effect; as the total number of atoms is increased, 
first the stronger components and then the weaker ones reach a condition of saturation. 
At saturation each component will have a central intensity of about 50 per cent and a 
total absorption of }W. It is important to note that the total absorption of the com- 
ponent—not the number of atoms effective in it—is reduced to one-half by the polari- 
zation. 

The foregoing elementary theory applies when the components are well separated by 
the field. Complications arise when this restriction is discarded. The effects that occur 
when the components partially overlap are closely related to the Faraday effect and to 
magnetic double refraction; they were treated by W. Voigt"? and by H. A. Lorentz, and 
the results were discussed by P. Zeeman in 1913.'* For the present one can do no better 
than apply the elementary theory as a first approximation, although it must be recog- 
nized that this is inaccurate for most anomalous patterns encountered in the investiga- 
tion of stellar magnetic fields, as a reference to Figures 2 and 3 shows that the Doppler 
widths of components are often nearly equal to their separations. For some triplets, 
however, practically complete resolution is attained in fields of several kilogauss; for 
these lines the elementary theory should suffice. To take account of the variation in 
strength and direction of H over the surface of the visible hemisphere, and of the changes 
in the equivalent width, W, for the components of the pattern as interpreted through 
the curve of growth, recourse is had to a graphical method. Two conditions will be con- 
sidered in turn: Case I, in which the axis of the star is directed toward the observer 
i= 0"), and Case II, in which the axis of the star is at right angles to the line of sight 
(i = 90°). 

Case I (i = 0°).—In Figure 4, a, is a schematic profile for the line Fe 1 \ 4260, as- 
sumed to be saturated, in the absence of a magnetic field. No atoms are effective. The 
half-width is 0.04 A, and the total absorption is Wo. For the present purpose we may 
suppose that Wo is also equal to 0.04 A, since this simplifies the graph; and it will be 


11 Mt W. Contr., No. 72; Ap. J., 38, 99, 1913. 

® Ann. d. Phys., 1, 389, 1900. 

13 Proc. Amsterdam Acad., 12, 321, 1909. 

14 Researches in Magneto-optics (London: MacMillan & Co., Ltd., 1913), chap. ix. 
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seen in what follows that the percentage increase in W is independent of its initial value. 
In actual fact, Wo for a line on the flat portion of the curve of growth is usually about 
two to three times the total width at half-intensity. 

Figure 4, 5, shows the separation of the components of the triplet, \ 4260, Z = 1.60, 
as a function of latitude on the star when a dipole field exists with H, = 8000 gauss. The 
splitting is half as great at the equator as at the pole. The states of polarization are also 
indicated; in a zone corresponding to ¢ = 35°6 the components are plane-polarized be- 
cause the Zeeman effect is transverse. The field strength here is 0.71 H,. The latitude 
scale of ordinates is compressed at top and bottom, so that the relative contributions of 
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Fic. 4.—Graphical computation of increase in total absorption due to a stellar magnetic field of 8 kilo- 
gauss when the line of sight is parallel to the stellar axis. (a) Line profile and total absorption with no 
magnetic field. (b) Separation of components of a Zeeman triplet as a function of stellar latitude when 
H, = 8 kilogauss. (c) In any elementary zone of latitude, the intercepts of the outer patterns represent 
the number of effective absorbing atoms, N. Saturation limits the absorption of any elementary compo- 
nents to the value Wo. The total absorption in integrated light is found by summing the cross-hatched 
areas and dividing by 2 to allow for polarization of the components. W,/Wo = 1.25 for the small degree 
of saturation assumed here. (d) Profile of the affected line. 


the elementary latitude zones are properly represented in integrated light. The contribu- 
tion of each zone is proportional to sin ¢ cos ¢. Therefore, the ordinate for a given ¢ is 
proportional to f sin ¢ cos ¢d¢ = 3 sin? ¢. 

Figure 4, c, is based upon 8, but the effective number of atoms, N, as a function of 
latitude is now indicated by the over-all width of each component. The relative widths 
are obtained from equations (5) and (6); the scale of these pattern widths is proportional 
to No and is arbitrarily adjusted with respect to the width, Wo, to correspond to a con- 
dition slightly beyond the saturation point. The relative intensities of the components 
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would be represented by the over-all widths, were it not for this saturation, which sets 
a limit when N attains a value corresponding to Wo for any component at any latitude. 
A width equal to Wo is therefore indicated on the pattern of each component. It is only 
those areas that are common to the N outline and the Wo width that are effective in 
absorption. These areas are cross-hatched in the figure.!® The total absorption of the mag- 
netically affected line, W,, is now found by integrating the cross-hatched areas of all 
components and dividing by 2, because of the polarization already mentioned, which 
dilutes the absorption of each component by 50 per cent. In the present example a com- 
parison of areas with a planimeter gave the ratio W,/Wo = 1.25. 

The profile of the magnetically broadened line, as inferred from the distribution of 
absorption in the pattern, is shown in Figure 4, d. Chief characteristics are the shallow- 
ness and the tendency toward tripling. 

Up to this point the analysis has been made on the assumption that the axis of the 
star is directed toward the observer. If there is a small angle of obliquity, 7, between 
the line of sight and the polar axis of the star, the effects of rotational broadening on the 
line profiles may be noticed. This broadening will be most pronounced for low latitudes 
on the star; while it will affect the profiles, it will not alter the equivalent widths, at 
least as long as 7 is small, and we can neglect the change in the angle y between the line 
of sight and the field direction for a surface element on the star. 

Case IT (i = 90°).—Rotational broadening of stellar absorption lines when 7 is large 
has been treated by a number of authors. It is well known that such broadening results 
in a characteristic dish-shaped profile. The connection between magnetization and rota- 
tion in stars is not yet clear, but it is plausible that many of the rapidly rotating stars 
have strong fields. Some of the A-type stars are known to have equatorial velocities of 
axial rotation as great as 250 km/sec; this is sufficient, if a star is viewed at right angles 
to its axis, to broaden the line profiles in the photographic region to widths of about 6 A 
—many times the width due to Zeeman splitting. Such extreme broadening precludes 
the measurement of equivalent widths for all except a few of the strongest lines because 
of the shallow profiles and blending, even though the total absorption is not altered by 
the Doppler broadening due to rotation. It is nevertheless instructive to examine the 
effect of a magnetic field on the equivalent width of a line where #, the inclination of the 
axis of the star, is 90°. 

The graphical development of the equivalent width for the triplet Fe \ 4260 is shown 
in Figure 5. Here, as in the preceding example, the separation of the three components 
is considered as a function of stellar latitude, in order to allow for the variation of H 
with ¢. It is also convenient to refer to Figure 6, where one quadrant of the stellar disk 
is represented. On the meridian, at ¢ = 35°6, the line of sight is parallel to the field. 
Around the limb and along the equator it is perpendicular to the field, while for all other 
parts vy lies between 0° and 90°. The contributions of the elementary zones of latitude 
are proportional to their projected areas, as limb darkening is again neglected. The ordi- 
nate for a given latitude ¢ is therefore proportional to { cos*¢ d@ = 3@ + } sin 2¢ 
in Figure 5. At the pole and at the equator, where y = 90°, the Zeeman effect is trans- 
verse, and the relative N’s for the components have the ratios }, 3, }; the widths of the 
components are so plotted in Figure 5. For intermediate values of y the relative N’s for 
the three components are obtained from equations (6); in this way the pattern of Fig- 
ure 5 is built up. For each elementary zone of latitude, y is assumed constant, and its 
value is taken to be that for the middle of the projected zone in Figure 6; i.e., it is the y 
for a stellar longitude 30° from the central meridian on the star. In order to compute 
y for a zone, the horizontal and vertical components of the angle, y, = 30° and 7, are 


15 Asa separate example, No might be made much smaller, avoiding any saturation. Wo, corresponding 
to the onset of saturation, would remain as before, but the widths of the patterns determined by N would 
be much narrower and would fall entirely within the limits of Wo. Thus the total absorption would be pro- 
portional to No, and no magnetic intensification would occur. 
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first found. Here y, is the angle on a meridional plane between the field vector, H, and 
the horizontal; it can be found with the aid of equation (5). Finally, the desired angle 
can be obtained through the relation 


cos Y = COS ¥, COS Ya - (8) 


Once this so-called “mean y”’ is known for a given zone of latitude, the V’s can be com- 
puted for the components of the pattern in Figure 5. As in Case I, the outer borders of 
each component represent the respective N’s, while the equivalent width at saturation 
limits the effective absorption of the wider portions of each part of the pattern to the 
value Wo. As before, the dilution of one-half arising from polarization must be taken 
into account. The total absorption of the affected line, W., is therefore half the sum of 
the areas of the central parts of the components in the diagram of Figure 3, and this is 
to be compared to the Wo of the original unaffected line, plotted to the same scale 
of wave length and total intensity. With the planimeter it is found that, for i = 90°, 
W./Wo = 1.26. 





Fel 24260 











b-dtg-ad bp — $No-— * 


Fic. 5.—Total absorption, W,, when the line of sight is at right angles to the stellar axis. 7, = 8 kilo- 
gauss. (a) Separation of components as a function of latitude. (6) Outer boundaries represent number of 
atoms; cross-hatched areas are saturation-limited absorptions. W,/Wo = 1.26. 
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Fic. 6.—Quadrant of stellar disk. The angle y is computed for the middle of each zone of latitude 
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A similar graphical integration has been carried out for a normal Zeeman triplet (0.00), 
1.00. Since it was assumed that H, = 8000 gauss and that the wave length is about 
4250 A, the displacement of the components at the pole is 0.068 A. The Doppler half- 
width, 2A’A, was taken to be 0.036 A; this corresponds to Fe at 8000° K. Here the 
number of atoms, No, is the same as before, but the degree of saturation is greater be- 
cause of the smaller Doppler width. The magnetic intensification obtained for i = 0° 
and i = 90°, respectively, was 1.30 and 1.32. 

An increase in the degree of saturation of the absorption line, due to lowering of the 
temperature, a reduction of turbulence, increase in atomic weight, or increase in the 
effective number of atoms in the appropriate state (Vo), will increase the magnetic in- 
tensification toward the upper limit, 2/2 or 1.5 for triplets. A relatively small increase 
in No will quickly raise the ratio above 1.4 in the present examples. Here the magnetic 
field is strong enough for nearly complete resolution of the components, since Figures 4 
and 5 show that any overlapping of the wings of profiles represented by the equivalent 
widths of the patterns generally occurs for opposite states of polarization. Therefore, 
the absorptions are almost purely additive. (This will not be the case for a number of 
overlapping components characterized by the same type of polarization in an anomalous 
pattern.) An appreciable reduction in H, would, however, result in a corresponding de- 
crease in W.,/Wo. 

It is highly significant that W./Wo is identical, within the computational limit of 
error, for i = 0° and i = 90°; no example with intermediate i has been carried through, 
but it seems safe to conclude that magnetic intensification is essentially independent of 
the obliquity of the axis of the star to the line of sight. This conclusion is valid, at best, 
only on the basis of the assumptions employed here. It may require revision if limb dark- 
ening, oblateness of figure, and distortion of the field are taken into account. The change 
in total intensity of a supersaturated absorption line in proceeding from a condition of no 
field to a field of several kilogauss is then a measure of the field intensity, H,, with little 
dependence upon 7. While W./Wo may be appreciable in a strong stellar field for a line 
like Fe 1 \ 4260, having a rather ordinary triplet pattern, it will be greater for many 
saturated lines with more numerous Zeeman components. This leads to the suggestion 
that the intensity of stellar magnetic fields can be measured by detailed study of relative 
effects on line intensities in instances where these can be reliably measured, even though 
the rotational broadening may be large because of the obliquity of the stellar axis.’® 
(The measurement of line displacements with the polarizing analyzer is, of necessity, 
limited to spectra in which the rotational broadening is quite small or negligible.) The 
method would probably be most applicable to lines within a given multiplet, where the 
relative Vf values in the absence of a magnetic field are available, yet for which a variety 
of Zeeman patterns resulting in differing degrees of magnetic intensification may occur. 
In the same star in which H, may be inferred from measurements of W,, the projected 
component of equatorial velocity, V, sin i, may be found from the width of rotationally 
broadened profiles. This is a method, possible at least in principle, for observing in many 
stars magnetic fields inaccessible to the polarizing analyzer and of determining a com- 
ponent of the equatorial velocity of rotation in the same star—a type of observation of 
interest in the study ofa possible relationship bet ween magnetization and rate of rotation. 


IV. DISCUSSION 
Precise spectrophotometric data are not yet at hand to provide a definitive comparison 
of theory and observation, but a preliminary comparison can be made with published 
eye-estimates of changes in line intensity in the spectrum of one peculiar A-type star, 
a? CVn. Before proceeding with this, it can be said that examination of spectra of several 
stars having strong magnetic fields suggests that magnetic intensification is actually an 


16 This suggestion has been independently made in a private communication by Dr. A. J. Deutsch. 
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important contributor to some abnormally strong lines, particularly those of Eu 1 and 
of Cri and Cru. These lines tend to be rectangular in profile, with moderate central 
intensities. If the strength of the magnetic field in the reversing layer varies periodically, 
either as a function of time or as a function of position on the surface of a rotating star, 
the intensities of the sensitive lines should vary correspondingly, regardless of the stage 
of ionization. It is here that the ionization theory has proved inadequate, for in some 
stars, Cr1.and Crit increase and decrease together in intensity. The ionization theory 
further fails to explain why, in typical peculiar stars, lines of Eu 11 may vary enormously, 
while lines of Sy 1 and Ca 1 vary comparatively little. (The lines in question are ulti- 
mate lines, and the ionization potentials of the three elements are nearly the same— 
11.0, 11.8, and 11.2 volts, respectively.) The true reason apparently lies in the magnetic 
field and in differences in the Zeeman patterns, which for three outstanding lines are: 


Eu tt \ 4205 °%S,—9P; (0.00 0.25 0.50 0.75) 1.25 1.50 1.75 2.00 2.25 2.50 2.75 
Sr d 4215 °S1/2—"Pi/2 (0 67) 1.33 
Ca 11 ) 3933 *S1/2—2Ps/2 (0.33) 1.00 1.67 


The differences in atomic weight—152, 88, and 40, respectively—also contribute to the 
comparatively greater changes in Eu 11. 

While Zeeman broadening seems to offer an explanation of many of the changes in 
line intensity in the spectrum variables of type A, the reason for the out-of-phase in- 
tensity variations of different groups of elements in the spectra of some of these stars 
remains obscure. In HD 125248, lines of Eu 1 attain maximum intensity when the field 
reaches its maximum positive value (about +7800 gauss), while lines of Cr 1 and Cr 
vary out of phase with Zu 1, reaching maximum intensity when the observed field has 
reversed and attained a maximum strength of opposite polarity (about —6500 gauss). 
A further study of line profiles, polarization, and differential radial velocities of the 
elements in the spectrum of this star is in progress, with the aim of finding an explana- 
tion of these out-of-phase variations, which are linked with the regular reversal of the 
observed magnetic field in a 9-day period. A model of a spectrum variable star, consist- 
ent with all the observations, may eventually emerge. 

Another well-known spectrum variable star, rather similar to HD 125248, is a? CVn. 
Magnetic observations of it are few as yet, but they show that it has a varying magnetic 
field that must reach a maximum of several kilogauss. The field is strong when the lines 
of Eu 11 are most intense. For many years it has been known that the two groups of lines 
characterized by Eu 1 (with other rare earths) and by Cr 1 vary out of phase in a period 
of 5.5 days. Recently, P. Swings has shown that the intensity variations of lines of Eu 
in the first and second stages of ionization occur in phase.!’ A detailed study of the 
spectrum of a? CVn has been published by O. Struve and P. Swings,!* who, from meas- 
ures of high-dispersion plates, have given a large number of line identifications, together 
with data on velocities for various elements. They have also given, as a secondary result, 
visual estimates of line intensity for a limited number of lines at three phases. In the ab- 
sence of more precise data on line-intensity variations, it is possible to make an interest- 
ing preliminary comparison between the intensity estimates of Struve and Swings and 
predictions based on the Zeeman patterns of the lines. 

Struve and Swings, following Belopolsky, divide the elements into three groups, those 
that vary with Eu 1 (group A), those like Cr 1 (group B) that vary out of phase with 
group A, and those like Sim and Mgt (group C) that do not change appreciably in 
intensity. In Table 10 of their paper they give intensity estimates on an arbitrary scale 
for lines at phases 3.530, 4.520, and 5.430 days, the last phase corresponding very nearly 
to the maximum intensity of lines of Eu. In my Table 1 are listed the lines from 


17 Mt. W. Contr., No. 695; Ap. J., 100, 132, 1944. 
18 Ap. J., 98, 361, 1943. 





TABLE 1 
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TABLE 1—Continued 
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ELEMENT INTENSITY | ZEEMAN PATTERN Ws/Wo 


Lines Showing Large Change with Phase 


(0.09 0.26 0.43) 1.00 1.17 1.34 1.52 1.68 1.86 

(0.73) 0.47 1.93 

(0.11 0.34 0.57) 0.86 1.08 1.31 1.54 1.77 2.00 

(0.00 0.10 0.20 0.30 0.40) 1.00 1.10 1.20 1.30 1.40 
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(0.00) 0.89 
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Struve and Swings, their intensity estimates at the three phases being given in the third 
column. A number of lines of the rare earths had to be omitted because term analyses 
are incomplete. In the fourth column is the Zeeman pattern for the line. This is followed 
by a figure intended to represent the maximum magnetic intensification factor for the 
line in a field of 8 kilogauss. The field strength here is entirely arbitrary, but only the 
relative effect is of interest. This intensification factor is an estimate based on the num- 
ber of components in the pattern and on their spacing in the w and o groups in relation 
to the half-width of the Doppler profile. The table is divided into three sections, corre- 
sponding to (1) lines showing little or no change in intensity with phase, (2) lines show- 
ing a moderate change with phase, and (3) lines showing a large intensity-dependence 
upon phase. No distinction is made as to whether a line showing a change falls into group 
A or B, as this is not an attempt to explain the phase relationships; the aim is rather to 
see whether lines showing large variations have large magnetic intensification factors. 
No pronounced change should occur for a line having a small intensification factor un- 
less ionization or some other effect than the one in question is responsible. It must be 
borne in mind that in a rich spectrum like that of a? CVn, even with high dispersion, the 
possibility of disturbing blends is often present; this is well illustrated by an examination 
of the extensive lists of line identifications given by Struve and Swings. 

A comparison of the three sections of Table 1 shows a satisfactory degree of con- 
sistency between the observed change of intensity with phase and the estimated intensi- 
fication factor. The average intensification factor estimated from the Zeeman pattern 
is 2.2, 2.6, and 4.3, respectively, for the three groups of lines showing little or no change, 
moderate change, or large change of intensity with phase. It is particularly significant 
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that Eu 1 d 4205, the line with the largest intensification factor (7), is one of the two 
listed by Struve and Swings as having a very large change in intensity—from 0 to 10. 
According to their estimates, Eu 1 4129 has a similar change, but my own plates of 
a? CVn and other peculiar stars showing the lines of Eu 11 in great strength invariably 
show A 4129 weaker than \ 4205. A case in point is HD 125248, in which A 4205 at maxi- 
mum is the strongest line in the photographic region of the spectrum, with the exception 
of the H lines, and in which \ 4129 appears only about half as strong as \ 4205. I have 
preferred, therefore, to list Eu 11 \ 4129 as a line showing a moderate change with phase. 
Practically the only seriously discordant line is Ce 11 \ 4289.9, (0.00) 0.89, which showed 
a large change, although its intensification factor is only 14. According to Table 3 of 
Struve and Swings, this line may be blended with Gd 11 and 7i 0, but I have neverthe- 
less included it in taking the average. A few others, notably Fe 1 \ 4122, have moder- 
ately large intensification factors, yet show little change; this behavior may be related 
to the presumed nonuniform distribution of elements in the atmosphere. Other lines 
listed by A. J. Deutsch'® as showing pronounced changes in a? CVn are: 


Eu 1 d 3930 (0.08 0.17 0.25) 1.75 1.83 1.92 2.00 2.08 2.17 24 
Ca m1 43933 (0.33) 1.00 1.67 24 
Crm 4078 (0.25 0.74) 0.63 1.12 1.62 2.11 4} 


I have added the notation for the Zeeman patterns and the intensification factors, which 
are adequate to account for considerable variation. The conclusion seems justified that 
magnetic intensification is probably an important factor contributing to the abnormal 
line intensities in the spectrum of a? CVn and similar stars. There is also a strong sug- 
gestion that particular elements are concentrated in certain regions of the atmosphere. 

Although somewhat apart from the main topic of this paper, it may be appropriate 
here to mention one or two practical consequences that result from the polarization of 
stellar absorption lines in the Zeeman effect. Stellar spectrographs employing prisms are 
usually rather efficient plane-polarizers, owing to the oblique incidence of the light on 
the surfaces of the prism or prisms. Furthermore, when prism spectrographs are used 
at the Cassegrain or coudé foci of reflecting telescopes, oblique reflections from mirrors 
may be involved. Under certain circumstances such oblique reflections may introduce 
appreciable phase shifts between the vibrations in the plane of incidence and the per- 
pendicular plane, resulting in a change in the ellipticity of any elliptically or circularly 
polarized light that may be present in the beam. In an extreme case (not likely to be en- 
countered in practice) the phase shift may approach 90°, so that the reflection from the 
mirror may have the same effect as a quarter-wave plate, converting circularly polarized 
light into plane-polarized light. Provided that the azimuth of the resulting plane polari- 
zation (or the principal azimuth of the elliptically polarized beam) is suitably related to 
the azimuth of the prisms in the spectrograph, the combination may perform as a fairly 
efficient analyzer for circularly polarized light, rejecting any circular vibrations of one 
sign that may be present in the light of the star. In the case of a star with a strong mag- 
netic field in whose light the longitudinal Zeeman effect is predominant, this analyzing 
effect of the telescope and prism spectrograph could conceivably result in actual dis- 
placements of the lines, in a manner dependent upon the Zeeman patterns and intensi- 
ties. While in practice the analyzing effect can be only partial, it might be observable; 
in which case its magnitude would depend upon the obliquity of the reflections and, for 
a coudé prism spectrograph, upon the hour-angle of the object. 

It is possible that in certain stars in which the magnetic axis is greatly inclined to the 
line of sight, the transverse Zeeman effect may predominate, particularly if limb darken- 
ing is severe. If so and if rotational broadening is not so extreme as to preclude study of 
line profiles, the plane-polarizing effect of a prism spectrograph alone may alter line pro- 


19 Ap. J., 105, 283, 1947. 
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files by suppressing either the 7 or the o components, depending upon the azimuth of 
the plane of vibration and of the prism. This effect, tending toward either a doubling or 
a sharpening of the lines, may occur even if no oblique reflections are involved. 

Some gratings exhibit pronounced plane polarization, while others do not; this be- 
havior may easily be checked with a Nicol prism. With the coudé grating spectrograph 
of the 100-inch telescope there are no appreciable polarizing effects. For the observation 
of the Zeeman effect in stars of northerly declination an adjustable phase-shifter 
is now in use. It compensates for the phase-shift introduced by the flat mirror, in such 
a way that elliptical polarization of starlight entering the telescope is effectively pre- 
served until it reaches the double polarizing analyzer directly in front of the slit of the 
spectrograph. The compensator rotates with the telescope and coudé flat; it has been so 
calibrated that the phase-shift introduced into the beam can be adjusted as a function 
of declination. 


I am grateful to Messrs. I. S. Bowen, J. L. Greenstein, and R. Minkowski for reading 
the manuscript and making valuable suggestions. 
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ABSTRACT 


The spectrum of R Coronae Borealis was observed at the McDonald Observatory on the descent to the 
1948-1949 minimum and for some time after it had reached minimum brightness. No change was noted in 
the spectrum until the star had fallen to magnitude 10.0, when emission cores appeared in the H and K 
lines. As the variable continued to fade, these emission lines strengthened, and others appeared. In addi- 
tion, a curious “veiling” of the absorption spectrum was observed. Near minimum light, the strongest 
emission lines were the D lines of Na1, followed by H and K of Can, and a line near 3888 which may 
be due to He1. Most of the other emission lines were due to Sc u,, Ti u, Sr 11, and Ca 1, but AA 3726-3729 of 
[O 11] was also present. There was no sign of hydrogen emission, and Fe 11 appeared only weakly. The fact 
that lines of low excitation were strong indicated that a low excitation temperature was at least partly 
responsible for the character of the emission spectrum. No marked change was seen in the C 1 or C2 ab- 
sorption features as the star faded. Likewise, no change in radial velocity was observed during the first 
4.8 mag. of the descent to minimum, the only period for which spectrograms of adequate dispersion were 
available. The emission lines showed an apparently constant suortward displacement of about 12 km/sec 
with respect to the absorption spectrum. Spectrophotometry of the H and K emission lines showed that 
their relative intensities (with respect to the underlying continuum) increased during the star’s fall to 
minimum but that the absolute intensities seemed to pass through a maximum when the star was at about 
magnitude 11. The reality of this decrease at fainter magnitudes, however, depends crucially on the as- 
sumption of constant color temperature during the variations. O’Keefe’s proposed explanation for the 
variations of R CrB, in terms of an obscuring cloud thrown off by the star, is discussed only briefly. The 
lack of marked reddening of the variable at minimum requires, if the O’Keefe picture is correct, that the 
effective temperature of the obscuring cloud be less than 1400° or 1500°. 


The absorption spectrum of the irregular variable star R Coronae Borealis! was in- 
vestigated in 1935 by Louis Berman? on the basis of the best spectroscopic material 
available up to that time. The work of Berman refers, however, essentially to the spec- 
trum at or very near maximum light. The only published spectroscopic observations of 
R CrB when it was faint (or, for that matter, of any R CrB-type variable near minimum 
light) are those of A. H. Joy and M. L. Humason,* made during the 1923 minimum, at 
which the star fell to magnitude 12.5. They found bright lines of Ca 1, Ti 1, Sc 1, and 
Sr 11 when the star was faint, but the emission lines vanished when the star again rose to 
within 4 mag. of maximum brightness. 

In late November, 1948, R CrB began to fade from maximum brightness, which it 
had maintained since April, 1947, when it had recovered from the last minimum. It was 
at this time very nearly in conjunction with the sun, however, and spectroscopic ob- 
servations were not begun at the McDonald Observatory until December 20, when it 
was accessible in the early-morning sky. From that time until the writer’s departure 
from Mount Locke, in late February, 1949, spectrographic observations were made as 


* Contributions from the McDonald Wbservatory, University of Texas, No. 174. 


t National Research Fellow. 


1 a(1900) = 15544™4; §(1900) = +28°28’; the total visual range is from magnitude 5.8 to fainter than 
magnitude 14. The star remains near maximum brightness for a majority of the time; the minima have 
occurred at intervals of from somewhat less than a year to about 9 years. A light-curve up to 1923 is given 
by H. Shapley and L. Campbell in Harvard Circ., No. 247, 1923. 


2 Ap. J., 81, 369, 1935. * Pub. A.S.P., 38, 325, 1923. 
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often as the very unfavorable observing conditions would permit. I am indebted to Mr. 
A. D. Code for obtaining an additional spectrogram of R CrB in April. The spectrograms 
are listed in Table 1, together with other pertinent information. The radial velocities 
given in Table 1 are to be discussed later. 

Through the courtesy of Mr. Leon Campbell, of the Harvard College Observatory, 
it is possible to reproduce in Figure 1 a plot of the AAVSO observations of R CrB from 
September, 1948, until May, 1949. The times when spectrograms were obtained are 
marked by vertical lines under the curve. The visual magnitudes of the variable, as esti- 
mated by the writer with either the 82-inch telescope or its finders at the time that the 
spectrographic exposures were made, are listed in Table 1. Although these were made by 


TABLE 1 
SPECTROGRAMS OF R CORONAE BOREALIS 








No. 


Date Estimated Viabe ’ Emission Remarks 


Ihe »* em 
Plate U.T. myx | (Km/Sec)| (Km/Sec) 








1948 
G f/2 10500 Mar. 29. 
GJ/2 10594. «0 05:55 Apt, 3: 
GJ/2 fi944....... Dec. 20. 
Opie aa Dec. 20. 
hake Dec. 28. 
1949 
Jan. 
Jan. 
Jan. ; 
Feb. 
Feb. 
Feb. 
Feb. 
Feb. 10. ie 
Feb. 14. <i ees Visual region 
Feb. 
Feb. 
Apr. 6. ee : | Plate by A. D. Code 


+28 Plate by W. P. Bidelman 
+23 ass ......| Plate by W. P. Bidelman 
+25 


os 
eatin 


Visual] region 


COUIWWUR OS ANUNSS 























Weighted means | ee = h dep ae | 
| 


* The dispersions of the various prism-camera combinations at Hy are: G f/2, 75 A/mm; G f/1, 148 A/mm; Q //2, 169 A/mm; 
Qf/1, 332 A/mm. At 3600 the dispersions of the quartz-prism combinations are: Q f/2, 88 A/mm; Q f/1, 176 A/mm. 
t Read from the AAVSO light-curve. 


use of the same comparison-star magnitudes employed by the AAVSO observers, there 
are a few instances of apparent disagreement with the AAVSO estimates. The original 
estimates are reproduced here not because they deserve more weight than any others 
but because these are the magnitudes that had best be used in a discussion of these par- 
ticular spectrograms, on account of the possibility of rapid fluctuations in the light of 
R CrB. 

The spectrum of R CrB at maximum light is most nearly matched, among stars of 
normal spectra, by supergiants of type F5 or F8. There are, however, certain striking and 
significant differences: the hydrogen absorption lines in R CrB are abnormally weak, the 
strongest band heads of the Swan system of C2 as well as high-excitation C1 lines are 
present, and many of the weaker absorption features differ in relative strength from their 
appearance in normal supergiants.”4 


‘W. P. Bidelman, Ap. J., 107, 413, 1948. 
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Comparison of the four spectrograms exposed as the variable faded from about mag- 
nitude 8.5 to 10.0 with films taken at maximum light (about mag. 6.0) showed no per- 
ceptible change in the absorption spectrum; but on the negative taken at magnitude 
10.0, weak, narrow emission cores had appeared in the H and K lines of Ca 11. The next 
spectrogram was taken 6 days later, when R CrB had fallen to magnitude 10.8. A remark- 
able change had come over the spectrum: the absorption lines appeared shallow and dif- 
fuse as though veiled; only the stronger absorption features could be seen with any dis- 
tinctness. Strong emission lines were present in H and K and near \ 3888. These lines 
were not sharp but were quite diffuse; their total half-width corresponded to a velocity 
of 170 km/sec, uncorrected for instrumental broadening. A considerably weaker emission 
line had appeared at the position of Sc 1 \ 4246, obliterating the strong absorption line at 
that position. 

The next spectrogram was obtained 9 days later, by which time the variable had 
faded to magnitude 13.1. This plate and most of those to follow were necessarily ob- 
tained with a dispersion of 150 A/mm, half that of the earlier spectrograms. The spec- 
trum appeared almost continuous: only vague depressions in the continuum marked the 
positions of the strongest individual lines or groups of lines. The emission lines in H and K 
and at \ 3888 had become very intense, and many more weaker emission lines had ap- 
peared. The stronger of these were Sc 1 \X 4246, 4314, 4320, 4374, and 4400; Tim 
dA 3913, 4300, 4314, 4395, 4399, 4443, 4468, 4501, 4533, 4549, and 4571; Cat d 4226; 
and Sr 11 \ 4077, \ 4215. Most of these lines were noted also by Joy and Humason? in 
1923. All emission lines observed to longward of \ 3900 are listed in Table 3, together 
with intensities and identifications. The strong lines H, K, and \ 3888 retained their dif- 
fuse appearance on the lower dispersion, but the weaker lines looked reasonably sharp 
on all negatives. 

The remaining G f/1 plates were exposed as R CrB faded further to magnitude 14.0, 
and then recovered slightly. There was little change in the spectrum during this period. 
More emission lines were visible than on the spectrogram taken at magnitude 13.1, but 
the absorption spectrum still appeared as though heavily veiled. This suppression did not 
seem to be due in general to the presence of emission lines filling in the absorption. Al- 
though the sudden weakening of the whole absorption spectrum at magnitude 10.8 coin- 
cided approximately with the appearance of line emission, when the star dropped to 
minimum and the emission spectrum developed much further, there was still no sign of 
any line emission in many absorption lines. One feature in the emission spectrum seemed 
to respond individually to the brightness of the variable: Ca 1 \ 4226 was slightly strong- 
er with respect to the other lines when the star was fainter than magnitude 13.5 than 
when it was brighter. 

Two spectrograms are available of the visual region when R CrB was near minimum. 
The only emission line seen in the region \ > 5000 was a very intense feature, the strong- 
est in the entire observed spectral range, at \ 5893. This feature is without doubt the 
D lines of Nat. There was no trace of Ha in emission. No Balmer lines in emission were 
seen on any spectrogram. 

Three negatives were obtained of the ultraviolet region with the quartz prisms; emis- 
sion lines were seen as far as \ 3236. The measured wave lengths (on two Q f/1 plates of 
dispersion 176 A/mm at \ 3600), estimated intensities, and identifications are given in 
Table 2. The tabulated wave lengths have been corrected for the earth’s motion, slit 
curvature, and a stellar velocity of +15 km/sec. The weakness of the continuous spec- 
trum makes the numerous emission lines below \ 3900 appear more prominent than those 
in the photographic region. For this reason it is not possible to guarantee identity of the 
intensity scales of Tables 2 and 3, although an effort has been made to keep them reason- 
ably similar. The strongest lines with \ < 3888 are Sc 11 AX 3572, 3613, 3630, 3642; Ti 1 
dA 3341, 3349, 3361, 3372, 3383, 3685, 3759-3761; and a markedly diffuse emission line 
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Fic. 2.—Slit spectrograms of R Coronae Borealis. The visual magnitudes of the variable when the negatives were 
taken are indicated. The spectrograms reproduced are, from top to bottom, G f/2 10500, 11544, 11553, 11592, 11609; 
Gf/1 11647, 11703, 11752, 11787; Q f/1 11819. 
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EMISSION LINES IN R CORONAE BOREALIS, Ad 3234-3888 
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Ti 11 10.84 (88) 
Sc 11 58.54 (3) 

Sc 1 72.52 (3) 

Sc 11 76.34 (3) 

Se 1 80.93 [+ Y 11 
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| ¥ 1 10.30 (7) 


! 3721: 
3727.4 
5 


3745.3 
3782.6 


| 3801-3825. | Broad, 


| 3860-3882. | 


| faint 
Broad 


3888.4....| 30 


TABLE 3 
EMISSION LINES IN R CORONAE BOREALIS, AA 3900-5893 
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3933 
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4314. 
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* The numbers in parentheses are the multiplet numbers of the Revised Multiplet Table. 
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Na I (1) 

Na 1(1) 
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at \ 3727.4, which must be [O 11] A 3726, \ 3729. Its hazy appearance is probably due to 
its duplicity. 

Of considerable interest is a broad emission feature which seems, on the Q //1 plates, 
where it appears most strongly, to run with diminishing intensity shortward from the 
strong emission line at \ 3888. The Gf/1 negatives show that the feature does not ac- 
tually merge with the emission line but comes to a fairly abrupt end about 6 A to the 
shortward. The wave length of this discontinuity has been measured on five G f/1 nega- 
tives. If it participates in the velocity of the rest of the emission lines, the mean wave 
length is \ 3882.2, with a probable error of about +0.3 A. The emission can be traced to 
about \ 3860 in the opposite direction, where it fades out gradually. There seems to be 
a secondary maximum in the intensity distribution at \ 3878 + 1. The well-known 
Av = O sequence of the bands of the CN violet system has heads at A 3883, 3871, etc., 
and degrade to shortward. It is tempting to associate them with this feature in R CrB. 
These bands occur in emission in the solar chromosphere,® but they have not been ob- 
served in emission in any stellar spectrum. 


TABLE 4 


THEORETICAL RELATIVE PEAK INTENSITIES OF CN BANDS 





RELATIVE INTENSITIES 


T =2000° T = 3000° T =4000° T =5000° 


8. 10. AZ. 
5 3: Re. 


100. 100. 
ai. 41. 47. 





4. 4. 4. 
2. * 4. 


0.2 0.2 0.2 











There are two obvious objections to a CN identification: the measured wave length of 
the “head” in R CrB is not in satisfactory agreement with the laboratory value, \ 3883.4. 
Furthermore, no sign is seen of bands of the other CN sequences at d 3590 and A 4215. 
Consider the latter difficulty. These transitions are expected to be weaker than those of 
the Av = 0 sequence, since the Franck-Condon parabola of the violet system of CN isa 
very narrow one. It is possible to calculate relative intensities of the violet CN bands in 
emission as a function of temperature if a Boltzmann distribution of molecules among the 
excited states can be assumed. Relative values of the vibrational transition probabilities, 
freed of their frequency dependence, are available for the Av = +1, 0, —1, and —2 se- 
quences from the laboratory measurements of L. S. Ornstein and H. Brinkman.*® Theo- 
retical peak intensities of the stronger bands obtained in this way are shown in Table 4. 

The data of Table 4 demonstrate that, after Av = 0, the Av = +1 sequence (A 3590, 
etc.) is the most intense. This region is adequately exposed on the two Q//1 spectro- 
grams, which also show the broad feature shortward of \ 3882 in moderate strength. Al- 
though there is a number of emission lines which confuse the vicinity of \ 3590, there is 
no indication of the presence of the band. Likewise, nothing can be seen of the (0, 1) head 


5 Pub. Lick Obs., Vol. 17, Pl. I, 1931. 
6 Proc. Kon. Akad. Amsterdam, 34, 33, Table III, 1931. 
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at \ 4215, although the Sr 11 line at that wave length would mask a weak head. In an ef- 
fort to determine whether the absence of \ 3590 is consistent with the theoretical inten- 
sities of Table 4 and the observed intensity of the \ 3882 feature, on the assumption that 
the latter is actuaily \ 3883 of CN, a tracing of Q f/1 11819 was reduced, using the mean 
calibration-curve for this series of spectrograms. The plate-plus-instrument sensitivity 
function at 3590, in terms of that at \ 3880, was determined by assuming a black-body 
distribution in the continuum with a color temperature of 6700°, as determined by Ber- 
man for the AA 3500-4500 region when the star was at maximum. The result was that, 
if the ratio of J (AX 3880)/7 (X 3590) = 10, the peak intensity to be expected of 3590 
might be barely detectable on the spectrograms in question; but, if this ratio was 20, the 
band would not be observed. If a temperature of 3000° or less is admitted, the absence of 
\ 3590 is therefore not inconsistent with the CN identification for the \ 3882 feature. A 
low temperature would account also for the absence of the \ 3871 head. No attempt has 
been made to determine whether the rotational intensity distribution to be expected of 
the CN bands at such a temperature is consistent with the observed profile. 

If CN is not responsible for the bandlike feature in R CrB, one must find for it identi- 
fications among atomic lines whose occurrence is reasonable in view of the character of 
the rest of the spectrum and whose blending would produce a structure with the profile 
observed. Despite the fact that the writer has not been able to find such identifications, 
it is felt that the molecular identification should not be regarded as more than an inter- 
esting possibility until the serious discrepancy of about 1 A in the position of the “head” 
in R CrB can be explained. 

The most obvious identification of the very intense emission line at \ 3888 is with the 
well-known 2°S — 3’P® transition in He 1. An assignment to Hf seems much less likely 
because of a wave-length défference of over 0.6 A, an amount too large to be dismissed as 
observational error. If the He 1 assignment is correct, the line is displaced to shortward 
by 0.23 + 0.06 (p.e.) A from its laboratory wave length with respect to the rest 
of the emission spectrum; this corresponds to a wave length of \ 3888.42. No other at all 
plausible identification is possible with any line listed in the Revised Multiplet Table. 
Other difficulties appear, however, if the line is due to He 1. No other helium lines have 
been found in the spectrum; unfortunately, there are no accessible lines arising from the 
same upper level. Furthermore, the level of excitation represented by He I \ 3888 is much 
greater than that suggested by the rest of the emission spectrum: 3*P® in He 1 has an ex- 
citation potential of 22.91 volts, while the other emission lines in the spectrum of R CrB 
have low upper-excitation potentials of from 2 to 6 volts. 

The usual means of explaining such an apparent anomaly as this is a nonequilibrium 
process which can populate selectively the upper level of the transition in question. Any 
fluorescent process operating by line coincidence could not be a direct one, since the 
ground state of He ris 1'S, and the transition to 3°P° is strongly forbidden. Direct excita- 
tion from the metastable term 2°S would, of course, demand an exciting feature at very 
nearly the wave length of \ 3888 itself. A process populating 3*P° from 2°S via excitation 
and subsequent cascade from upper levels would have to involve two such upper levels 
because of the parity restriction, and it seems unlikely that two such overpopulated 
levels could fail to produce some other observable emission lines. Furthermore, such a 
process would not be very efficient. If a collisional explanation is invoked, with the col- 
liding particle possessing very nearly the precise amount of internal energy required to 
excite 3°P° from some lower, well-populated state, it would be necessary both to identify 
the particle and to explain the great selectivity of the energy-transfer process, since the 
upper levels of \ 5875 and \ 5015 lie only 0.06 and 0.08 volts higher, respectively, than 
3°p°. Neither of these lines appears in emission in R CrB. The selectivity of such collision- 
al processes does not seem to be so high'as to permit this hypothetical one to be highly 
efficient for 3°P° and still fall off in efficiency by a large factor for an energy difference of 
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less than 0.1 volt. It is known that \ 3888 appears strongly in helium excited collisionally 
by electrons of energies greater than the ionization potential of He 1; but, for energies up 
to about 40 volts, other lines (such as \ 5875 and A 5015) should appear somewhat less 
strongly but of the same order of intensity.” At higher energies, \ 5015 would be stronger 
than A 3888. In view of such difficulties and the small wave-length discrepancy, an identi- 
fication of \ 3888 with He 1 should be regarded cautiously and the possibility that it is 
due to some unknown line kept in mind. 

In view of the hypotheses proposed as to the cause of the variation of R CrB, it is of 
interest to see whether any change takes place in the strength of the blend involving the 
C2 band head at \ 4737 or in the group of C1 lines near \ 4770 as the star varies. The G f/2 
negatives obtained between magnitudes 8.5 and 10.0 show no essential difference in these 
features, with respect to neighboring absorption lines, from their strength at maximum 
light. A decision is more difficult with regard to the later spectrograms, on which the fea- 
tures are seen only indistinctly, because of the general weakness of the absorption spec- 
trum and the poorer definition in that region on the negatives of lower dispersion. It is 
safe to say, however, that there cannot have been any considerable increase in the equiv- 
alent widths of the Cz and C1 features. Any explanation of the variation of R CrB in 
terms of a vast increase in the strength of the Swan bands is thus definitely ruled out. 

No indication is seen on any of the negatives of any marked change in the energy dis- 
tribution in the continuous spectrum during the descent to minimum; but, since the dis- 
persion was changed after the star fell below magnitude 10.8, this statement does not 
have the weight for the fainter magnitudes that it does for those brighter than that value. 
Photoelectric observations of the color of R CrB as it varies would be of considerable in- 
terest and importance. If such observations were made, the spectral regions Ad 3888- 
3968 and \ 5893 should be avoided because of the presence of intense emission lines. 

Because the absorption spectrum of R CrB differs in many ways from those of ordi- 
nary.F- and G-type giants and dwarfs, a dispersion table for the G f/2 (75 A/mm) nega- 
tives of that star was constructed directly from measurements of spectrograms of the 
same dispersion of the F- and G-type supergiants e Leonis, y Cygni, 6 Canis Majoris, 
the peculiar start HD 25878, and two negatives of R CrB itself at or near maximum 
light.8 The latter negatives were reduced on the basis of a radial velocity of +25.0 
km/sec, very nearly the mean of Berman’s three-prism velocities of R CrB.? The other 
spectrograms were reduced with the velocities given in Moore’s Catalogue.® This mean 
dispersion table was based on only eight spectrograms, but it was found to be much more 
satisfactory in practice than one containing blended wave lengths built up from the wave 
lengths of individual lines. Twenty-eight lines were chosen for measurement in the region 
Ad 4005-4501. They were selected by inspection of a CG plate (dispersion 26 A/mm) of 
R CrB on the basis of symmetry and freedom from disturbing features which might prove 
troublesome on exposures of different densities. The “‘Va,s” values in Table 1 result from 
measures of at least twenty of these lines on each plate. The absorption spectrum was 
measurable on the descending branch of the light-curve only as far as magnitude 10.8. 
Below that magnitude the absorption lines were generally too weak to measure. 

The emission-line velocities are based entirely on laboratory wave lengths; neither 
blended emissions nor the line at \ 3888 was used in determining the velocities. In order 
to give some idea of the degree of confidence to be placed in these values, the number of 
lines upon which each ‘‘Ven” is based is also shown. The measured emission-line veloc- 
ities are not regarded as indicating any real change in the velocity. THe emission lines 


TR. Bernard, The Emission Spectra of the Night Sky and Aurorae (1948), p. 93; J. H. Lees, Proc. R. Soc. 
London, A, 137, 173, 1932. 

8 T amindebted to Dr. W. P. Bidelman for the loan of his negatives of y Cyg, 6 CMa, R CrB at maxi- 
mum, and HD 25878, as well as a CG film of R CrB. 


9 Pub. Lick Obs., Vol. 18, 1932. 





R CORONAE BOREALIS 151 


are, however, definitely displaced to shortward with respect to the absorption spectrum 
by about 12 km/sec in the mean. This is in agreement with the result of Joy and Huma- 
son, who found a relative displacement of ‘about 20 km/sec” in the same direction. It 
should be remembered that this velocity difference has been obtained from absorption 
lines measurable only when the star was 10.8 mag. or brighter, and emission lines seen 
only when the star was 10.0 mag. or fainter. There is no assurance that the velocity from 
the absorption spectrum measured when the variable is bright is the same as that later 
when the emission lines are well seen (although there is no evidence to the contrary), 
and the value of 12 km/sec for the relative displacement is hypothetical to that extent. 
The evidence of the two plates showing both emission and absorption lines demonstrates, 
however, that the displacement between magnitudes 10.0 and 10.8 agrees in sign and 
roughly in magnitude with the mean value found from all material. 

The agreement of the absorption velocities in Table 1 is deceptively good, since the 
internal probable error of the velocity from one plate is, on the average, + 1.6 km/sec 
and the actual probable error is somewhat larger. There is nothing in the G f/2 velocities 
to suggest any real variation in radial velocity on the descending branch of the light- 
curve. This fact cannot be considered, however, as evidence ruling out the possibility 
that the light-variations of R CrB are due to a change in radius, for the following reasons. 
If the effective temperature is constant during the decline from magnitude 6.0 to 10.8, 
an assumption which is supported by the observed lack of change of color temperature, 
the change in radial velocity due to a contraction of the star can be readily computed. 
This velocity change depends on the radius of the star at maximum light and hence on 
the maximum visual absolute magnitude. If one carries out the computation for M, = 
—1and —4, the corresponding velocity changes while the variable faded from 10.0 to 
10.8 mag. would be +0.9 and +3.6 km/sec, respectively.!° The accuracy of the individ- 
ual G //2 velocities is insufficient to enable them to be considered as evidence either for 
or against velocity changes of this size. 

The apparent suppression of the continuous spectrum and the emergence of the emis- 
sion lines as R CrB becomes fainter raise the interesting question of whether the emission 
spectrum may not always be present in substantially constant strength but is simply 
masked by the strength of the continuum when the variable is bright. This question was 
approached by measurement of the intensities of the emission H and K lines of Ca 11. 
When three of the stellar spectrograms were taken, sensitometer spots were impressed 
on a piece of film taken from the same box, and the pair of films were then developed to- 
gether. The sensitometer was provided with a violet filter, which caused the effective 
wave length of the light reaching the emulsion to lie near \ 4100. A calibration-curve was 
constructed from tracings of each of the sensitometer exposures and used in the photo- 
metric reduction of the corresponding spectrogram. For those negatives not calibrated, 
the curve used was a mean one formed from these three curves. Since the processing pro- 
cedure for the entire series of spectrograms was kept as uniform as possible, it is believed 
that no serious error can have been committed by this improvisation. 

The spectrograms were traced in the Yerkes microphotometer with magnifications 
of 100 for the G f/2 films and 200 for the G f/1 negatives. The continuum was drawn in 
over the regions of H and K in a manner as consistent as possible on all the tracings, with 
a tracing of the spectrum at maximum light serving as a guide. The tracing deflections 
were converted to intensities, and the integrated intensities of the lines were obtained. 
This procedure evaluates the energy of only that portion of the emission line lying above 
the drawn-in continuum and does not include the energy required to “fill in” the Ca 1 
absorption lines in the underlying star spectrum. Unfortunately, no photometrically cali- 


10 The first value of M,is obtained from Berman’s analysis of the atmosphere of R CrB, the assump- 
tion of black-body radiation, and the mass-luminosity relation. The second is derived from spectroscopic 
luminosity criteria. 
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brated spectrograms of R CrB at maximum light were available for the determination 
of the undisturbed profiles. However, several excellent calibrated spectrograms of y Cyg- 
ni, a supergiant of quite similar spectral type of R CrB, were available. The Ca 1 lines 
were of nearly equal strength in the two stars, although the presence of He in y Cygni 
might be expected to disturb H slightly. The profiles of H and K in y Cygni were deter- 
mined, after approximate allowance for He, and were then used to determine the energy 
required to fill in those lines to the level of the continuum in the case of R CrB. 

All the spectrograms of R CrB studied in this way were taken with the glass prisms, 
so the density of the continuous spectrum was dropping off rather rapidly to shortward 
in the region of H and K. Accordingly, the location of the continuum is usually more un- 
certain at K than at H, and the intensities of K therefore deserve lower weight. 

The assumption made here—that the true continua upon which the emission lines are 
superimposed are actually the absorption lines observed near maximum light—seems to 
be a fairly reasonable one. The tracings show, on adequately exposed films, absorption 
wings on either side of the strong H and K emission lines. These cannot be a photo- 
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H \ 3968 K \ 3933 


pe | 
Emission } Cox | Total Total Emission | Gas Total Total 
orr. orr. 


Intensity | | Rel. Int. | Abs. Int. Intensity | Rel. Int. | Abs. Int. 


| 
| 


ree | 0.49 
10.5 | 1.00 
53. | 0.60 
46 |} 0.43 
51. | 0.34 
Gf/1 11752 54. | 0.32 


G f/1 11787... zx 2 | 4. | 0.22 


G f/2 11592. . 
Gf/2 11609. . 
Gf/1 11647... 
G7/1 11703... 
Gf/1 11739 


14.6 
66. 
ae) « 
76. 
(53) 
57. 








Haro wo 


1 
—. 





wmNaoOnuUUs 
“IAI 100 wn: 


on 











graphic effect, which might be expected on low dispersion at the edges of such intense 
lines, since the equally strong \ 3888 shows no such wings. It does not seem that line 
emission causes the weakening of the entire absorption spectrum, and it may not be 
solely responsible in the cases of H and K. If the absorption lines have been “filled in” by 
some other agency, the emission-line intensities have been overcorrected and are there- 
fore too large. The correction is large, percentagewise, only for the early plates where the 
emission is weak ; when the star is very faint and the emission lines strong, the correction 
is not so important. For comparison purposes, the intensity above the drawn-in con- 
tinuum and the additional energy required to fill in the absorption line are given sepa- 
rately in Table 5, as well as their sum. 

The unit of the total relative intensities of Table 5 is the energy in a 1 A strip of the 
continuum at the wave length of the center of each line, as drawn in between the undis- 
turbed continuous spectrum on either side. The relative intensities have been converted 
into absolute intensities, in units of the intensity of the line on G f/2 11609, by correction 
for a change of intensity in the underlying continuum which is given by the change in 
visual magnitude. This correction involved the fundamental assumption that there is no 
change in the color temperature in the magnitude range 10.0—14.0. These absolute in- 
tensities of H and K are given in the sixth and tenth columns of Table 5. 

The data of Table 5 show that the relative intensities of emission H and K increase 
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as the star fades to at least magnitude 13.1, but beyond that point any systematic 
change is concealed by the large scatter. The absolute intensities, on the other hand, 
seem to show the unexpected feature (see Fig. 3) of passing through a maximum in the 
region of magnitude 11. The reality of the decrease toward brighter magnitudes does not 
rest solely on the point at magnitude 10.0; it is supported by the negative evidence of the 
three spectrograms obtained at about magnitude 8.5, on which emission lines of the ab- 
solute intensity of ii and K at magnitude 10.8 should be seen easily. This decrease must 
mean that the emission lines are somehow linked with the mechanism responsible for the 
decrease in light and that they are not permanent features which appear simply because 
of the great weakening of the stellar continuum. It should not be too difficult to confirm 
this by observations at maximum light. If permanent emissions exist in H and K with 
absolute intensities equal to the largest observed here and if the strengthening of the 
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10.0 120 THyis, 140 
Fic. 3.—Absolute intensity of the H and K emission lines of Ca 11in R Coronae Borealis plotted 


against the visual magnitude of the variable. The units are the intensities of the respective emission 
lines on the plate exposed at magnitude 10.8. 





continuum (without change in color temperature) is the only factor to be considered be- 
tween magnitudes 10.8 and 6.0, then the central intensities of the H and K absorption 
lines in R CrB at maximum should be raised about 4 per cent. An excess of this amount 
in R CrB over the central intensities in, say, y Cygni, should be detectable and would 
further test the reality of the decrease toward brighter magnitudes indicated by Figure 3. 

The apparent decay of absolute intensity of the emission lines toward fainter magni- 
tudes should not be regarded as established until the question of a possible change in 
color has been investigated with some care, since this decay could be explained by a small 
reddening of the star, which would cause the correction from relative to absolute in- 
tensity, as made here, to be in error. 

J. A. O’Keefe"’ has considered the hypothesis that the variations of R CrB are due to 


1 Ap. J., 90, 294, 1939. The calculations of O’Keefe were based on old vapor-pressure data for carbon 
which are not in good agreement with the recent work of L. Brewer, P. W. Gilles, and F. A. Jenkins 
(J. Chem. Phys., 16, 797, 1948). 
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local obscuration by material thrown off by the star. Since Berman’s work suggests that 
carbon is abnormally abundant in the atmosphere of R CrB, O’Keefe supposes that the 
receding gas cloud would cool and condense, forming small carbon particles. These would 
be efficient absorbers, and the large apparent drop in brightness of the underlying star 
is consequently understandable in a qualitative way. The eventual recovery of maximum 
light is presumed to be due to dissipation of the cloud or shell. 

The light of R CrB at minimum would, according to this hypothesis, arise from two 
sources: the star, seen dimly through the obscuring shell, and the shell itself. The latter, 
after equilibrium has been reached, would radiate with an effective temperature such 
that the absorbed and re-emitted energies would be equal. Since the total energy escap- 
ing from the system would be fixed because the star itself is not supposed to change, the 
light-variations would be due simply to a transfer of energy from the observable region 
to the inaccessible infrared. The observations, within their considerable uncertainty, 
especially at the fainter magnitudes, show no reddening near minimum. This might be 
explained in one of two ways. First, the thermal emission by the small particles of the 
shell would probably not be black body in character, and a simulation of the maximum 
color temperature might conceivably result in a limited spectral region. It would have 
to be demonstrated that this property of the absorption coefficient is consistent with the 
the required transferral of the bulk of the stellar energy to an inaccessible part of the 
spectrum. On the other hand, it seems more likely that the shell is at such a distance 
from the star and its effective temperature is, in consequence, so low that it makes no 
significant contribution in the observable part of the spectrum. A rough computation 
was made of the relative importance of the two sources of emission based on the assump- 
tions of black-body radiation by both star and shell and “gray” absorbing particles. The 
results indicate that the shell emission would not have been detected in the photographic 
region if the effective temperature had been less than about 1400° or 1500° K. These 
values correspond to a value of Rehen/Rstar greater than about 12. Effective temperatures 
below this limit would seem to be compatible with the existence of solid particles of car- 
bon. It is difficult, if this latter explanation is the correct one, to ascribe the apparent 
“veiling” of the absorption spectrum of R CrB near minimum to continuous emission 
by solid particles in the shell. 

A very striking feature of the emission spectrum of R CrB to one familiar with stars 
with emission spectra is the absence of hydrogen emission, the weakness of emission Fe 11, 
and the presence in such strength of Sc m and Ti 11. The absence of H is in accordance 
with the weakness of that element in the absorption spectrum, an effect which has been 
interpreted by Berman as due to low abundance. No such abundance anomaly was found 
for iron, however. It seems that, to some extent at least, this latter is an excitation effect. 
In Table 6 are listed the ionization potentials and upper excitation potentials of the 
stronger permitted lines of the neutral and first ionized states of those elements most 
abundant in R CrB. The upper excitation potentials are separated into those correspond- 
ing to observed and unobserved lines. It will be noticed that the ions appearing in 
strength in emission in R CrB are those which have strong permitted lines arising from 
low levels, i.e., just those which would be favored by a low excitation temperature. The 
weakness of Fe 11 (only one faint line was seen) must be due partly to this phenomenon, 
since its strong lines in the photographic region arise from levels 5.5 volts high. No lines 
of the ultraviolet a‘D—z®D° multiplet of Fe 1 were found, although the upper levels in 
that case are of appreciably lower energy, 4.8 volts. Likewise, none of the [Fe 11] lines in 
the photographic region was observed; their upper levels have energies of about 3.0 
volts. 

The most striking discordance with an explanation entirely in terms of a low excita- 
tion temperature is the observation of two 77 11 lines (A 3504, \ 3510) and two Cr 11 lines 
(X 3408, \ 3422), which originate in 5.4 and 6.1 volt levels, respectively. The identifica- 
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tion of \ 3504 and of \ 3408 is not entirely satisfactory, but there is no reason to suspect 
the other two lines. The presence of these lines demonstrates that a low excitation tem- 
perature cannot completely account for the suppression of Fe 11 in the emission spectrum. 

The material available here does not enable one to determine the excitation tempera- 
ture, since it would be necessary to compare the absolute intensities of lines in widely dif- 
ferent parts of the spectrum. Rough comparison with the chromosphere would lead one 
to suspect a considerably lower temperature for the emission regions of R CrB. If 
O’Keefe’s ideas are correct, the emission lines may originate in a gaseous atmosphere ly- 
ing in or just outside the obscuring shell. If the emitting atoms are in temperature equi- 
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SUMMARY OF SPECTROSCOPIC DATA FOR ELEMENTS PRESENT 
IN R CORONAE BOREALIS 
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librium with the solid particles, a determination of the excitation temperature from the 
emission lines would give information as to the relative radii of star and shell. If the op- 
tical thickness of the shell is very large, 

Rsnett TS) 


star T shel! 


where Ttar is 5300°, the excitation temperature of R CrB at maximum light. 


I am indebted to Dr. G. P. Kuiper and Dr. O. Struve for the opportunity to work at 
the Yerkes and McDonald observatories, to Dr. S. Chandrasekhar and Dr. W. P. Bidel- 
man for discussions of some of the problems encountered in this investigation, and to the 
National Research Council for a Fellowship. 
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ABSTRACT 
Spectroscopic observations of the short-period variable AI Velorum reveal that the deviations from 
normal RR Lyrae type variability found in the light-curve by Zagar and by van Hoof appear also in the 
spectral type and radial velocity variations. The range in the spectral type estimated from the H + He 
to K ratiois from A4 to F2; the velocity varies from 0 to +44 km/sec. The variable seems to resemble 
the RR Lyrae stars more nearly than it does any other recognized group of short-period objects. 


The variability of AI Velorum! was discovered by E. Hertzsprung? on a series of 
plates obtained with the Franklin-Adams camera in Johannesburg. He derived from this 
material the following expression for the times of maximum light: 


Maximum = JD 2426142.210+4 04111574E. (1) 


Despite Hertzsprung’s lack of confidence in these elements, they served to predict 
fairly well the times of earliest spectral type and of minimum radial velocity found from 
the spectroscopic observations to be described here. The exposure time of the plates used 
by Hertzsprung was about one-fifth the total period of AI Velorum, so that some of the 
details of the light-curve were undoubtedly averaged out. Two new series of plates of 
short exposure were discussed by F. Zagar* and by A. van Hoof. These workers demon- 
strated that the shape of the light-curve, which often resembles that of an RR Lyrae 
type star with rise more rapid than decline, is subject to large variations. Successive 
maxima may differ in brightness by half the total amplitude. On one occasion the light- 
variations almost subsided, and the star showed only slight fluctuations about a bright- 
ness intermediate between maximum and minimum. Such extreme departures from the 
fairly regular variation to be expected of an RR Lyrae type star raise the question of 
whether this may not be an object of a quite different sort. It was to investigate this pos- 
sibility that the spectroscopic observations were undertaken. 

The comparison star used by both Zagar and van Hoof in their observations of AI 
Velorum was HD 70506, of type AO. The best magnitude available for this star is appar- 
ently a visual determination of 7.08 made with a wedge photometer and quoted in the 
Boss General Catalogue. The observations of Zagar, reduced with this magnitude, then 
result in a photographic range of 6.2-7.4 mag. for AI Velorum, while those of van Hoof 
correspond to a range of 5.9-7.1 mag. If the star is actually an RR Lyrae type variable, 
it is therefore the brightest known in the sky. 

A total of 37 spectrograms were obtained of AI Velorum in November and December, 
1948, with the Cassegrain spectrograph of the 82-inch telescope, using the glass prisms 
and the 180-mm Schmidt camera. The dispersion of this combination is 75 A/mm at Hy. 
The exposure times, on Eastman IIa-O film, varied from 8 to 23 minutes, depending 


* Contributions from the McDonald Observatory, University of Texas, No. 173. 


t National Research Fellow. 
1 (1900) = 8510™8; (1900) = —44°16’; = CPD —44°2376 (7™8); = HD 69213 (FO). 


2 B.A.N., 6, 147, 1931. 
3 B.A.N., 8, 169, 1937. 4 B.A.N., 8, 172, 1937. 
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upon the brightness of the variable and the seeing. Despite the low declination of AI 
Velorum, — 44°, it could be followed for as much as 5 hours, or almost two periods, at a 
time if the telescope were reversed from one side of the pier to the other during the “run.” 
All negatives were obtained with the spectrograph slit placed north-south. The spectro- 
grams were obtained jointly by Dr. O. Struve and myself. 

The radial velocities of AI Velorum rest, as a system, on sixteen spectrograms of three 
stars of constant velocity and spectral types A5 and FO which were chosen from Moore’s 
Catalogue.®> The declinations of these stars ranged from —31° to —42°, so that they 
could be observed in very nearly the same telescope position and with the same instru- 
mental adjustments as was the variable. The micrometer settings on all lines (about 
fifty in all) which were well measurable on these negatives in the wave-length region 
AA 3835-4481 were reduced to a common system and compared for general reliability 
and for constancy of position with spectral type. Only twenty-nine lines survived this ex- 
amination, and it is upon these lines that the radial velocities of AI Velorum are based. 





























PHASE 








Fic. 1.—Five radial-velocity-curves of AI Velorum. Series IV and V each extend over two panels. 
The radii of the velocity points are equal to the probable error of the velocity from one plate. The three 
open points correspond to negatives of inferior definition. 


5 Pub. Lick Obs., Vol. 18, 1932. 
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A re-reduction of the spectrograms of the standard stars using this data yielded a prob- 
able error of one plate of +2 km/sec from the agreement of the individual plate velocities 
with their mean. The velocities are actually not this reliable, however, for, although the 
scatter about their own mean is small, the means themselves are not in such good agree- 
ment with the Catalogue velocities. (As a group, the residuals of the measured standard 
star velocities from the Catalogue values, of course, sum to zero.) The source of this dis- 
crepancy is uncertain. In drawing the velocity-curves of AI Velorum (Fig. 1), the prob- 
able error of one plate has been taken as +3 km/sec. 

The spectral type of AI Velorum was estimated on all plates by comparison with a set 
of spectra of standard stars kindly supplied by Dr. W. P. Bidelman. These types, given 
in Table 1 and marked on the velocity-curves, depend solely on the ratio of H + He to 
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K. The principal uncertainty in these estimates arises from the difficulty in comparing 
AI Velorum, which has quite sharp lines, with standard stars having rather diffuse lines. 
The error arising from this source should not exceed one-tenth of a spectral class. 

The five “runs” on AI Velorum are indicated by Roman numerals in Table 1 and Fig- 
ure 1. The phases were computed from the elements of equation (1). The range in spec- 
tral type is from A4 to F2. The radial-velocity range is from 0 to +44 km/sec. The veloc- 
ity-curves show that the known ability of AI Velorum to remain relatively quiescent at 
an intermediate magnitude throughout a cycle extends to the spectral type and radial- 
velocity variations as well (see Ser. IV, Fig. 1). Furthermore, a velocity minimum with 
very low velocity and early spectral type may be followed by one during which the veloc- 
ity does not fall to its minimum value and the spectral type remains like that at maxi- 
mum velocity. This behavior also is matched in the light-curve. In the absence of con- 
current photometric observations, it is not possible to say anything about the magnitude 
of the variable at the times that the spectrograms were taken. A detailed photometric 
study of AI Velorum from the Southern Hemisphere would be very desirable, in order to 
find whether any regularity exists in the deviations from normal RR Lyrae type be- 
havior. 

If the median apparent photographic magnitude of AI Velorum is 6.8 and the abso- 
lute magnitude 0.0, the distance (uncorrected for absorption) is 230 parsecs. The General 
Catalogue proper motion, corrected according to the table of Blaauw and Delhaye,® 
then corresponds to a tangential velocity of 81 km/sec. The median radial velocity, 
about +20 km/sec, reduces to +3 km/sec when corrected for the solar motion. AI 
Velorum is, therefore, a star of space velocity considerably higher than the average. 

The spectroscopic material suggests that AI Velorum is more closely related to the 
RR Lyrae group than to any other currently recognized class of variable stars. It is un- 
like the 8 Cephei stars, the only other possible classification, in possessing a large light- 
range and spectral-type variation. 


I am indebted to Dr. G. P. Kuiper and Dr. O. Struve for the opportunity to work at 
the Yerkes and McDonald observatories, to my wife for assistance with the radial- 
velocity reductions, and to the National Research Council for the award of a Fellowship. 


5 B.A.N., 10, 473, Table 1, 1949. 
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ABSTRACT 


A new set of elements has been derived for this eclipsing variable from 65 spectrograms obtained at 
the McDonald Observatory. The orbit is circular; y = +23.6 km/sec, Ki = 138.4 km/sec, P = 1.485 
days. The slow variation in the velocity of the system, discovered by Daniel, has been confirmed. There 
are indications of the spectrum of the fainter component. 


The spectrographic orbit of VV Orionis was determined in 1915 by Z. Daniel! from 
seventy spectrograms obtained at the Allegheny Observatory between November 18, 
1912, and March 13, 1915. The star is also an interesting eclipsing variable, with a period 
of only 1.4853789 days, and a primary of class B2n, which contributes about 86 per cent 
of the light of the system.? The primary eclipse is annular, the secondary is partial. The 
spectrum does not appreciably change during the two eclipses. According to F. B. Wood, 
the ratio of the radii is nearly k = 0.5. From the ratio of the surface brightnesses, 
y = 1.9, we infer that the spectral class of the fainter, smaller component may be about 
B8. 

Daniel had suspected a slow variation in the velocity of the center of mass of the short- 
period system. ‘With great reserve” he gave a set of elliptical elements “as a possible 
explanation for the observed irregularities in the motion of the star.” The period was 
P = 120 days, e = 0.3, and K = 13.0 km/sec. 

At the suggestion of Professor E. Hertzsprung, VV Orionis was observed at the 
McDonald Observatory from November 25, 1947, until January 7, 1948. The spectro- 
grams were obtained with the quartz spectrograph and a 500-mm UV camera, giving a 
linear dispersion of 40 A/mm at \ 3933. Many of the exposures were on the high-contrast 
Eastman Process emulsion; the rest were on Eastman 103a-O emulsion. 

The velocity-curve of the brighter star of the system is shown in Figure 1, which was 
obtained by computing the phases with the help of the expression: 


T (eclipse) = JD 2419835.278 +4 1.4853789E . 
This expression differs slightly from the one adopted in Kukarkin and Parenago’s 1948 
Catalogue, which is based upon observations by J. Dufay in 1947: 

T (eclipse) = JD 2420095.21941.48537867E. 


But the probable error of the period, + 0.00000033, shows that there is no appreciable 
difference between the two sets. 

Table 1 gives the star lines used for the measurement of the radial velocities, and 
Table 2 gives the resulting velocities. The data were treated in the usual manner by the 
Wilsing-Russell method and gave the following representation: 


V.= + 23.3 —138.7 sin6+1.4 cos 6. 
tia . £28 $2.3 


* Contributions from the McDonald Observatory, University of Texas, No. 172. 
Pub. Allegheny Obs., 3, 179, 1915. 2 F. B. Wood, Contr, Princeton U. Obs., No. 21, p. 28, 1946. 
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TABLE 1 
STAR LINES FOR VV ORIONIS 
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RADIAL VELOCITIES OF VV ORIONIS 
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* ‘‘p”’ indicates a poor plate; ‘‘vp’’ indicates a very poor plate. 
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TABLE 2—Continued 
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The mean errors are written below the coefficients. Conjunction occurs at 6 = +0°58 + 
0°95 = 0.00161P + 0.00264P. Rejecting two poor observations, we find 


Lvv= 10,550; n= 63; m = 3; n—m = 60; 
Mean error of one observation = +13.3 km/sec . 


The resulting departures are listed under (O — C,). These values are a function of the 
time. Averaging, we find the values shown in the accompanying tabulation. 
0-G 0-G 
Nov. 26.4...... —6.5 Wee B66s02.3<. Pe | 


NOV. 29.2005 6s: = a5 M DGG 2h Bion ss cas oes +14.9 
Dec. 2.8..... git ins OR ViRie Sere, axes 


These values of O — C; fit the linear relation 
Ay = + 0.69 (t—Dec. 7). 

This is undoubtedly Daniel’s long-period variation. But our series of observations is not 
long enough to connect it with the Allegheny series. Nor are we justified in attempting to 
put a sine-curve through the values of O — C;. Qualitatively, however, our results are 
consistent with Daniel’s, who found a range of 26 km/sec in 70 days, while we have a 
range of 27 km/sec in 40 days. The confirmation of a variation in with a period which 
exceeds the main period by a factor of only 80 is of major significance. But we cannot 
be certain that the slow variation necessarily means that the system is triple. 

If the measured velocities are corrected by means of the linear formula, we obtain a 
new velocity-curve (Fig. 2) and a new representation: 

“Va= + 23.3 40.69 (¢—Dec. 7) — 138.7 sin 0+ 1.4 cos 8. 
$1.1 +1.6 +1.6 

This time we find 


Lvv=4777; n= 63; : n—m=58; 
and conjunction occurs at 
6= + 0°58 + 0°66 = 0.0016P + 0.0018P. 
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The corresponding departures are listed under O — C2. Averaging them, we have the 
values in the accompanying tabulation. There is no indication of a second harmonic, and 
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a circular solution has been adopted as fitting the observations sufficiently well. How- 


ever, the first and the last values of O — C, clearly indicate a rotational disturbance of 
the velocity-curve, amounting to about +17 km/sec at phases +3° (or 0.008P). It is 
reasonable, therefore, to reject these seven observations from the calculation. This 
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gives, for the mean error of a single observation, ¢ = +6.8 km/sec. Finally, we obtain 
the following representation: 


Viinal = + 23.64 0.69 (t— Dec. 7) — 138.2 sin6+0.9 cosé. 
+ 0.9 +1.3 +1.3 


The resulting O — China: have not been listed, because they are quite similar to the 
O — C3. The time of conjunction now is 


6= +0°38+0°55 = +0.0010P+0.0015P. 


The interstellar calcium lines show no variation with 6. The mean from 62 plates is 
+18.4 + 1.1 km/sec. The mean error of one observation is +8.7 km/sec. The mean 
Allegheny velocity from the Ca 1 lines was +16.7 km/sec. 

The spectrum is of class B2. At the elongations we can detect on some of our best 
Process spectrograms clear indications of the H absorption lines of the fainter component. 
Figure 3 shows enlargements of two spectrograms, and Figure 4 gives the corresponding 
microphotometer tracings. We notice that at phase 0.652P, when the primary recedes, 
there are faint extensions of the H lines on the violet sides of the stronger components. 
This is best shown in the case of H8, but it can also be seen at H7, H9, and H10. It is 
not visible in any of the He 1 lines, suggesting that the spectral type of the secondary may 
be late B or even AO. In Figure 4 vertical lines have been drawn to indicate the centers of 
the lines of the stronger component. There is a slight, but unmistakable, tendency for the 
violet wings to be longer at phase 0.233P, and for the red wings to be longer at phase 
0.652P. The material, as a whole, rather strongly suggests that the fainter component is 
more easily seen when its velocity is negative. This isa common feature of many spectro- 
scopic binaries of short period. 

Since the fainter component is always blended with the stronger, it is possible to give 
only a very rough determination of its radial velocity: 


Phase 0.233P: Vel. of fainter comp. = + 141 km/sec. 
Phase 0.652P: Vel. of fainter comp. = — 110 km/sec. 


Within the large uncertainty of these measurements the mass-ratio isa = Dti/Me = 1.0. 
The conventional spectrographic elements are as follows: 


P= 1.4853789 days , K, = 138.4+1.3 km/sec , 


T (eclipse) = Phase 0.0010P + 0.0018 , K2=138+10(?) km/sec , 
y= + 23.6+0.9 km/sec , a; sini = a2 sini = 2.826 X10%km, 
e= 0.00, M, sin? i = MP. sin?i= 1.60. 


Since the inclination, according to the photometric observers, is about i = 80°, the total 
masses must each be ti = Yio = 1.70. This is an unexpectedly small value, especially 
for the B2 primary, and it makes us suspicious of the interpretation that we have placed 
upon the faint extensions of the H lines, which we have treated as though they repre- 
sented the velocities of the fainter component. The photometric results give L:/L2 = 7.3. 
This corresponds to a difference A mag. = 2.2 mag. The observed intensity ratios of the 
spectral lines agree approximately with this difference. A large error in the separation of 
the components is not possible. Perhaps we have here another case of an entirely abnor- 
mal secondary spectrum, violating the mass-luminosity-curve and showing changes in 
intensity and perhaps radial velocity. Such a secondary was previously observed in the 
case of HD 47129 (Plaskett’s star of large mass). It is also possible that we observe the 
effect of absorbing streams of H which are not a part of the reversing layer of the faint- 
er component. 
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ABSTRACT 

Two high-dispersion plates of Pleione taken in February, 1946, have been measured for radial velocity, 
and line profiles of all the essentially unblended lines in the region A\ 4160-4592 have been obtained. 
The shape of the absorption-line profiles suggests that the shell is composed of an inner part rotating with 
a velocity of 140 km/sec and an outer part contracting with a velocity of about 12 km/sec with respect 
to the inner shell. Estimates of the width of the hydrogen emission lines by Struve and Swings in 1941 
showed that the inner shell was rotating with a velocity of the order of 100 km/sec. The fluctuations in 
the radial velocity of the shell of Pleione established by Struve and Swings in 1943 can be interpreted as 
alternate expansion and contraction of the outer shell. The mean shell velocity found by Struve and 
Swings is identical with the cluster motion of the Pleiades found by Struve and Burke Smith. The present 
radial-velocity measurements suggest that the B8 photosphere of Pleione is expanding with a small 
velocity, as well as rotating with a velocity of at least 292 km/sec. 

Curves of growth are formed for the rotating shell and for the contracting shell, and an estimate of the 
electron pressure is obtained as a function of the temperature of the ionizing radiation. The density in the 
shell is estimated by means of the standard ionization equation. The electron density in the shell is of the 
order of 10'2-10'%, and the total density is about 7X 10'8 or about 10~* that in the solar reversing layers. 
The shell is optically thick to radiation from a B8 star and may be in a state close to thermodynamic 
equilibrium at T ~ 8000°. Consequently, the geometric dilution factor, W = 0.061, which is derived 
from the relative velocities of rotation of the shell and the B8 star on the assumption of conservation of 
angular momentum, has little effect on the strengths of the lines. The contracting shell has density about 
0.6 that in the rotating shell. Since the shell is optically thick to radiation from a B8 star and yet we still 
see a B8 spectrum, we conclude that the shell is confined to an equatorial ring. 


I. INTRODUCTION 


The spectrum of Pleione has undergone considerable change since it was first observed. 
The observations up to 1941 are summarized by Struve and Swings;! in a second paper? 
they record the further developments of the shell spectrum. In general terms the spectral 
development has passed from a B8p spectrum showing high rotation and broad hydrogen 
emission lines before about 1905 to a typical, rapidly rotating B8 spectrum without 
emission lines through the years 1905 to at least 1924. Then in 1938 the H emission was 
again observed and also a shell spectrum of a large number of narrow, weak lines of 
Feu, Ti, Sc u, Cru, Ni u, and perhaps V 11. The hydrogen lines showed sharp, nar- 
row cores typical of a shell. This shell spectrum was still present in 1946, many of the lines 
of Fe u, Ti 1, Sc 11, and Cr 11 being very strong. On coudé plates taken at the McDonald 
Observatory in 1946 the shell absorption lines on one plate vary in appearance from 
weak, very diffuse, essentially symmetric lines to asymmetric lines with strong, deep 
cores which are sharp on the red side but diffuse on the violet side.** The only lines of the 
B8 spectrum clearly visible on these plates are Hy, Hé, and Mg 1 ) 4481. It is not cer- 
tain whether the Si 1 doublet \ 4128, \ 4130 is present, as these lines are very diffuse 
and consequently hard to see on the high-dispersion plates available, particularly as these 
plates are not very dense in the wave-length region \ < 4150. There are no signs of the 


* Contributions from the McDonald Observatory, University of Texas, No. 171. 
t Fellow of the National Research Council. 
1Ap. J., 93, 446, 1941. 2 Thid., 97, 426, 1943. 


2a Dr. Struve tells me in a private communication that W. S. Adams observed these asymmetric lines 
some years ago on plates taken at the Mount Wilson Observatory. 
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He t lines. The absence or great weakness of the He 1 lines is confirmed by micropho- 
tometer tracings which show no appreciable dip in the continuum at the position of 
d 4471 and A 4388. The He 1 lines were absent? in 1943 also. 

Two high-dispersion plates’ of Pleione,‘ taken by Dr. Jesse L. Greenstein at the Mc- 
Donald Observatory with the coudé spectrograph, were lent to me by Dr. Greenstein 
for study. I measured these plates for radial velocity at the Yerkes Observatory and also 
made microphotometer tracings, 100 magnification, there, of the region \\ 4160— 
4592. The plates were calibrated for spectrophotometric work by the wedge-slit method 
described by Hiltner and Williams.® 


II. THE RADIAL-VELOCITY MEASUREMENTS 


The plates were measured for radial velocity, every visible line in the wave-length re- 
gion \A\ 4160-4592 being measured. The measurements were made in the direct and re- 
verse directions, and the settings were reduced to wave lengths by the Hartmann formu- 
la. The lines were identified by means of the Finding List and Revised Multiplet Table.® 
Preliminary identifications were made from the study by Struve and Swings;? however, 
at a dispersion of about 3 A/mm many of the lines given multiple identifications by 
Struve and Swings are resolved into their several components. It was possible to identify 
every line measured; very few multiple identifications remain. The radial velocity was 
determined from all the lines (142) with single identifications. In measuring the asym- 
metric shell absorption lines, an attempt was made to set on the center of gravity of the 
feature rather than on the deepest part of the core next to the sharp red edge. The mean 
radial velocity from both plates is —3.48 + 1.26 km/sec for Hy and Mg 11 \ 4481; and 
+2.43 + 0.18 km/sec for the shell lines. The difference in velocity between the lines of 
the B8 spectrum and the lines of the shell is real, in spite of the difficulties of setting on 
the very diffuse lines of the B8 spectrum. If the deepest part of the shell lines had been 
measured, the shell velocity would have been more positive. No very clear differences of 
radial velocity were found between the various elements comprising the shell spectrum. 

Neither of the radial velocities found here accords well with the radial velocity of 
+5.2 + 1.0 km/sec found by Struve and Burke Smith’ for the Pleiades. However, 
Struve and Smith do show that the mean radial velocity of the rapidly rotating Pleiads 
is less than that of the sharp-lined members of the cluster, being +1.17 + 1.41 km/sec. 
Very likely the atmospheres of the rapidly rotating Pleiads are expanding with a small 
velocity. The shell of Pleione is known from the work of Struve and Swings? to have a 
variable radial velocity, with a range of 10 km/sec and a period of about 4 months. The 
mean velocity of the shell is about +5.5 km/sec, in good agreement with the cluster mo- 
tion found by Struve and Burke Smith. The cluster velocity found by Struve and Smith 
differs somewhat from the cluster velocity of +7.86 km/sec found by J. A. Pearce from 
a study of plates taken at the Dominion Astrophysical Observatory (J.R.A.S. Canada, 
40, 143, 1946). However, since the plates studied by Struve and Swings and those studied 
by Struve and Smith were taken with the same instrument, the existence of a possible 
systematic error in the radial velocity of the Pleiades does not affect the comparison 
made here. 

Ill. THE PHOTOMETRIC MEASUREMENTS 

The spectra identified in the shell are Ca1, Cri, Cri, Fet, Feu, Scu, Sr tu, Ti u, 
and V u. It is uncertain whether Mn u and Ni 1 are present, for these spectra do not 
have any strong lines in the wave-length region studied and only some rather doubtful 

3 Cd 688, taken 1946, Feb. 3, at 4:11 U.T.; and Cd 700, taken 1946, Feb. 6, at 3:07 U.T. 

428 Tau; a (1900) 3543™2; 8 (1900) +23°50’; mag. 5.18; B8p. 

5 Photometric Atlas of Stellar Spectra (Ann Arbor: University of Michigan Press, 1946), Book I. 

®&C. Moore, Contr. Princeton U. Obs., No. 20, Parts I and II, 1945. 7Ap. J., 100, 360, 1944. 
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identifications could be made. The following spectra, suggested by Struve and Swings, 
usually as possible duplicate identifications of some of the lines in the region Ad 4160-— 
4592, are definitely not present: Alu, Baur, Lau, Mgt, Mou, Nat, O1, Su, Siu, 
Y u, and Zr 11. The spectrum in 1946 shows fewer Fe I lines than it did in 1941, and more 
Ti 11 lines. 

Profiles and equivalent widths of all the essentially unblended absorption lines were 
derived from the microphotometer tracings by standard methods. The data from the 
two plates agreed well and were combined to give mean equivalent widths and mean line 
profiles. All the line profiles were then plotted on a uniform scale. A survey of this mate- 
rial showed that the shell lines had various profiles and indicated that the lines were 
composite. Figure 1, which gives the profiles of the five lines available from multiplet 
No. 38 of Fe 11, is a small sample of the observations. The ordinate is absorption in the 
line expressed as percentage of the continuum, and the abscissa is in angstroms. 

The lines have extensive shallow wings on both sides and an asymmetric core, which is 
not centrally situated on the broad wings. The asymmetries in the core are those expected 
for an atmosphere contracting with a velocity of the order of four times the natural half 
half-width of the line.* The broad shallow wings are typical of a rotationally distorted 
profile. They are too extended to be due to a contracting atmosphere. The view that part 
of the shell is rotating is supported by the fact that weak lines show practically no core 
but only the familiar dish-shaped profiles due to rotation. If the rotationally distorted 
profile is reconstructed (see the dotted lines in Fig. 1) and the assumption is made that 
the material forming the cores of the lines lies outside the material giving the rotating 
shell spectrum, the two parts of the shell may be separated. If we call the B8 spectrum 
“spectrum 1,” the rotating shell spectrum “‘spectrum 2,” and the contracting shell spec- 
trum “spectrum 3” and if we ignore any continuous spectrum that might be produced 
by the shell, the continuum for spectrum 2 is spectrum 1, and the continuum for spec- 
trum 3 is spectrum 2. It follows that the rectified profiles due to spectrum 3 are given by 


(1) 


? 


where A: is the absorption in the rotationally disturbed profile referred to spectrum 1 as 
continuum and J’ is the absorption in the composite profile referred to spectrum 1 as 
continuum. Figure 2 gives the rectified profiles for the lines of multiplet No. 38 of Fe 11. 
It is evident that the line shapes of spectrum 3 are typical of a contracting atmosphere. 

The instrumental profile obtained from some sharp lines of the Fe comparison spec- 
trum is plotted in Figure 2 on the same scale as the shell lines. We see that the shell lines 
are so much wider than the instrumental profile that instrumental distortion of the pro- 
files is not important. The instrumental profile, given in Table 1, has less extensive wings 
than that found by Hiltner and Williams and can be well fitted by a Voigt profile® with 
parameters 6; = 0.718, B2 = 2.66. The data of Table 1 give the line profile magnified 
100X from the plate. 

From the mean extent of the wings of all the lines of spectrum 2, we find that the ap- 
parent velocity of rotation of the inner shell, v;, is 67 km/sec. The velocity of rotation of 
the B8 photosphere, vo, is 292 km/sec from the width of the Mg 11 line \ 4481. Hence, if 
we assume conservation of angular momentum,” we find that the dilution factor, W, 


ee | 0 

wat$i_yi — = = 0.061. 
2 ! Vo 

8 Ap. J., 106, 128, 1947; compare a mirror-image of Fig. 1, c, with the present observations. 

® Van de Hulst and Reesinck, Ap. J., 106, 121, 1947. 

10 Hynek and Struve, Ap. J., 96, 425, 1943. 
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Fic. 1.—The observed profiles of the lines of multiplet No. 38 of Fe 1. The ordinate is absorption in 
percentages of the continuum. Violet is on the left side; red is on the right. The size of the symbols indi- 


cates the uncertainty in the measures. Observed points are plotted. 
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Fic. 2.—Kectified profiles of the lines of multiplet No. 38 of Fe 1. The ordinate is absorption in per- 
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The iatio of the radii of the star and shell is 


R_ vt 


= 0.48, (3) 


Yr Vo 


where R is the radius of the star and ris the radius of the shell. It follows that the true 
velocity of rotation of the shell is 


r 
v,= UR = 140 km/sec. (4) 


The velocity of rotation of the inner shell is identical with the velocity of rotation found 
by Hynek and Struve" for the shell of ¢ Tauri and agrees with the rough estimate from 
the width of the hydrogen emission lines given by Struve and Swings? for Pleione. 
The mean redward displacement of the lines of spectrum 3 with regard to the centers 
of the broad lines of spectrum 2 can be estimated on the observed composite profiles. In 
any one case the accuracy of such an estimate is not great; but, since we have profiles of 
76 lines, the mean estimated displacement has considerable accuracy. Spectrum 3 is dis- 


TABLE 1 


CONTOUR OF IRC N EMISSION LINE 
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a 
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placed 12 km/sec to the red of spectrum 2. This displacement is consistent with the in- 
terpretation that the source of spectrum 3 is an atmosphere contracting with a velocity 
of the order of four times the natural half half-width of the lines due to thermal motions 
of the atoms. 

The physical picture of Pleione in February, 1946, revealed by the measures so far, is 
the following: 


1. A B8 photosphere, rotating with a velocity of about 292 km/sec and expanding 
with a velocity of about 8 km/sec. 

2. An inner shell, rotating with a velocity of 140 km/sec. This shell may be more or 
less stationary. Unfortunately, my radial-velocity measurements of the shell lines do not 
refer clearly to this shell or to the contracting shell, so a close estimate of the radial 
velocity of these shells cannot be given. 

3. An outer shell, contracting with a velocity of the order of 12 km/sec with respect 
to the rotating shell. 


We shall study each part separately and attempt to estimate the physical conditions 
prevailing there in February, 1946. 
IV. THE B8 SPECTRUM 


The present material is not suitable for studying the profiles of the hydrogen lines, as 
the magnification is too great. (Hy covers a distance of 4 feet on the microphotometer 
tracings!) The core of Hy is deep, going to clear plate effectively, but very broad, and the 
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wings can be traced for at least 20 A on each side. The central part of the profile of Mg u 
\ 4481 is given in Figure 3. This profile is clearly asymmetrical and can be separated into 
a part from spectra 1, 2, and 3. These rectified profiles are also given in Figure 3. The 
equivalent width of the feature from the B8 spectrum is 0.532 equivalent angstroms. 
This rather great strength of \ 4481"! and the weakness of the He I lines suggest that the 
photosphere of Pleione is not earlier than B8 and may be a little later. The effective tem- 
perature is likely of the order of 12,000°” rather than 17,000°, as assumed by Struve and 
Swings;! for the effective temperature of an AO main-sequence star is close to 10,000°.1% 


V. THE ROTATING SHELL 


The line-intensity data for a shell may be analyzed by curve-of-growth methods; for 
the simplified theory of line formation used in curve-of-growth theory“* may be expected 
to give at least as close a representation of the physical conditions of line formation in a 
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shell as it does of line formation in stellar reversing layers. Since the curve of growth re- 
lates the equivalent width of a line to the number of atoms capable of absorbing the line, 
the-only part of the standard theory of the curve of growth that may require change is 
the part dealing with the relation of the number of atoms in any level to those in the 
ground level. If the shell is optically thick to the exciting radiation, local thermodynamic 
equilibrium will be set up in the shell, and the standard equations giving the degree of 
ionization and the number of atoms in any excited state may be used. The temperature 
occurring in these formulae will be the local temperature in the shell. If the shell is opti- 
cally thin to the exciting radiation, the ionization may be calculated by 


n,+1 5040 
= Niagara 


and the excitation by 





I, + 3 log T — 0.48 + log 2 oe (i): 


r 


Nr, , res - /k 
Pree ae W St2 oo Xr oe (6) 
nN, u, 
where JW is the dilution factor and T the temperature of the exciting radiation. The other 
symbols have their customary meanings. 
Cf, the equivalent width of \ 4481 in 8 Ori and in ¢ Dra (Ap. J., 107, 349, 1948). 
2G. P. Kuiper, Ap. J., 88, 439, 1938. 13. 4p. J., 108, 83, 1948. 


4 Uns3ld, Physik der Sternatmosphdren (Berlin: Julius Springer, 1938), pp. 165 and 264; or Menzel, 
Ap. J., 84, 462, 1936. 


8 Tbid., p. O4. 
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We shall follow in detail in the ensuing analysis the methods outlined by K. O. 
Wright.!® Wright’s nomenclature is based on the theory of the curve of growth by Men- 
zel.'4 Log W/X"" is expressed as a function of log Xo, where X, is the optical depth at the 
center of a line. We have 


5040 Ne re? 1 
log Xo=log gif +log \— r xi t log 5 (ry ots eet? (7) 





where N, is the number of atoms in the appropriate stage of ionization, b(T) is the parti- 
tion function, v is the most probable velocity of the atoms (which are assumed to have a 
Maxwellian distribution of velocities), x; is the excitation potential of the lower level of 
the line in question, and W is the dilution factor. We are assuming that the excitation is 
given by equation (6). However, for most lines the f-value is not known, and solar 
strengths must be used instead. Then the appropriate abscissa for any line is 


ee Xiw leg X,—5040x; (7) +C.—Co, ( 


where X; is the solar line strength and C has been written for the last term on the right 
side of equation (7). The quantity C is a constant for all lines from a given atom and in- 
cludes the effect of dilution if it is present. Rotation does not affect the expected shape of 
the curve of growth, for it may readily be shown that rotation does not change the equiv- 
alent width of the line, at least to a first approximation. Consequently, we may use the 
standard methods of forming a curve of growth from the observations. 

Table 2 gives the equivalent widths of all the essentially unblended lines of the shell 
spectrum in the region AX 4160-4592. The lines are listed in multiplets according to 
wave length. The equivalent width of the combined feature is given in equivalent ang- 
stroms as well as the spectrophotor etric measures —log W/d for spectra 2 and 3. Solar 
line strengths, kindly communicated to me by Dr. K. O. Wright, are also given for most 
of the lines. For a few lines I derived log X; from the equivalent width of the line in the 
Utrecht Aiélas'® and from Wright’s solar curve of growth.!® These values are given in 
italics and are somewhat uncertain. Greenstein?’ has recently given a list of line strengths 
in the F star 7 UMa, which take into account the difference in opacity between an F 
star and the sun. However, since he does not give strengths for a number of the lines in 
Table 2, it is not worth while to use his line strengths in this analysis of the shell of Plei- 
one, as the available data are then too few. The accuracy of the spectrophotometric 
measures, —log W/X, is limited; for an unknown accidental error is introduced into the 
separation of spectrum 2 from spectrum 3. The ordinary accidental errors of the photom- 
etry are small; for the average deviation, without regard to sign, of any one measure of 
the equivalent width of the combined feature from the mean value is 5.5 per cent. 

The curve of growth for the rotating shell is given in Figure 4. It was formed by fitting 
the partial curves of growth for the various atoms to the observed curve for Fe 11. The 
points are plotted for an excitation temperature of 630°. This temperature was chosen 
arbitrarily, for the data are too few to determine the temperature in the ordinary way. 
The curve drawn is Wright’s solar curve of growth, displaced to fit the data. 


16 J.R.A.S. Canada, 40, 183, 1946; Contr. Dom. A p. Obs. Victoria, No. 2, 1946;also Pub. Dom. Ap. Obs. 
Victoria, Vol. 8, No. 1, 1948. 


17 The symbol W is customarily used for equivalent width and for dilution factor. However, little 
confusion should arise from this, for W, meaning equivalent width, is generally used in the combination 
“log W/X” throughout this paper. The context will make it clear when W means the dilution factor. 


18 Minnaert, Mulders, and Houtgast, Photometric Atlas of the Solar Spectrum (Amsterdam, 1940). 


19 Private communication. 20 Ap. J., 107, 151, 1948. 
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TABLE 2—Continued 
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The electron pressure in the shell may be determined from the horizontal displace- 
ment between the partial curves of growth due to atoms of a given element in two stages 
of ionization; for 


A log X/’ (Fe) =log X?’ (F e1) —log X// (Fem) =log et) 


Nret 
— log Ne. 1) 
Nret/O’ 


(9) 


where 


1 ° 
To)’ 


rer ‘ 5 I 
log X;' = log X, — 5040x; CF 


and, since 


Nrett Neen / T; 
l y ( —e 5) —| uo ( : ') = _— I ( Bion a 80) 5 | y ion 
°8 N Fel 7 shell °8 A Fel 7O : + 2 Og TO 


(11) 


Pr, 
+ log (P..) © — log ii" 


it follows in the case of Fe, where the observed A log X;’ is 2.90 + 0.15, that 

lo GF) 1,(0 60) +3 1 , Tien + Ig (P.) (2.90 +0.15). (12) 

og 5 — on 2 10 — og . — . TV.ILJ). 

6 VW shell . ; ? - To S ° 

Here Ton is the temperature of the ionizing radiation in the shell, W is the dilution factor, 
and 6 is the temperature function, 5040/7. We may also find log (P-/W)sbeu from the 
horizontal displacement, 1.95 + 0.15, between the partial curves of growth for Cr 1 and 
Cr ut. We shall follow Greenstein” and assume that, in the layers producing the solar 
absorption lines, log (P.)o = 0.80 and To = 5300°. 


21 Op. cit., p. 178. 
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From the observed value of log (P./W) we can find the density of the shell, for 

Strémgren gives tables * of log P, the total pressure in a stellar atmosphere in local ther- 

modynamic equilibrium as a function of the ionization temperature and the electron pres- 

sure. The number of particles per cubic centimeter is related to the total pressure by the 
expression 

P 

n= kT ° 

We enter Strimgren’s tables with the observed value of log (P./W); for, if the shell is 

optically thick, the observed value of log (P./W) is log P. and, if the shell is optically 


(13) 
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TABLE 3 
THE DENSITY IN THE ROTATING SHELL 
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thin, the change in the ionization equation (cf. eq. [5]) requires that you enter with log 
(P./W). 

Values of log P., n., log P, and n are given in Table 3 for a number of values of the 
ionization temperature. If the shell is not in local thermodynamic equilibrium, the tabu- 
lated values of P, and m, must be reduced by the dilution factor W, and the ionization 
temperature will be — 12,000°, the value for a B8 star. In 1941 Struve and Swings! ob- 
served the hydrogen lines to H31. The Teller-Inglis formula*’ gives an electron density 
of i.2 X 10” in the shell, in rough agreement with what we have found in 1946. 


2 Pub. Copenhagen Obs., No. 138, pp. 47 ff. 23 Ap. J., 90, 439, 1939. 
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We may compare the values of Table 3 with the corresponding values for the sun. The 
log (P.)o and To that we have used correspond to nm, = 8.6 X 10” in the upper layers 
of the solar atmosphere. Strémgren’s model atmosphere* with log A = 3.8 gives n = 
7 X 10% in these layers. The electron density at the base of the chromosphere” is about 
4 X 10", and the electron density at the base of the corona” is 4.30 10°. We see that 
the electron density in the rotating shell is of the order of that in the solar reversing lay- 
ers but that the total density is smaller than that in the solar reversing layers by a factor 
of about 10° if T;., is about 8000°. Struve and Swings! deduced a factor of this order from 
geometric considerations of the extent of the shell. The total density found is independ- 
ent of the dilution factor for the reasons noted above and depends only on the ionization 
temperature assumed. 

Since we know the density and electron pressure in the shell, we can estimate the 
opacity of the shell. Let us consider that the shell is composed of pure hydrogen at the 
density found above. Then the number of neutral hydrogen atoms per cubic centimeter 
is (1 — x)m ,where «x is the degree of ionization of hydrogen, and the opacity per centi- 
meter path is a,(1—x)m, where a, is the absorption coefficient per neutral hydrogen 
atom. The degree of ionization of hydrogen is calculated from 


N Ht 
108 “Wa 


for several ionization temperatures and the observed value of log P. (or of log [P./W)). 
For a path length of 10!° cm (which is about 0.05R, if R, the radius of the star, is about 


= —13.540+8 log T —0.48 —log P, (or —log|72]) a0 
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3Ro), we find the values of 7, given in Table 4. The wave fength \ 763 corresponds ap- 
proximately to the second ionization potential of Fe, and \ 1570 to the first ionization 
potential of Fe. The opacity at \ 4500 will tell us whether for the process of line formation 
the shell acts as an absorption tube, 7, small, or as a stellar atmosphere, 7, large. We 
see that a shell of thickness 10" cm is opaque in all wave lengths to radiation of tempera- 
ture greater than 10,080°. We must now estimate the thickness of the rotating shell. 
Since the lines in the shell are saturated, they must be formed by an atmosphere of 
roughly the same optical thickness as that of the sun. Since the density in the shell is 10* 
times less than that in the sun, this means that the path length in the shell must be about 
10° times longer than in the sun. We estimate that the solar atmosphere occupies about 
10-* Ro; hence the path length in the shell isabout Ro or 7 X 10!° cm. Consequently, we 
conclude that the rotating shell is opaque to the radiation from the B8 star. This means 
that the ionization in the shell is largely governed by a local temperature which may be 
of the order of 8000°. Since the shell spectrum resembles a Cygni closely in ionization and 


24 Pub. Copenhagen Obs., No. 138, p. 81. 
25 Cillié and Menzel, Harvard Circ., No. 410, 1935. 
26 Van de Hulst, Ap. J., 105, 471, 1947. 
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excitation, it seems probable that the shell is optically thick and that local thermodynam- 
ic equilibrium has been set up with a temperature of about 8000°. 

The methods used in obtaining the line profiles and in separating spectrum 3 from 
spectrum 2 (cf. eq. [1]) imply that the shell is optically thin to the radiation of the B8 
star and that the shell acts as an absorption tube producing absorption lines only and no 
continuous spectrum. If, however, the shell is optically thick to radiation from the B8 
star, the shell will act like a stellar atmosphere and will produce a continuous spectrum 
as well as an absorption-line spectrum. Then, since the total flux that we receive in a 
frequency » in a line is F{? + F®) and since the total flux that we receive in the neigh- 
boring continuous spectrum is F{) + F\?), where F{” is the flux at frequency v produced 
by the shell, F‘) is the flux in the continuous spectrum produced by the shell, and F{! 
is the flux produced by the B8 star, the measured absorption in the line of spectrum 2 


1S 


(2) pla) 
Fe -F, 


ee oe (15) 
r(1 2 
F\ )+ Fi) 


A,(v) = 


We shall assume that F‘” is constant, since the B8 star does not have lines underlying 
most of the shell lines. The modifications necessary if F‘! is not constant are obvious. 
The total flux that we receive from the shell depends on the area of the shell. If f©?) is the 
flux in the continuous spectrum f the shell per unit area of the shell, then 


(2) (2) _(2) 
ie = foe , (16) 


where a) is the projected area of the shell. To a first approximation f\?) is a constant 
over the shell. This flux can be found by solving the equation of transfer for the shell 
under the appropriate boundary conditions. Similarly, we can write 


(2) ) 
F? = fe a ' an 


where f<”) is the flux per unit area produced by the shell in frequency v. Also we have 


FY 7 fr (18) 
where f{”) is the flux per unit area produced by the B8 star in the continuous spectrum 
and a‘ is the area of the B8 star presented to us. The observed absorption in a line of 
spectrum 2 referred to the observed continuous spectrum, then, is 
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Hence the observed absorption is a fraction [1 — F{”/(F{ + F)] of the absorption, 
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produced by the shell acting as a stellar atmosphere. The measured equivalent width of 


a line in spectrum 2 is 
(1) 


7 - 709 F c 
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We) = a A®) (v) dy. 
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That is, W® is the true equivalent width of the line formed in the shell. The correction 
factor [1 — F{/(F{) + F)] is practically constant over the wave-length region that 
we have studied and affects the curve of growth by altering the vertical shift. Hence this 
shift cannot be used to determine the relative velocity of the particles in the shell with 
respect to those in the sun, for the unknown factor {1 — F{?/(F) + F®))] is included. 
However, this correction factor does not affect the horizontal displacements necessary to 
form a curve of growth. Consequently, the analysis based on these shifts and carried 
through above is correct. Any exact treatment of the problem of radiative transfer in the 
shell must take account of the dependence of the emitted flux per unit area, /{?), on the 
incident flux from the underlying star, on the shape of the shell (edge-effects), and on the 
distance of the shell from the exciting star (dilution effects). 


VI. THE CONTRACTING SHELL 


If, as a first approximation, we consider the motion of this shell to be uniform, we can 
analyze the contracting shell in the same way that we have analyzed the rotating shell, 
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for uniform motion in the line of sight does not affect the curve of growth.* However, the 
assumption of uniform motion is a very rough approximation; for the known variations 
in the radial velocity of the shell suggest that sometimes this shell is contracting and 
sometimes it is expanding. The accuracy of the results that we obtain will not be high 
because of the questionable validity of our assumption of uniform motion, but we should 
get a rough idea of the conditions in this shell from a curve-of-growth analysis. 

Figure 5 gives the curve of growth for the contracting shell. It was formed in the same 
way as that for the rotating shell and is plotted for an excitation temperature of 6300°. 
The curve drawn is Wright’s solar curve of growth displaced to fit the data. The hori- 
zontal displacements between Fe 1 and Fe 11 and between Cri and Cr II can be used to 
determine the electron pressure in this shell. Table 5 gives the resulting pressure, den- 
sity, electron pressure, and electron density for a number of values of the ionization 
temperature. These values are calculated for the dilution factor W = 1. If W ¥ 1, the 
P.and n, must be reduced by the factor W. The density is, on the average, about 0.6 that 
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in the rotating shell. This lower density is consistent with the idea that this shell lies 
outside the rotating shell. 

With the densities found, we can calculate the optical depth of a path length of 10'° cm 
in this shell. The values obtained are given in Table 6. Since the lines formed in this shell 
are saturated (if the observed curvature in the curve of growth can be so interpreted), we 
can argue from the strength of the lines that the thickness of this shell must be of the 
order of Ro. Under these circumstances the shell is certainly optically thick for radiation 
in the Lyman continuum, and possibly so for radiation in other regions of the spectrum. 
The ionization in this shell is likely controlled by a local temperature of the order of 
8000° and an electron density of the order of 10%-10". 


TABLE 5 
THE DENSITY IN THE CONTRACTING SHELL 
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THE OPTICAL THICKNESS, 7A, FOR A PATH LENGTH OF 10!° CM 
IN THE CONTRACTING SHELL 
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VII. DISCUSSION 

The separation of the shell of Pleione into two distinct parts, one rotating and lying 
inside the other, which is contracting, is a rough way of analyzing a complex situation, 
but it brings out the main features of the shell. There is little doubt that the shell under- 
goes two motions, rotation and motion in the line of sight. In February, 1946, the latter 
motion was toward the star; however, at other epochs this motion may be different. We 
may ask if there can be local thermodynamic equilibrium in such a system which is not 
in a state of secular equilibrium. Unless the changes are very rapid, there seems:no reason 
why there might not be local thermodynamic equilibrium. We have little compunction in 
applying the concepts of local thermodynamic equilibrium to the atmospheres of cepheid 
variables, and the changes in velocity of the shell of Pleione are less rapid than those of 
cepheids. The data of Tables 4 and 6 show that the shell is optically thick for radiation 
from a B8 star (Ton = 12,600°). Consequently, the incident radiation from the B8 star 
will be redistributed in the shell, and we shall have a state close to thermodynamic 
equilibrium at a lower temperature. The excitation and ionization of the metals in the 
shell will depend on the opacity of the shell in each wave length at any epoch and will 
approach the values for thermodynamic equilibrium as the shell becomes more dense. 
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The history of the relative ionization of the metals in the shell of Pleione and the fact 
that the relative strengths of the lines from the ionized metals are now similar to those 
observed in a Cygni suggest that at first the shell was not optically thick in all wave 
lengths but that in 1946 it was more nearly so. The present evidence indicates that in 
February, 1946, the electron density, ,, in the shell of Pleione was of the order of 
10-10"; that the density of particles, n, was of the order of 10'*-10'‘; and that the 
geometric dilution factor had little to do with the excitation of the lines. A pure hydrogen 
atmosphere at the densities given above will be opaque to radiation of temperatures of 
the order of 12,000° if the path length is close to 10° cm. Such a path length is a con- 
servative estimate for the extent of the shell of Pleione. 

Struve”’ has shown that the Mg 11 line, \ 4481, and the Si 11 doublet \ 4128, 4130 
are greatly weakened if the radiation field is dilute; for the lower levels of these lines 
will then be depopulated. When we compare our values of —log W/) for \ 4481 (Table 2) 
with those given by Greenstein®’ for some F stars, we see that \ 4481 is indeed weak in 
the shell of Pleione. This observation can be explained by postulating that the radiation 
field in the shell is dilute and that the temperature of the exciting radiation is about 
12,600°. However, such a conclusion is in direct contradiction to the results that we have 
deduced from our study of the metallic lines of low excitation, and we must consider 
whether another explanation can be found for the weakness of \ 4481. 

We have two limiting cases: (1) the shell is optically thin, hence the excitation to the 
lower level of \ 4481, 37D of E.P. 8.8 volts, is governed by equation (6) with T = 12,600° 
and W = 0.061; and (2), the shell is in near thermodynamic equilibrium at a lower tem- 
perature than that of the exciting star. Then the excitation to the level 37D of Mg 11 is 
governed by equation (6) with T = 8,400° (say) and W = 1.0. In the first case log 
nN, »/Nr = —4.03; in the second case log n,, ;/n, = —4.58. The second case gives a 
weaker Mg 1 line than the first. Hence we cannot say that the observed weakness of 
\ 4481 in comparison to the strength of the metallic lines in any way contradicts our con- 
clusion that the shell is optically thick and that the geometric dilution factor has little 
direct effect on the excitation of the atoms to upper levels. From this analysis we might 
rather ask, Why is the line 4481 so strong in F stars? The strength of the lines of high- 
excitation potential in stars of comparatively low effective temperature is connected 
with the transparency of the stellar atmosphere to continuous radiation of the appropri- 
ate wave lengths for the excitation of these lines. In transparent regions we look through 
the stellar atmosphere to layers of high temperature. However, in a shell we can look 
through only to layers of a temperature equal to the effective temperature of the under- 
lying star. There is no undiluted source of radiation of higher temperature than this, as 
there is when we look deep into a stellar atmosphere. Consequently, in a shell which is in 
a state of near thermodynamic equilibrium, necessarily at a lower effective temperature 
than that of the exciting star, we do not get the enhanced excitation of lines of high-exci- 
tation potential that is observed in ordinary stars. The observed weakness of the Mg 11 
line \ 4481 in the shell should be taken as a confirmation of the conclusion reached from 
other evidence that the shell is in a state near to thermodynamic equilibrium rather than 
as a contradiction to this conclusion. It would be difficult to explain strong lines of \ 4481 
and 4128 or A 4130 in the shell of Pleione. 

The visibility of the B8 spectrum cannot be taken as direct evidence that the shell is 
optically thin, for the shell may be concentrated in an equatorial ring. If this is so and the 
shell is optically thick, the width of the Mg 1 line \ 4481 does not give the equatorial 
velocity of rotation of the B8 star, but a value somewhat less than this. (The axis of rota- 
tion is assumed to be perpendicular to the line of sight in all this discussion.) Conse- 
quently, it is probable that the geometric dilution factor is less than the estimate, 
0.061, given, and the radius of the shell, 7, is greater than 2.08R. 


27 Physica, 12, 739, 1946. 
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The effective reduction of gravity in the shell due to rotation is 


v3 


Brot = = 4.5 X 102 cm/sec? , (23) 


where v, is the velocity of rotation of the shell, 140 km/sec, and if we put R = 3Ro. 
Since the gravitational attraction at the distance r is 0.23g, or 2.3 10° if g = 10¢ for 
the B8 star, the net acceleration of gravity acting on the material in the shell is about 
2.0X 108 cm/sec?. 

In deriving the dilution factor, we have assumed that the lobes of the shell are in- 
visible. However, our conclusion that the shell is optically thick suggests that this may 
not be so. We know that the lobes of the shell are visible in the hydrogen emission lines. 
A measurement of the width of these lines should indicate whether the true velocity of 
rotation of the inner shell, »,, is 140 km/sec or whether it is 67 km/sec, the value we ob- 
tain from the width of the shell absorption lines. If the latter value is correct, then 


Was fyi - 2 = 0.014. (24) 


With this value of W we find that the radius of the shell is 4.37R. 


Iam grateful to Dr. Jesse L. Greenstein for lending me the covdé plates and for calling 
my attention to the interesting shapes of the absorption lines of the shell of Pleione in 
February, 1946. I am also indebted to Dr. Bengt Strémgren for many fruitful discussions 
of the problems of the shell of Pleione. 
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ABSTRACT 


Absolute luminosities and proper motions have been determined for 681 K stars between 10.0 and 
11.0 photovisual magnitude in a sampling of the entire sky north of —25°. It is found that some 85 per 
cent of these stars in low latitudes are giants, and approximately 75 per cent in higher latitudes. Thus the 
galactic concentration of the K giants is very low. 

Since the dispersions in the motions of the higher-latitude giants and their group motion with respect 
to the sun appear to be considerably larger than average, it is inferred that they are characterized by 
larger-than-average eccentricities in their orbits around the galactic center. 


I. INTRODUCTIUN 


This paper deals with part of the results of an observational program! to survey the 
distribution, radial velocities, proper motions, and luminosities of more than 1000 faint 
A and K stars. The program stars were chosen from the two McCormick proper-motion 
catalogues,”* and in most cases slit spectrograms were obtained with the McDonald 
82-inch reflector. For the rest, spectrograms secured with the Mount Wilson 60-inch 
were kindly put at our disposal by Professor S. A. Mitchell. The observational material 
will be presented in detail in the Publications of the Goethe Link Observatory. 


In all, 732 faint K stars were selected for observation. In general, the McCormick 
photovisual magnitude was between 10.0 and 11.0, and the McCormick spectral type 
either KO or K2. The stars were selected without regard to the size of the proper motion. 
As far as possible, these 732 stars are uniformly distributed from the North Pole to decli- 
nation — 25°; in other words, a given area in high latitudes contains as many program 
stars as an equal area in low latitudes. 

Of the 732 stars, 23 were subsequently found to be either earlier than G8 or later than 
K3. In addition, there were 28 stars for which the luminosity class could not be deter- 
mined with confidence because of inferior plate quality. Thus luminosity classes have 
been assigned to 681 G8—K3 stars of average photovisual magnitude 10.4. These consti- 
tute the material of the present discussion. 

The observational program was initiated by Edmondson and carried through under 
his supervision; Vyssotsky contributed some spadework in the early phases of the proj- 
ect and the discussion of the proper motions and luminosities; Miss Janssen has esti- 
mated the absolute luminosities and spectral types. 


Il. DETERMINATION OF LUMINOSITY AND SPECTRAL CLASS 


The Yerkes system of classification’ was followed after a careful study of numerous 
spectrograms of 23 bright standard stars; these were obtained with the same equip- 
ment as that used for the program stars. However, it was necessary to modify the Yerkes 
criteria somewhat, since the dispersion was small (152 A/mm) and the quality of the 
spectrograms of the program stars was not always high because of the long exposures re- 


1! Edmondson, A.J., 51, 19, 1944. 
2 Pub. McCormick Obs., Vol. 7, 1937. 3 Pub. McCormick Obs., Vol. 10, 1948. 


4 Morgan, Keenan, and Kellman, An Allas of Stellar Spectra (Chicago: University of Chicago Press, 
1943). 
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quired. The following pairs of lines were used: for absolute luminosity, \A 4077 and 4072, 
4077 and 4063, 4077 and 4132, 4215 and 4260, and, finally, the strength of the CN band 
head at A 4215; for spectral class, AA 4030-4034 and 4300, 4096 and 4100, 4144 and 4100, 
4290 and 4300, 4290 and 4340, 4406 and 4340, 4325 and 4340, and, finally, 4045 and 4227. 

Numerical estimates of intensity ratios for each pair of lines were recorded as well as 
intensity estimates of the CV band. However, the adopted classification depended also 
to some extent on the general impression of the continuum of the spectrum. Since, in 
general, only one spectrogram was available for each star, obviously no great refinement 
was possible i in the determination of luminosity. Consequently, the only stars assigned 
to the “in-between” classes such as III+ (i.e., I-IV in the Yerkes notation) were those 
which appeared to be precisely halfway between the integral classes. Throughout the 
entire period during which Miss Janssen was working with the spectrograms, she had no 
knowledge of the proper motion of any particular star or of its position in the sky. This 
was to insure freedom from bias. 


TABLE 1 


INTERNAL PROBABLE ERRORS 


Luminosity CLass 





i+] m+ | wm | m+ | w ft 


Probable error of one plate “£0™5: +04: +0™42 | £0™44 | £046 | + 
No. of stars.... 14 7 57 34 40 





TABLE 2 
PROBABLE ERRORS FROM DUPLICATE SPECTROGRAMS 
Two spectra estimated in succession 
Two spectra estimated at different times 
Three spectra... 


An alternate, purely numerical luminosity classification was later computed from the 
recorded line and band estimates. These alternate classifications seldom differ by more 
than half a spectral class from the original classification; their purpose will appear in 
various subsequent sections, where they will be referred to as “‘computed” classifications. 
They are not the adopted classifications, however. 


IIf. ACCIDENTAL ERRORS OF CLASSIFICATION 


An evaluation of the accidental errors in the luminosity classification is important for 
a determination of the true luminosity distribution from the observed distribution. We 
have approached this in two ways. Using random samples of the material, we have de- 
rived internal probable errors (Table 1) from the interagreement of the various line 
estimates for a given spectrogram. These must be regarded as minimum values, since in 
making an estimate the observer is inevitably influenced by other estimates from the 
same spectrogram. A second method is afforded by the cases in which more than one 
spectrogram were available for one star. Thus there were 79 stars with two spectrograms 
and 9 additional stars with three spectrograms. For 39 stars of the first group, line-in- 
tensity estimates from the two spectrograms were made within a short time interval. 
For the other 40 stars the line intensities from the second spectrogram were estimated 
after an interval of many days. The interagreement of the “‘computed”’ classifications 
yields the probable errors in Table 2. Since in several cases a duplicate spectrogram was 
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obtained because of the inferiority of the first one, we regard the values in the last two 
lines of Table 2 as possibly slightly excessive and consequently have adopted + 0.7 mag. 
as the probable error of a luminosity assigned from one plate. 
IV. OBSERVED LUMINOSITY DISTRIBUTION 

The frequency distribution of the adopted luminosities is shown in Table 3. Because 
of the relatively large error of classification and since the frequency is greatest in class 
III, it is obvious that most of the stars classified as II+ and III+ really belong to class 

TABLE 3 
OBSERVED NUMBERS OF K STARS 








LaTITUDE ZONE 
ApopTep LUMINOSITY 





| 
0°-30° 31°-90° 


a 


2 


- 
6 
4 
1 
1 
6 


5 
2 
4 

6 
20 








359 








TABLE 4 


OBSERVED NUMBERS OF K STARS REDUCED 
TO 10 SQUARE DEGREES 








LATITUDE ZONE 
LUMINOSITY 
CLass 








| Oe aoe 8 Sales cites 
II+, TI, 11+... Se 








III. Consequently, to reduce the number of subdivisions in the further discussion, we 
have grouped the classes as indicated in Table 4. 

By means of the spectral statistics of the Second McCormick Catalogue’ corrected for 
incompleteness, the average number of KO and K2 stars between 10th and 11th magni- 
tudes for an area of 10 square degrees was found to be 53 in latitudes 0°-30° and 25 in 
latitudes 31°-90°. When these values are combined with the figures in Table 3, we obtain 
Table 4. Here we see from the last column that the apparent galactic concentration in- 
creases from the dwarfs to the supergiants, as is to be expected. That the proportion of 
giants in higher latitudes is so large was not expected, however. 

It is interesting to compare this observed luminosity distribution in low latitudes with 
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the distribution found in a discussion’ of Stenquist’s spectrophotometric investigation of 
the Cambridge proper-motion stars. In Table 5 the limiting absolute magnitudes for the 
arbitrary luminosity groupings of Stenquist’s material have been chosen so that the per- 
centages may be about the same as those in our own low-latitude material. It is seen that 
these arbitrary limiting magnitudes are in good agreement with those usually assigned to 
delimit supergiants, giants, subgiants, and dwarfs. It should be noted that Stenquist 
based his determination of absolute magnitude on spectrophotometric tracings of the 
continuous spectrum, and thus his results are from an independent approach. 


TABLE 5 


COMPARISON WITH STENQUIST’S LUMINOSITY DISTRIBUTION FOR 
K STARS BETWEEN 10.0 AND 11.0 MAG. 





PRESENT MATERIAL | STENQUIST 
! 
| 





Fe 0°-30° 
Luminosity Class (Per Cent) || 4 | (Per Cent) 


I, I+, II... led. . 4 
I+, Il, HI+...... 77} —O.5toF1.9..............) 78 
IV, IV+ 14 +2.0 to $4.4... 

Wisat ccd iesth Ges Sho ees CO SOs. ah. ck tarps e 5 


iH 








TABLE 6 


SECULAR PARALLAXES (CENTENNIAL MOTIONS) 








31°-90° 


LUMINOSITY Sanaa 
CLass 








R.A. 





I, I+ me icica: scons wid sil agen aa aeaat —072+074 
II+, -8+0° +076+071 | +173+40%2 -4+0°2 | 

: +1.5+0.4 | +2.3+0.4 0.4 | +2.3+0.3 | +1.64+0.3 
Sea earg | Pateee ; | ae +4.24+0.7 























a V. SECULAR PARALLAXES AND DISPERSIONS 


Using the conditioned motions described in section 1.5 of the Second McCormick 
Catalogue,® we have derived secular parallaxes for stars in each of the four luminosity 
groups. In the case of the larger groups, the material was subdivided according to galactic 
latitude. In every case parallaxes were derived from the motions in right ascension sepa- 
rately from those in declination. In Table 6 the agreement between the two values for 
any particular group of stars is seen to be satisfactory. This would appear to indicate that 
the proper motions are fairly free from systematic errors. Consequently, the two sets of 
values have been combined in Table 7. The unexpectedly large value of the parallax for 
the giants in high latitudes appears in both hemispheres; from +31° to +90° it is 1715 
and from —31° to —90° it is 1764, the difference being no larger than is to be expected 


5 Vyssotsky and Williams, A.J., 53, 83, Table 8.[X, 1948. 
®Stenquist, Medd. Upsala, No. 72, 1937. 
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from the probable errors. This feature will be discussed later. In other respects the gen- 
eral run of the values is quite satisfactory. 

Parallaxes may also be obtained from the dispersions in the peculiar motions. These 
give reliable values when the average peculiar motion is large with respect to the ob- 
servational errors. In the case of the stars of highest luminosity, however, the motions are 
so small that the corrected dispersions are extremely sensitive to the value adopted for 
the observational errors. In Table 8 the first column in each latitude grouping contains 
the average residual motion after the parallactic motion has been removed. Here 1 is 
equal to twice the number of stars given in Table 7, since we have residual motions both 
in right ascension and in declination. The second column in each grouping contains the 
value of the error of observation; these are taken from Tables 1.VII and 1.VIII of the 


TABLE 7 
COMBINED SECULAR PARALLAXES (CENTENNIAL MOTIONS) 


0°-30° | 31°-90° | 0°-90° 
LUMINOSITY 


CLass | 


: 
= ioe ine] = a |e) oe mz | ie. 
| 


I, 1+, I eee ere Ses | 070+0"3 | 10.4] 15 
11+, TI, 11+ 0766+0711 | 10.4 | 276 | 173440713 | 10.: Ris. 10.4 | 494 
IV, IV+ 1.8+0.3 | 10.4} 52| 2.1+0.3 | 105 | 2.0+ 10.5 | 114 
V ine |: : i ee +0.5 | 10.6] 58 





TABLE 8 
DISPERSIONS OF PECULIAR MOTIONS (CENTENNIAL MOTIONS) 





0°-90° 

LUMINOSITY 

CLass | | 
| € 

| 

| 





a : O68" |- O51: 
Ce | Wak... AP) a ee 

) | | 2.14 
0.73 | 4.68 


I, 1+, 1 e at | Tae” 

fs. +... 1700 | 0758 | ' 

IV, IV+ r 1.64 | 0 58 | 8 2.13 | 0.78 | 
| 


Second McCormick Catalogue. For the errors of the brightest luminosity group, allow- 
ance was made for the fact that most of the observed stars are in low latitudes, whereas 
for the faintest luminosity group they are mostly in high latitudes. The last column in 
each grouping contains the dispersions in the peculiar motions (centennial) as computed 
from the items in the other two columns. We have combined the dispersions in the two 
latitude zones for the subgiants into a mean value for the whole sky; this has not been 
done for the giant group, however, since in this case the difference between the value in 
the low zone and that in the high zone is large with respect to its probable error. The larg- 
er value in higher latitudes appears in both hemsipheres, the two values being nearly 
identical. This will receive further attention in the last section. 


VI. ABSOLUTE MAGNITUDES OF THE LUMINOSITY CLASSES 


There are several ways of evaluating the mean absolute magnitude of our luminosity 
classes. Since the classification rests on the spectra of 23 bright standard stars, we have 
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derived mean absolute magnitudes from their individual values taken from the Mount 
Wilson catalogue’ and the Yerkes Aé/as. These mean values are given in the third column 
of Table 9. In the fourth column are contained mean absolute magnitudes derived from 
the luminosity distribution of Stenquist’s KO and K2 stars between the arbitrary lumi- 
nosity limits adopted in Table 5 (cf. Table 8.[X of Second McCormick Catalogue). The 
secular parallaxes in Table 7 also yield determinations of M,; the values listed in the 
fifth column are computed with no allowance for interstellar absorption and with an as- 
sumed solar velocity of 20 km/sec. Finally, the dispersions in Table 8 have been used to 
obtain the values in the last column; these were also derived without any allowance for 
interstellar absorption. The dispersions in kilometers per second (mean value for three 
axes) for the giants and subgiants have been assumed as 32 and 28, respectively, from the 
preliminary discussion of the radial velocities of these stars;* for the dwarfs the dispersion 
of 24 km/sec has been taken from Table 10.I of the Second McCormick Catalogue. 
Very good agreement is found in Table 9 for the mean absolute magnitude of the 
dwarfs, and it is fairly good for the subgiants; from this we infer mean distances of 110 
and 240 parsecs, respectively. In the giant group, however, we encounter inconsistencies. 
The relatively faint absolute magnitudes found from the motions in low latitudes may 


TABLE 9 
MEAN ABSOLUTE MAGNITUDES, M, 


! ] b ) 

| | | 

} | | | 

Luminosity : | Standard | . 7 Secular 
Latitude j Stenquist 


‘ | Dispersion 
Class Stars | . 


} Parallax 


I, I+, Il ‘ 0°-90° —_: —0"8 


| | 
Ii+, ITI, WI+.. 0 —30 +0.6 +0.6 


31 -90 


IV, IV+ 0-90 +3.: x 
Wilt cvs 0-90 +5.5 +5.9 





be attributed, at least in part, to the effects of interstellar absorption. In higher latitudes 
the disagreement is much worse, and we must look to something other than absorption 
for the explanation. This will be considered in the last section. 


VII. TRUE DISTRIBUTION OF LUMINOSITIES 


The figures of the observed distribution of luminosities given in Table 3 are somewhat 
misleading, in that they tend to give the impression of a separate maximum correspond- 
ing to luminosity group IV. However, the distribution of the stars when grouped accord- 
ing to the “computed” classification described in the second section shows no such maxi- 
mum (Table 10); for, whereas in Table 3 the limits for the group III+ are approximately 
III.4-II1.6, those in Table 10 are III.25-II1.75. 

It is of interest to attempt an estimate of the true numbers of subgiants. Combining 
the probable error of an assigned luminosity, + 0.7 mag., with the very careful determina- 
tion by Russell and Moore’ of the true dispersion among giants of a given spectral type, 
+1.0 mag., we find that probably at least half the stars classified as subgiants are really 
giants. This means that giants constitute about 85 per cent of all the K stars of apparent 
magnitude 10.4 in low latitudes and approximately 75 per cent of those in higher latitudes 


7 Adams, Joy, Humason, and Brayton, Mt. W. Contr., No. 511, 1935; Ap. J., 81, 187, 1935. 


8 Edmondson, A.J., 54, 35, 1948. 9 Mt. Contr., No. 636, 1940; Ap. J., 92, 354, 1940. 
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and that among these K stars the true number of subgiants is probably no greater than 
the true number of dwarfs. In this connection we may note that the number of bright 
stars individually known to be subgiants is small and their absolute magnitudes are 
rather poorly determined. 

Since the question is of considerable interest, we have examined the distribution of 
total motions in each luminosity group in the hope that it would shed light on the prob- 
lem (Table 11). From the fact that five of the stars in the subgiant group have motions 
greater than 07100, we may infer that there is a liberal admixture of dwarfs as well as of 
giants in this group. In fact, it is possible to reproduce the frequency distribution among 
the subgiants fairly closely by assuming that the motions of three-quarters of the stars 


TABLE 10 
NUMBER OF K STARS (“‘COMPUTED” CLASSIFICATION) 








LATITUDE ZONE 
LUMINOSITY 





31°-90° 0°-90° 


| 2 
| 4 
14 


51 





Total 





TABLE 11 
DISTRIBUTION OF TOTAL PROPER MOTIONS* 


| 
| II+, LI, LI+ | IV, IV+ 
ToTaL PROPER Ge Oo te | ay Ree ee Re Ey POE ere 
MorTION |  0°-90° | | 
0°-30° | 31°-90° | 0°—30° 31°-90° 
| 
! 





0”000-0°003 
.004— .006 
.007— .009.. 
010— .015 
016 025.. 
026- .039 
.040— .063.. 
.064— .099.. 
.100— .158 
.159- .252 

0. 253-0. 398 


| 
| 


Roe Ue 








Total | 














* It should be borne in mind that this is the observed distribution; for the true distribution the figures must be corrected 
for the effect of the observational errors. 
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follow the observed distribution among the giants and that the motions of one-quarter 
follow the observed distribution among the dwarfs. 

The viewpoint underlying this program has been that it is preferable to have a single 
spectrogram for each of 700 K stars than two each for 350 K stars because of the great 
dispersion in their motions. This viewpoint is now justified, since it is apparent from this 
discussion that a negligible number of giants have been classified as dwarfs, and con- 
versely. Furthermore, to make sure of the subgiant character of any particular star 
would certainly require more than two spectrograms each. 

We must consider also the difference between the true luminosity distribution of the 
giants in low latitudes and that in higher latitudes. Both Table 3 and Table 10 show a 
somewhat greater proportion of giants classified as III+ in high latitudes, as would be 
expected. However, at most, the mean luminosity of the giant group in high latitudes 
would exceed that of the same group in low latitudes by only 0.2 or 0.3 mag.; and this is 
not nearly sufficient to account for the absolute magnitudes derived from the secular 
parallaxes and dispersions in high latitudes (Table 9). Moreover, since the secular paral- 
lax derived from the motions in right ascension is in good agreement with that from the 
motions in declination and since the northern and southern zones are in agreement as 
to its large value, it appears inadmissible to attribute the difficulty to systematic errors 
in the proper motions. 

This leaves us as the only alternative the supposition that 20 km/sec is not the appro- 
priate solar velocity for the high-latitude giants and that the dispersion in the space mo- 
tions at large distances from the plane of the Milky Way is greater than that assumed. 
This explanation, indeed, appears to be the correct one; it agrees with the previous find- 
ing’® that stars having higher-than-average orbital inclinations tend to have larger-than- 
average orbital eccentricities, and, as a consequence, the solar velocity with respect to 
these stars will be relatively large, as will also be the dispersions in their motions. In 
other words, the high-latitude K giants at distances of some 600 or 700 parsecs from the 
galactic plane must have larger-than-average inclinations, and consequently we expect 
larger dispersions in their motions and a greater value of the solar velocity. Another indi- 
cation that this is the correct interpretation lies in the fact that the dispersions found 
from the preliminary discussion of these faint K stars in all latitudes* are considerably 
larger than those found from bright K stars, which, on the average, are much closer to 
the galactic plane and hence, on the average, have smaller orbital inclinations. More 
light will be thrown on this subject when the final discussion of the radial velocities has 
been completed. 


The authors are indebted to Dr. E. T. R. Williams for valuable discussion of various 
aspects of this project and also to all those who took part in the observing program with 
the McDonald telescope. 

The work of classifying the spectra was carried through at the University of Virginia; 
it was supported in part by a grant from the Draper Fund of the National Academy of 
Sciences and a similar grant from the Indiana University Graduate School Research 
Fund. 

We also acknowledge appreciatively the substantial financial help from the Research 
Fund of the Indiana University Graduate School, without which the observing program 
would not have been possible. 


10 Williams and Vyssotsky, A.J., 53, 101, 1948. 





COLOR EXCESS, TOTAL PHOTOG1. iPHIC ABSORPTION, 
AND THE DISTANCE OF THE DARK CLOUD IN THE 
AQUILA REGION OF THE MILKY WAY* 


HAROLD F. WEAVER 
Lick Observatory 
Received June 20, 1949 


ABSTRACT 

In an area of nearly 15 square degrees centered at a(1900) = 19*01™6, 6(1900) = 8°19’, magnitudes, 
colors, and spectral classes were determined for all stars (388 in number) brighter than m,, = 12.0. Star 
counts, both pg and pv, also were made in the area for all stars brighter than m,g = m,y = 14.0. Ap- 
proximately 1900 stars were included in the pg counts, 3400 in the pv counts. 

The magnitudes, colors, and spectral classes were used for the derivation of the color-excess—distance- 
modulus relationship, y(y), in the area. 

The function y(y), combined with the van Rhijn luminosity functions and the star counts, was used 

to evaluate x, the ratio of total photographic absorption to selective absorption, both on the International 
System. In an area as heavily obscured as the dark rift in the Milky Way in Aquila, x is relatively insensi- 
tive to variations in the luminosity function or in the density law. A final value of x = 3.4 + 0.2 was de 
rived. 
With the value x = 3.4 and the observed function y(y), the distance, extent, and opacity of the dark 
cloud in Aquila were determined. The very dark front edge of the cloud is only 110 parsecs distant; over 
the distance range 110-260 parsecs, the cloud has the very large absorption coeflicient 7.4 mag/kpc. 
Within the distance range 260-350 parsecs the absorption coefficient of the cloud is 0.75 mag/kpc. Be- 
yond the distance 350 parsecs the cloud, of at least a kiloparsec total extent, has an absorption coefficient 
of 3.2 mag/kpc. The cloud has a total extent of at least 1 kiloparsec. 


I. INTRODUCTION 


The present investigation is concerned with a portion of the dark rift in the Milky 
Way in the constellation Aquila. The region studied! (hereafter denoted by “R”’), of 
irregular outline to avoid obvious large-scale inhomogeneities in the interstellar material 
and to stay within a circle of prescribed radius on the Schmidt films, covers an area of 
14.98 square degrees centered at aigo9 = 19501™6, / = 929; digo0= 8°19’, b = —O0°9. 

The principal purposes of this investigation are: (i) the determination of the relation- 
ship between color excess and distance modulus in the direction of R; (ii) the evaluation 
of the dimensionless constant x, the ratio of photographic absorption to color excess; and 
(iii) the transformation of the color-excess—distance-modulus relationship found in (i) 
to a total photographic-absorption—distance relationship, and a determination of the 
distance, extent, and opacity of the obscuring cloud or clouds in R. 


Il. THE OBSERVATIONAL DATA 


The observational data upon which this investigation is based consist of (i) photo- 
graphic magnitudes, colors, and spectral classes for all stars located within R and brighter 
than m,g = 12.0 and (ii) photographic and photovisual counts of stars brighter than 
magnitude 14.0. All magnitudes are on the International System. 


THE MAGNITUDES 
The magnitudes were determined with the 18-inch Schmidt telescope at Palomar. For 
photometric comparisons only half the film was exposed at one time. The polar sequence 
* Contributions from the Lick Observatory, Ser. II, No. 24. 
1 See Fig. 1. 
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was photographed on one half of the film, the area under study on the other half. The 
center of each area photographed was thus a short distance from the center of the film. 
Unpublished investigations made at Mount Wilson indicate that this procedure does not 
introduce systematic distance-from-center errors in the magnitudes; it does eliminate 
appreciable errors produced by the superposition of two fields, with consequent post- 
fogging of one field, pre-fogging of the other.’ 

For the determination of photographic magnitudes Eastman 103-O films were used. 
Five polar comparisons were made; exposure times ranged from 30 seconds to 5 minutes. 
For the determination of photovisual magnitudes Agfa Triple S Ortho films were exposed 
behind a Wratten No. 5 filter. Exposure times for the five photovisual polar comparisons 
ranged from 1 to 7 minutes. 

From these polar comparisons photographic and photovisual magnitudes were derived 
for a sequence of approximately 100 stars ranging in brightness from 6.4 to 14.5 mag. On 
the average, each sequence star was observed on three of the five polar comparisons, in 
each color. 

Magnitudes of the field stars in R were determined from films showing only R; the 
photographic and photovisual magnitudes of the sequence stars served to establish the 
necessary magnitude scales. The magnitude of each field star was measured on at least 
two films. 

Measurements of both the sequence stars and the field stars were made with an image- 
scale taken with the Schmidt telescope. The reductions of these photometric measure- 
ments were made in the customary manner. For each polar comparison, for example, the 
known magnitude of each polar-sequence star was plotted as a function of the image 
estimate of that star. The smooth curve best representing these plotted points was drawn, 
and the residuals (known magnitude minus magnitude read from the curve for the value 
of the image estimate) were determined. 

Analysis of these residuals yielded the following color equations: 


Mpg. IS = Mpg, Schmidt + 0.020 Cis » 


Mypy,1S = Mpy> Schmidt — 0.029 c15 ’ 


where the subscript IS indicates that the quantity is on the International System. 

In the derivation of equation (1) the assumption was made that Purkinje effect and 
distance-from-center errors were not present. This assumption was found to be fulfilled. 

For the analysis of residuals, the stars were divided into several magnitude groups, in 
each of which all colors were represented. The color equations for these various groups 
do not differ significantly from the final color equation for the stars as a whole. The 
slight correlation between color and magnitude in the polar sequence has thus not in- 
fluenced our final results for color equation. 

The color equations (1) were used to transform the NPS magnitudes to the Schmidt 
system. These transformed magnitudes were replotted as functions of the NPS image 
estimates, and the reduction-curves were redrawn. From these corrected reduction- 
curves the magnitudes of the stars n the area sequence were determined from their 
image estimates. Where necessary, differential extinction was applied to the area stars. 

The accuracy of this simple procedure can be judged from the sizes of the probable 
errors of a single measurement of a sequence star as determined from internal agreement: 


p-e. = 0°05 8 (photographic) , 
p-e. = 0061 (photovisual) . 


2 Alter, Barber, and Edwards, M.N., 100, 529, 1940. 
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For a final mean magnitude of a sequence star the probable errors are 


p-e. = 0"032 (photographic) , 


p-e. = 0"034 (photovisual) . 

The probable error of the final mean magnitude of a field star is 
p-e. = 0"045 (photographic) , 
p-e. = 0°04 2 (photovisual) . 


SPECTRAL CLASSIFICATION 


The spectral classes of all stars in R brighter than m,g = 12.0 were derived from ob- 
jective-prism spectra kindly taken by Dr. F. Zwicky. It is a pleasure to thank Dr. Zwicky 
for obtaining these excellent films. 

The linear dispersion obtained with the objective prism on the 18-inch Schmidt tele- 
scope is such that the distance from Hf to the K line is very nearly 2.25 mm. The focus 
is good for the entire wave-length range recorded—from Hf to far beyond K in the ultra- 
violet. The cyanogen band at A 3883 thus forms an easily visible criterion for separation 
of giants and dwarfs among the later-type stars.* 

The stars were classified on the Victoria system‘ by the use of the line-intensity ratios 
given in Table 1. The various classification criteria were calibrated on the basis of spectra 


of stars for which Victoria classes were available. 


TABLE 1 
LINE-INTENSITY RATIOS USED IN SPECTRAL CLASSIFICATION 


Line Ratio Stellar Type Line Ratio 


4026/H6 F, early G Hy/4226 
4045/4226 


ae eee, K/H6, K/H + He M Intensity Ti0 


Stellar Type 


To judge from internal consistency, the probable error of an estimated spectral type 


is less than 0.1 class.° 
THE STAR COUNTS 
For all stars brighter than (i) mpg = 13.0, and (ii) m,y = 12.0, individual magnitudes 
are available for the whole of R, 14.98 square degrees in area. The number of these bright- 
er stars per magnitude interval per square degree is thus easily established. For the faint- 
er stars, 13.0 < mpg S 14.0,12.0 < m,, < 14.0, the star numbers were interpolated from 
star counts made on Schmidt films of intermediate exposures on which the magnitude 


3 For the separation of stars into luminosity classes the method described by Smith, Lick Obs. Bull., 
18, 39, 1937 (No. 484), was also found useful in some instances. In this procedure, which is particularly 
applicable to supergiants, the star in question is assigned to the luminosity class that will make its color 
excess and distance consistent with the general color-excess—distance-modulus relationship found from 
the stars as a whole in the area under investigation. 

4 Pub. Dom. Ap. Obs. Victoria, Vol. 3, No. 1; Trans I.A.U., 5, 180, 1935. 

5 This means, however, only that the class assignments are consistent with the calibration-curves; it 
tells little about the consistency of the assigned types and the Victoria types. Because of the relatively 
smal] number of stars classified at Victoria, a direct comparison between the present system and the 
Victoria system is difficult. On the basis of indirect tests it appears that these two systems differ by no 
more than a fraction of a tenth of a class, except perhaps at GO. Here the systematic differences between 
the systems may be as great as 0.25 class. This latter value, however, rests upon a comparison of only 
seven stars, and is therefore quite uncertain. 
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sequence served to establish the magnitude scale. These star counts of fainter stars re- 
ferred to a somewhat smaller area of 14.0 square degrees. 

Transformation of the counts of the fainter stars to values on the International System 
was made with the aid of the color equations (1), and the mean color index of the stars 
in R as a function of magnitude. 

Inasmuch as the photovisual counts must be used in connection with data based on 
the Harvard visual system (HV) they were transformed to HV by means of the average 
color equation derived by Seares:® 


IPv=HV —0.14¢y5. (3) 


The fina! star counts, A(m), the number of stars per magnitude (at the stated value 
of m) per square degree, are given in Table 2. 


TABLE 2 
NUMBER OF STARS PER MAGNITUDE INTERVAL PER SQUARE DEGREE IN AREA R 








Apg(m) A,(m) 


12.8 21.6 
28.9 64.3 
78.9 131 























Ill. THE COLOR-EXCESS—DISTANCE-MODULUS RELATIONSHIP 


The color excess, E, of a star is the difference between the star’s observed color, c, and 
intrinsic or absolute color, C, 
E=c-C. (4) 


The apparent photographic distance modulus, y, of a star is the difference between the 
star’s apparent photographic magnitude, m, and absolute photographic magnitude, M, 


y=m—-M. (5) 


The intrinsic color, C, and absolute magnitude, M, are assumed to be known for a star 
when the star’s spectral and luminosity classes are known. Those stars in R for which 
magnitudes, color indices, and spectral classes are available thus furnish data from which 
the color-excess—distance-modulus relationship can be determined. 

The apparent distance modulus, y, defined by equation (5), is related to true linear 
distance, r, by the equation 


y= 5 log ioteln- (6) 


Here r is measured in parsecs, and a(r) represents the decrease in the star’s photographic 
brightness (measured in magnitudes) caused by the absorption and scattering of the 
star’s light by the interstellar medium. 

For the determination of E for the stars in R the absolute color indices, C,, derived by 
Seares and Miss Joyner,’ were employed. 


6 Ap. J., 41, 284, 1925; Mt. W. Contr., No. 288. 


TAD. J., 98, 261, 1943; Mt. W. Contr., No. 684: I wish to thank Dr. Seares and Miss Joyner for com- 
municating their color values in advance of publication. 

For use in the present work the values of C, tabulated by Dr. Seares and Miss Joyner as a function of 
HD spectral class have been transformed to the system of spectral classification used in this investigation. 
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The absolute magnitudes used in the calculation of the distance moduli of the stars 
were derived from a number of sources.* The spectral types from each of these sources 
were reduced to the Victoria system; the values of M were weighted on the basis of their 
independence and estimated accuracy. An abbreviated tabulation of the absolute mag- 
nitudes and colors adopted for the Victoria spectral system is given in Table 3. 

With the M and C values from Table 3, color excesses and distance moduli were com- 
puted for all stars in R for which the necessary data were available. These individual 
values were then grouped according to y, and the normal points given in Table 4 were 
computed. 

The values of y and E given in Table 4 are plotted in Figure 2. Mean errors of the 
F-values are indicated by the lengths of the vertical lines through the plotted points. A 


TABLE 3 


ADOPTED ABSOLUTE PHOTOGRAPHIC MAGNITUDES AND COLORS 
(INTERNATIONAL SYSTEM) FOR THE VICTORIA SYSTEM OF 
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smooth curve representing the probable relationship of color excess and distance modulus 
is indicated in the diagram. 

This curve of color absorption, which we shall denote by y(y), begins to rise, we note, 
at a value of y = 6.0, levels off between y = 8.0 and 9.0, and then begins to rise once 
more for y > 9.0. Physically, this behavior of y(y) may be interpreted to mean that a 
dense cloud of absorbing material begins at a distance modulus of 6.0, thins out very con- 
siderably within the distance modulus range 8.0-9.0, and then again increases in density 


beyond y = 9.0. 


8 Lundmark, Hdb. d. Ap., 5, No. 1, 539 (adopted values); Trumpler, Lick Obs. Bull., 14, 154, 1930; 
R. E. Wilson, A.J., 41, 169, 1932; Gyllenberg, Lund Medd., Ser. II, No. 68; Strémberg, Ap. J., 72, 117, 
1930; Mt. W. Contr., No. 411, Ap. J., 73, 40, 1931; Mt. W. Contr., No. 418, Ap. J., 74, 110, 1931; Mt. W. 
Contr., No. 430. Ap. J., 74, 342, 1931; Mt. W. Contr., No. 440; Stebbins, Huffer, and Whitford, Ap. J., 
90, 209, 1939; Mt. W. Contr., No. 617; Merrill and Sanford, Ap. J., 87, 118, 1938; Mt. W. Contr., No. 585; 
R. E. Wilson, Ap. J., 94, 12, 1941; Mt. W. Contr., No. 646; Russell and Moore, Ap. J., 87, 389, 1938; 


Mt. W. Conitr., No. 589. 
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The reality of the relatively flat portion of y(y) between y = 8.0 and y = 9.0 appears 
to be well established. This characteristic persists if we subdivide the data upon which 
Table 3 is based and consider separately (a) each spectral class or (6) intervals of appar- 
ent magnitude. These subdivided data show that, within the uncertainties of the measure- 
ments, the systems of magnitudes, color indices, and spectral types appear to be mutually 
consistent. 

It is of considerable interest to compare the y(y)-curve found here with the y(y)- 
curves found by two other investigators for essentially the same region of the Milky 
Way. 

C. E. Smith® has examined the stars in five small areas located within R. The agree- 
ment between the 7(y) relationship found here and the one deduced by Smith by a meth- 
od identical with that used in the present investigation may be considered satisfactory. 


TABLE 4 
MEAN VALUES OF COLOR EXCESS AND DISTANCE MODULUS 











ge 
| “ No. of | 5 
Interval in y | y E Sates Interval in 
P , Stars | y 
1} 





—0.008 | 24 || 9.0-9.4..... 
+0.095 10 9.5-9.9... 
+0.118 17 10.0-10.4.... 
+0. 180 16 10.5-10.9... 
+0. 267 28 11.0 
+0. 340 23 11.5 

+0.329 20 13 
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Fic. 2.—The observed color-excess-distance-modulus relationship 





9 Lick Obs. Bull., 18, 39, 1937 (No. 484). 
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However, the number of stars observed by Smith is small and permits the determination 
of only five normal points!’ on the y(y)-curve over the interval y = 6.0 to y = 12.5. 

Comparison of Smith’s observations with those reported here requires the reduction 
of Smith’s color system to the one used in this investigation. The necessary conversion 
factors can be determined (i) by comparing Smith’s spectral-class~absolute-color 
relationship with that of Table 3 and (ii) by comparing the colors of 32 stars observed 
in common. 

The differences between Smith’s absolute colors and those of Table 3 are shown 


in Table 5. 
Smith’s absolute colors of stars earlier than F5 are represented by the equation 


Csmith = 1 Crable3 + 0.2 s . 


Stars of types later than F5 depart from this relationship very considerably. 
From the 32 stars in common with Smith’s list we find 


Csmith = 1.9 C Weaver -+ 0.04. 
The p.e. of the zero point of this relationship is approximately + 0.03. 


TABLE 5 
COMPARISON’ OF ABSOLUTE COLORS 








Sp. Class Csmith Crable3 Difference Sp. Class Camith CTable 3 Difference 


a —0.15 0.15 0.98 +0.47 0.41 
ee ~ 25 ee ee +1.05 40 
i ’ + .04 45 ; 1.68 +1.22 0.44 
F5 * +0.20 0.54 
































The G and K stars observed in common do not depart from the relationship defined 
by equation (8). However, the colors of the G and K stars do depart from the relationship 
of absolute colors (eq. [7]). An examination of the G and K stars in all Smith’s regions 
shows that these later stars have consistently higher color excesses than the appropriate 
mean 7¥(y)-curve indicates for the distance modulus of the star under investigation. 
Since Smith’s mean y(y)-curve was strongly influenced by the A stars, which received 
double weight in his final solution, it seems that in his calibration of color indices Smith 
observed the late stars too blue relative to the A stars. Smith observed only four stars of 
types gG4, gG7, gKO, and gK4 in making his calibration of later-type color indices; it 
is therefore impossible to state whether the discrepancy mentioned here is due to chance 
or to errors introduced by Smith’s method of observing the bright standard stars with 
small diaphragms and very short exposure times 

With the mean of the two conversion factors determined from (i) and (ii) above, 1.85, 
we find in Table 6 Smith’s values of E reduced to the system of the present investigation. 

The systematic differences in the last column of Table 6 arise primarily from system- 
atic departures in the absolute color systems of the two investigations. The constant 
term of +0.04 in equation (8) shows that the observed color systems differ very little in 
zero point; the constant term of +0.27 in equation (7), on the other hand, indicates that 
a significant difference exists between the two systems of absolute colors. The differences 
in Table 6, we note, are all equal essentially to the difference of the constant terms of 
equations (7) and (8), or more precisely, of expressions similar to equations (7) and (8) 


10 On the average, each normal point is based on fifteen values. 
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but referring specifically to early A stars. The A stars had high weights in the determi- 
nation of Smith’s y(y)-curve. 

The main effect of the differences in the fifth column of Table 6 will appear in the esti- 
mated distance of the dark cloud in R. The distance obtained by Smith must necessarily 
be greater than that derived in the present investigation. 

Mrs. P. Th. Shajn" has studied the selective absorption in a region of Aquila partially 
overlapping R. Two comparisons of her work may be made with the results of the pres- 
ent investigation. From Mrs. Shajn’s color equations for m,g and m,, we find 

Cis = 1.19 Copain - (9) 
A comparison of her results for the Pleiades shows that her absolute color values require 
a correction of —0.08 mag. to make them consistent with the values of Table 2. Thus 


Exs =1.1 9 Shain —Cshein + 0.08 
= Eshain + 0.1 9 Cshain +0.08. 


(10) 


TABLE 6 
COMPARISON OF COLOR EXCESSES 














Erno. 2 . Evi. 2 


No. of No. of 
, Me: : 
Stars Produced fean y Stars 


Ereduced 








12 | +0.02 | +0.14 | —0.12 || 10.43.......| 13 | +0.34| +0.54 
17 | + .15| + .34| — .21 7.......] 16 | +0.61 | +0.84 


























17 +0.21 | +0.41 | —0.20 | | 





Inasmuch as Mrs. Shajn does not give Cshajn for individual stars, we cannot rigorously 
convert Eshajn to Ets. We can, at best, assume that Cshajn = Eshajn (the relationship im- 
plies that all the stars observed are of absolute color zero) and hence that 


Eqs 1.1 9E gain + 0.08 . (11) 


Since no data are given on the values of Mshajn, we can only assume that M¢hajn and 
M,, as given in Table 3 are consistent. 

In her diagram (Fig. 1), Mrs. Shajn exhibits the relationship between color excess, 
v(y), and distance modulus, y, as determined from all the stars (B5—F5) within apparent 
magnitude limits 10.0-11.0. Values of y and Esnajn read from this figure are given in 
Table 7. The values Ejs are obtained by applying equation (11) to Eshajn- 

The adjusted values, Ejs, are plotted as dots in Figure 3, in which the solid line, rep- 
resenting y(y), is repeated from Figure 2. The two sets of data agree very well for the 
larger values of y, but only moderately well for the smaller values. This disagreement is 
not surprising; it is of the type to be expected from the approximate adjustment afforded 
by equation (11). The values of Eys for the smaller values of y are derived from the stars 
of later spectral type. For these stars éshain > Eshajn, and therefore the values Eys are too 
small. The values of £js for the larger values of y, on the other hand, are derived from 
stars of earlier spectral type, for which éshain — Eshajn- For these objects the adjustment 
afforded by equation (11) is substantially correct. 


Bull. Abastumani Ap. Obs., 7, 189, 1943. We shall consider only what Mrs. Shajn terms her region 
“B,” which covers the area 19406™ to 19»25™, +10° to +1995. 





198 HAROLD F. WEAVER 


Probably the most important feature of the £1s values exhibited in Figure 3 is their 
supporting evidence for the existence of the plateau in y(y) in the range y = 8.0-9.0, as 
found in the present investigation. 

If we reduce the data of Mrs. Shajn’s Table I, area 8, which is based on all the stars 
that she observed, we find the values of Es shown in Figure 3 by open circles. In this case 
the values of Eis are generally smaller than the values of y(y) exhibited by the solid 
curve. This discrepancy, like the previous one, is explained by the fact that, for the stars 
as a whole, Cshajn > Eshajn, and therefore the approximate transformation equation (11) 


underestimates the value of Ejs. 
Under these circumstances the agreement between Ejs and y(y) may be considered 


quite satisfactory. 


IV. THE EVALUATION OF x 


An interstellar cloud as dense, as near by, and as extensive as the one forming the dark 
rift in Aquila exercises a profound influence on the number of stars seen against it and 


TABLE 7 


COLOR-EXCESS-DISTANCE-MODULUS RELATIONSHIP FOR ALL SPECTRAL TYPES 
(10.0<5m 11.0) 


| 
EShain | Ets Eshain | E1s 


—0.031 +0. 183 +0.30 
— 024 + .223 + .35 
+ .290 | + .43 
+ .350 | + .50 
+0.320 +0.46 





Color Excess 








ee ae Oe ee ae ee ee ee 
6-7 @2 22 ui-e wa 
Distance Modulus 


Fic. 3.—Comparison of the color excess-distance modulus found in the present study with that 
found for the same region by other investigators. 
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through it. The absorption and scattering of light by such a cloud is, in fact, the con- 
trolling factor in the integral equation relating the true density and luminosity functions 
to the apparent luminosity function of stars seen in the direction of the cloud. Variations 
in the coefficient of absorption and scattering in the Aquila region produce a much greater 
influence upon the observed numbers of stars than do comparable variations in the dens- 
ity or luminosity functions. The dark cloud in Aquila therefore affords a rather powerful 
means of evaluating the dimensionless parameter x by which we transform our observed 
color-absorption function, y(y), to the function expressing total photographic absorp- 
tion, a(y), as a function of apparent distance modulus, y. 

If space is perfectly transparent, the total number of stars, A(m), per square degree 
per unit magnitude interval, is given by the integral equation, 


+o 
A(m) = bw108 f 109-61 (y) F(m—y) dy, 
in which 
b= 0.2 log, 10; 


—_ 4x . 
on 41,753 * 


y = Apparent distance modulus, m —M ; 


A(y) = Relative space density of stars at distance y, that is, the ratio of the total 
number of stars per cubic parsec at distance y to the total number of stars 
per cubic parsec in the vicinity of the sun; 


F(m—y) =F(M), the luminosity function, represents the number of stars of mag- 
nitude M per unit magnitude interval per cubic parsec in the vicinity of 
the sun. 


In equation (12) the assumption is implicit that F(M) is not correlated with y. We 
assume that the mixture of stars is everywhere the same as it is in the solar neighbor- 
hood. This is, of course, only a crude approximation to reality even in the vicinity of the 
galactic plane. We shall, in a later section, discuss the effect of this approximation on the 
value of x that we derive from the material at hand. 

In equation (12) we have also assumed that space is perfectly transparent. If this is 
not the case, we must modify equation (12) to allow for absorption. If we again let y 
represent the apparent distance modulus m— M, then y is related to r through the equa- 
tion 


S log zg = —a(y), (13) 
where a(y) represents the total amount of photographic absorption suffered by the star- 


light. With this definition of y, the total number of stars, A(m), per square degree per 
unit magnitude interval, is given by the modified integral equation, 


+o 
A(m) = bw108 f 10°-%P (y)A(y)F(m—y) dy, 


where P(y) is given by the expression 
p(y) = 10-2 (122) 


dy 
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If we place 
A’(y) =P(y)ACy), 
we may write 


+c 
A(m) = bw108 f 10°-8uA’ (y) F(m—y) dy. (17) 


Equation (17) is identical in form with equation (12). In place of the true space den- 
sity of stars, A(y), in equation (12), however, we must consider the apparent space den- 
sity of stars, A’(y) in equation (17). The relationship between the true and apparent 
space densities is given by equation (16) 

For an area in which there is a near-by dense accumulation of interstellar material— 
as in this Aquila region—the function A’(y), or, more particularly, P(y), dominates equa- 
tion (17). Variations in A(y) or F(m—y) have, relatively speaking, a much smaller effect 
upon A(m) than have comparable changes in a(y). 


TABLE 8 


CALCULATED AND OBSERVED VALUES OF A(M) 
THE INTERPOLATED VALUES OF x 


7 
| 
| 
| 


| 
x=3.5 Observed | Interpolated x 





: ‘ ; 13.0+0.96 3.04+0.09 

11.5. | oe 4 | 2 | 12.8+0.94 3.46+ 11 

Se ; | @. 29.5+1.45 | 3.35+0.05 

- mo | ae 8 | 55.04 2.0 | 3.32+0.05 
| 





* The observed values of A(m) for m = 6.5, 7.5, 8.5, 9.5, and 10.5 are small and therefore subject to large 


percentage uncertainties. Rather than give these individual values, we tabulate > A(m) under the entry $10.5. 
m=6.5 


For the dark cloud in Aquila we have established the function y(y). If we make use 
of the fact that 
a(y) =xy(y), (18) 


we can write the equation for the star counts in Aquila as 
A(m) = bo 09 "109-61 0-0. (1 —-x #. y[y] ) A(y)F(m—y) dy. a9) 
—@ dy 


From this equation we can determine the value of x. 

We consider, first, the photographic star counts. If we assume (i) that A(r) is constant 
and equal to the density of stars in the solar region, that is, that A(r) = 1, and (ii) that 
F(M) is given by van Rhijn’s® luminosity function, then for the Aquila region the only 
unknown in equation (19) is x. We may thus assign various values to x, compute the 
corresponding values of A(m) from equation (19),and then, by interpolation, find the 
value of x that produces the best fit between the observed and the computed values of 
A(m). 

In Table 8 are tabulated the values of A(m) computed for A(r) = 1, van Rhijn’s lumi- 
nosity function, and three values of x = 3.1, 3.3, and 3.5. 

The interpolated values of x necessary to produce a fit between calculation and ob- 
servation for each value of m are given in the last column of Table 8. The weighted mean 


2 Groningen Pub., No. 47, 1936. 
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of the three determinations gives x = 3.30. An equally reliable mean value of x can be 
obtained from the sums bs A(m). From these sums we find x = 3.32 + 0.05. 
m=6.5 

The photovisual star counts (transformed to the Harvard Visual System) treated 
in the same manner as the photographic counts just discussed, yield, on the International 
System, the value x = 3.43 + 0.04. 

Thus, if we adopt the assumption of constant space density of stars in the direction of 
the dark cloud in Aquila and of the universality of van Rhijn’s photographic and visual 
luminosity functions, we find 

x = 3.38+ 0.03 . 


Both these assumptions, however, are subject to considerable doubt. We must therefore 
investigate the variations that can be produced in x by variations in A(r) and F(M). 


VARIATIONS IN A(r) 


We shall here continue to use van Rhijn’s luminosity function. If we assume that the 
true space density of stars is not constant but that it doubles in a distance of 2000 par- 
secs, as shown in Figure 4, a, we find 


x =3.55+0.04. 


If we assume that the true space density of stars decreases to half its normal value in 
a distance of 2000 parsecs, as shown in Figure 4, 6, we find 


x = 3.144 0.04. 


If we assume that the true space density of stars varies in an irregular manner, as il- 
lustrated in Figure 4, c, we find 
x = 3.20+ 0.04. 


Clearly, any reasonable variation in the true space density of stars does not produce a 
very great variation in the values of x. 


VARIATIONS IN THE LUMINOSITY FUNCTION 


We shall here assume that A(r) is constant and equal to unity. McCuskey and Sey- 
fert't have examined the variations in the luminosity function in an area of the Milky 
Way only six degrees from R and have found indications of a variation of the stellar mix- 
ture with distance. Specifically, they found (i) an excess of early-type stars, particularly 
at distances greater than 600 parsecs, and (ii) a deficiency of faint stars (M > +4), par- 
ticularly at distances less than 600 parsecs. 

If we adopt the mean mixture of stars given by McCuskey and Seyfert in their Table 
15 and adjust this varied luminosity function so that it predicts the same number of 
stars per cubic parsec as does van Rhijn’s, we find the values of F(M) given in Table 9. 

On the basis of uniform star density and the varied luminosity function of Table 9 
we find 

x = 3.464 0.03. 


The parameter x is thus seen to be relatively insensitive to variations in either the 
density law or the luminosity function. The dominating factor in equation (17) is P(y), 
which is controlled by the value of a(y) or of x if we place a(y) = xy(y). 


13 We represent these transformed pv counts with A(r) = 1, van Rhijn’s HV luminosity function, and 
the y(y)-curve transformed to HV. 


4 Ap. J., 106, 1, 1947. 
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We may thus adopt for the final value of x as determined from the dark cloud in 

Aquila 

=3.4+0.2, 
where the rather conservative figure of uncertainty, + 0.2, seems justified on the basis of 
the foregoing calculations. 

We may compare this value of x with some of the other recent determinations of the 
same constant. The value of x varies with the temperature of the star under considera- 
tion. The value found in the present investigation is a mean value referring to the particu- 
lar group of stars observed. In making comparisons with the values found by other in- 
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vestigators, we shall assume that the “average star” in the Aquila region is of early A 
type; its effective wave lengths!® may then be taken as 
Ang = 4270, 
Apy = 5430. 
For these wave lengths the theoretical curve derived by Oort and van de Hulst"* gives 
x = 3.35; the interstellar absorption and scattering curve derived observationally by 
Whitford,’ on the other hand, gives x = 4.0, with an estimated uncertainty of 0.2 or 
16 Seares and Joyner, Ap. J., 98, 302, 1943; Ait. W. Contr., No. 685. 
16 B.A.N., 10, 187, 1946. 17 Ap. J., 107, 102, 1948. 
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0.3. Unfortunately, the critical point at \ = 2.1 in Whitford’s curve depends upon only 
a few observations; further observations may change its value by several hundredths of 
a magnitude and thus change by an appreciable amount the value of x derived from his 
curve. 
V. THE DISTANCE, EXTENT, AND OPACITY OF THE 
ABSORBING CLOUD 


With the value of x derived in Section IV we may convert y(y) to a(r), the total 
photographic absorption at distance r. The color-excess-curve in Figure 2, transformed 
to a(r) with the value x = 3.4, is shown in Figure 5. The absorbing cloud forming the 
dark rift is, in the Aquila region at least, relatively near by; its distance is only 110 par- 
secs, a value that appears to be rather well determined. The near edge of the cloud is very 
dense; its coefficient of absorption and scattering is 7.4 mag. per kiloparsec. This very 
dense portion of the cloud extends to a distance of 260 parsecs. In the distance range 


TABLE 9 


COMPARISON OF VAN RHIJN’S LUMINOSITY FUNCTION AND THE AVERAGED 
LUMINOSITY FUNCTION OF MCCUSKEY AND SEYFERT* 








| 


No. oF Stars per Cusic ParsEec No. or Stars per Cupic PARSEC 








Van Rhijn 


McCuskey 
and Seyfert 


Van Rhijn 


McCuskey 
and Seyfert 





1.261078 
1.17X107 
.47X107 
.78X10-* 
5.62 10~* 
.17X1075 
.79X 10-5 


2.37X1078 
2.20107 
8.41107 
2.65X 10° 
7.49X 107% 
2.37X10-§ 
1.01 X10~4 


5.89 10-4 
7.24X 10-4 
1.5510 
2.24 10-3 
3.091073 
3.39X 10-3 
2.88 10-3 


4.72X10-4 
7.49X 10-4 
1.191073 
1.681073 
2.37X10 
2.97X10-% 
4.22x10-* 


.19X10~4 2.79X 10-4 


























_ *The two luminosity functions as given refer to slightly different standards. Van Rhijn’s luminosity function as tabulated 
gives the number of stars in the interval M + 4, that is, it gives the average value of F(M) in the interval M + 4. The varied 
luminosity function, on the other hand, gives the value of F(M) at the value of M in the table. 


260-350 parsecs the cloud is very much less dense than in the region of its forward edge. 
In this second distance range the coefficient of absorption and scattering is only 0.75 
mag. per kiloparsec, a value normal for our region of the galaxy in general. Beyond 350 
parsecs the coefficient of the cloud increases to the value 3.2 mag. per kiloparsec. This 
second dense portion of the cloud extends to 1000 parsecs and possibly beyond. 

The distance of the absorbing cloud determined from the present observational data 
is in satisfactory agreement with the determinations of other investigators. Smith'* 
found a distance of about 250 parsecs. If allowance is made for the zero-point difference 
between Smith’s absolute colors and those of Table 2, however, Smith’s distance to the 
cloud becomes approximately 100 parsecs. The conspicuousness of the cloud argues some- 
what in favor of the smaller of these two distances. If the cloud were as distant as 250 
parsecs, probably it would be much less prominent than it actually is. 

Mrs. Shajn!® found the dark cloud in Aquila to be approximately 130 parsecs distant. 


18 Op. cit. 


19 Op. cit. The quoted value has been interpolated from Mrs. Shajn’s Table 1 and Fig. 1. The zero- 
point difference of 0.08 mag. between Mrs. Shajn’s absolute color system and that of Table 2 was ap- 
plied before this interpolation was made. 
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McCuskey and Seyfert,?° who studied an area of the Milky Way less than 6° distant 
from R, found that a dark cloud starts at a distance of approximately 100 parsecs. It is 
likely that the cloud examined by McCuskey and Seyfert is an extension of the same gen- 
eral mass of interstellar material causing the conspicuous darkening in the area examined 
in this study. Baker,”' using the principle of absorbing clouds in interpreting his star 
counts in an area about 10° from R, postulated a dark cloud at a distance of about 500 
parsecs, with an absorption of 2.3 mag. 

The average absorption coefficient found in the present study is somewhat larger than 
that found by either Smith or Mrs. Shajn. From Smith’s data we can deduce a minimum 
absorption coefficient of 2.8 mag. per kiloparsec; from Mrs. Shajn’s work, about 3.0 
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Fic. 5.—The photographic absorption-distance relationship 


mag. per kiloparsec. From the results of the present investigation we find an average ab- 
sorption coefficient of 3.7 mag. per kiloparsec. The differences among these three values 
are caused primarily by the differences in the color systems used by the different inves- 
tigators and by the differences and uncertainties” in the values of x used to convert 
color excess to total photographic absorption. 


It is a pleasure to acknowledge my indebtedness 'to Dr. W. S. Adams and the mem- 
bers of the staff of the Mount Wilson Observatory for their hospitality during the sum- 
mers of 1940, 1941, and 1942. It is likewise a pleasure to thank Dr. W. Baade and Dr. 
F. Zwicky for making arrangements for me to use the 18-inch Schmidt telescope. Finally, 
and especially, my thanks go to Dr. Baade and to Dr. R. J. Trumpler for many discus- 
sions on problems of photometry and galactic structure during the period 1940-1942. 


20 Op. cit. Ap. J., 94, 493, 1941. 


* Caused by uncertainties in the effective wave lengths of the color systems used. 
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ABSTRACT 


The Ursa Major group is investigated in detail. It is shown that a small, compact cluster can be dis- 
tinguished from the large, ill-defined stream. An introduction to the problem is given in Section I. Sec- 
tion II contains a summary of the previous work on the group, together with a bibliography. In Section 
III the position of the convergent point is determined from the proper motions of the nucleus stars. It is 
shown that these proper motions determine the position of this point quite accurately. New measurements 
of the radial velocities of the brighter nucleus stars are discussed in Section IV and are used to determine 
the space velocity of the cluster. The results indicate that a velocity may be found which agrees with the 
individual parallaxes and radial velocities within their expected uncertainty, but the systematic differ- 
ences between the results from these two sets of data cennot be completely removed. In SectionV, the 
results of a search for new members within 20 parsecs of the center of the nucleus are described. A list of 
members and a description of the cluster are given. Section VI contains a list of all stars which have been 
assigned to the Ursa Major stream and compares the observed and the computed data for these stars. 
New spectral types and spectroscopic absolute magnitudes are given for those stars for which the agree- 
ment between the observed and the computed data is best and which are north of declination — 30°. Sec- 
tion VII summarizes the results of the investigation. 


I. INTRODUCTION 


Information gained from the study of moving clusters has played an important role 
in both stellar astronomy and astrophysics, by furnishing fairly accurate data on the 
absolute magnitudes of stars too distant to be reached effectively by trigonometric 


methods. As a result, the nearest open clusters have been studied extensively. Unfor- 
tunately, in spite of numerous investigations, the status of the Ursa Major cluster is far 
from satisfactory. The long lists of members of the cluster are strikingly discordant; 
the space velocity of the group and thus the parallaxes of the cluster members have been 
uncertain by as much as 20 per cent; and even the existence of the group has been 
doubted. In the present investigation some of the causes of these problems are examined, 
the uncertainty in the space velocity of the cluster is diminished, and the current state 
of knowledge about the cluster is presented. 

The Ursa Major group can be considered as composed of two subgroups: a moderately 
compact cluster of stars sharing accurately the same space motion and an extended stream 
of stars possessing approximately the same space motion. It is well known that the five 
central stars in the Big Dipper and five fainter ones in the same region of the sky are mov- 
ing with velocities which are equal within the errors of observation. Moreover, these 
stars are collected in a volume of space less than 10 parsecs across. On the other hand, 
the stars of the extended Ursa Major group seem to fill a volume of space which is limited 
only by the effects of observational selection, a volume which contains not only the sun 
but also the Hyades, the Pleiades, and the Coma clusters. In this paper we shall refer to 
the compact group in Ursa Major as the “nucleus” or “cluster” and to the extended 
group as the ‘‘Ursa Major stream.” However, the gravitational interactions between the 
members of the cluster are much smaller than between members of such compact groups 
as the Pleiades or the Hyades clusters. 

The following is a list of some of the symbols and abbreviations used in this paper: 


A,D_ = Right ascension and declination of the convergent point 


L,B = Galactic longitude and latitude of the convergent point or of 
the solar apex 
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= Difference in velocity between the space motion of a star or 
group of stars and that of the cluster 


= Velocity of the cluster 


= Rectangular galactic co-ordinates of the star referred to the 
center of the nucleus. X points to galactic longitude 0°; Y, to 
galactic longitude go°; and Z, to the north galactic pole. 


= General Catalogue 


= Dritter Fundamentalkatalog des Berlinzr Astronomischen Jahr- 
buchs 


= Neue Fundamentalkatalog 

= Preliminary zeneral Catalogue 
Angular distance between a star and the convergent point 

= Radial velocity of a star in kilometers per second 

= Components of proper motion in right ascension and declina- 
tion, respectively 

= Trigonometric parallax of a star 

= Spectroscopic parallax of a star 


= Parallax of a star computed on the assumption that it shares 
the motion of the cluster 


II. DISCUSSION OF THE LITERATURE 


In 1869 Proctor called attention to the fact that the available proper motions were 
not distributed at random but that rather, in many regions of the sky, several stars 
seemed to share a common motion (45).* Among others, he pointed out the remarkable 
group in Ursa Major of stars moving toward the solar apex. Three years later, Huggins 
published radial velocities for the seven stars of the Big Dipper which confirmed the 
hypothesis that the five central stars share a common space motion not shared by the 
other two (29). Moreover, he remarked that these five stars, which are of approximately 
equal brightness, also have similar spectra. 

Since that time, numerous attempts have been made to determine more accurately 
the position of the convergent point and the amount of the cluster motion. Two basic 
methods have been used for most of these determinations. One is attributed to Bohlin, 
although it was used by Klinkerfues thirty years earlier (30). The essential reasoning on 
which Bohlin’s method is based is the following: The proper motion of each cluster 
member defines a great circle through the radiant and convergent points. Therefore, the 
poles of these circles must lie on another great circle, every point of which is 90° distant 
from the convergent point. In turn, the poles of this latter circle must be the convergent 
and the radiant points. Unfortunately, the five bright stars in the Ursa Major nucleus 
lie approximately on the great circle defined by their motions. This means that the 
poles of the proper-motion circles are badly clustered, and a position for the convergent 
point determined by this method is necessarily uncertain. This method has not been 
used extensively for the nucleus stars alone. 

The method of differential corrections—the standard method of treating nonlinear 
equations by least squares—has proved to be more fruitful. In this method the equations 
expressing the observed quantities as functions of the elements of the motions are dif- 


* Numbers in parentheses refer to numbered entries in the bibliography on p. 240. 
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ferentiated. Then the differences between the observed and the predicted amounts of the 
proper motions, the radial velocities, or the tangential motions are used to compute small 
corrections to the preliminary cluster elements. Besides its simplicity, this method has 
the important advantage of minimizing the residuals in the observed quantities rather 
than in functions of these quantities. Moreover, the constants in the equations of condi- 
tion contain only the position of the star and the assumed preliminary position of the 
convergent point and are thus known exactly, while in Bohlin’s and Charlier’s methods 
the constants contain errors in the proper motions which are reflected in the final posi- 
tion of the convergent point. 

Haas assumed that the space velocity and parallax of each cluster member was the 
same and computed the three components of the space velocity from the observed radial 
velocities and proper motions (21). This method is equivalent to determining the posi- 
tion of the convergent point from the change in the radial velocities and proper motions 
as a function of position in the sky. In theory the method is open to no objections, but in 
practice it seems unwise to disregard the most accurate data available, the position angles 
of the proper motions. The method also involves the unnecessary assumption that all 
the members considered are at the same distance from the sun. 

Hertzsprung has published several short notes suggesting faint stars which may be 
members of the nucleus (24, 25), but Haas seems to have been the only person to search 
for such stars systematically. By consulting the catalogues from the Cincinnati Observa- 
tory, the Yale proper motions determined for the A.G. stars and the difference (Vatican 
catalogue — Helsingfors A.G. catalogues), he extended the list of nucleus stars to in- 
clude 26 members. These stars ‘defined the main sequence as far as MO, but there were 
radial velocities only for the brighter ones. As we shall see in Section V, the radial veloci- 
ties rule out all but two others. 

In 1909 Hertzsprung noticed that two stars, in widely separated regions of the sky, 
37 UMa and a CrB, also possessed proper motions directed toward the convergent point 
of the Ursa Major motions (23). This discovery led him to make a systematic search 
for members of the group outside the region of the Big Dipper. From the stars which 
then had the best proper motions, he selected eight new members. He determined the 
position of the convergent point in two ways, both based on the proper motion of 
Sirius. The velocity of the group was computed in the usual way and checked by the 
observed tangential velocity of Sirius. 

Shortly later, Ludendorff criticized the high weight given to Sirius in determining the 

position of the convergent point, arguing that the motions of the members of the group 
might not be strictly parallel (35). He redetermined this position from the directions of 
the p08 motions of all group members but did not obtain an appreciably different 
result. 
During the next decade, Hertzsprung and Oppenheim compiled new lists of cluster 
members which were discussed by Bottlinger (7) and Ledersteger (32), respectively. 
The latter used a new method, introduced by Oppenheim (40), to determine the position 
of es es point, but this is essentially a mathematical modification of Bohlin’s 
method. 

With the accumulation of observational data, it became possible to distinguish stream 
members on the basis of common space motion. As early as 1915, Plummer noted four 
F-type members of the stream in this way, as a by-product of his discussion of the space 
motions of F-type stars using hypothetical parallaxes! (44), and Dziewulski used the 
space motions of individual members with known parallaxes to compute the cluster 
elements (14). By 1930, radial velocities and parallaxes were available for most of the 
bright stars and a new interest arose in compiling lists of members of the Ursa Major 
and other streams. In that year Mohr investigated all A- and F-type stars with complete 


' These were computed on the assumption that the true space motion of each star is parallel to the 
galactic plane. 
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proper motion, radial velocity, and parallax data (37). Using R, the difference between 
the space motion of the star and that of the cluster, as a criterion, he concluded that 35 
per cent of the A-type stars and 8 per cent of the F-type stars which he examined be- 
longed to the Ursa Major stream. This result increased the membership of the group to 
96 stars. In a similar way, Bertaud found 94 stars with R less than 10 km/sec (3). 
Nassau and Henyey used the criterion that R is less than 9.5 km/sec to pick stream mem- 
bers from among the stars in the Yale Catalogue of Bright Stars (38). One out of every 24 
stars examined satisfied this test. These authors did not claim that field stars had been 
eliminated from their list or that the group of stars thus distinguished had any physical 
significance, but they treated these stars as a cluster in their further discussion. Later, 
Nassau decided that there were few, if any, field stars present among the stars with 
R less than 7.5 km/sec (39). Furthermore, he concluded that both the distribution of 
spectral types and a large percentage of binaries served to distinguish the stream stars 
from the field stars. 

By 1939 the list of stream members had grown greatly, and many stars were included 
for which the status in the group was doubtful. In that year Smart published two papers 
in which he examined more critically the stars from Bottlinger’s and Plummer’s lists (47) 
and those from Henyey and Nassau’s lists (49). He subjected each star in these lists to 
three tests: (a2) agreement between the observed and the computed position angles of 
the proper motion, (6) agreement between the computed and observed radial velocities, 
and (c) agreement between the computed and both the spectroscopic and the trigonomet- 
ric parallaxes. Of the 135 stars examined, 42 were retained as definite members of the 
group, and 52 additional stars were retained as possible members. The definite members 
from the first paper were used to compute the position of the convergent point by Boh- 
lin’s method. Since Smart found that the velocity of the cluster as computed from the 
radial velocities of the members was somewhat uncertain, he determined the velocity 
of the group from the trigonometric parallax and proper motion of Sirius. He also de- 
termined this velocity by using all stars with large trigonometric parallaxes, but, as the 
result was not appreciably different (Sirius still received 40 per cent of the weight), he 
adopted the value which he had determined from Sirius alone. 

About the same time, Bartholeyns treated both a new list of members which he had 
found from space motions (1) and a number of stars from older lists in much the same 
way (2). He also included three small tables of stars which appeared to be members on 
the basis of new or incomplete data. 

In 1941 Gliese examined the space motions of all stars in the FK3 for which radial 
velocities and parallaxes were available (17). After attempting to allow for galactic rota- 
tion and for any systematic errors present in the observational data, he considered the 
distribution of the velocity vectors of these stars. He studied each of the moving clus- 
ters, determining its boundary as the edge of the region in which there was a higher con- 
centration of velocities than normal. Although he did not define what constituted a sig- 
nificant deviation from the normal concentration of velocity vectors, he distinguished 
80 stars as members of the Ursa Major stream. However, even after excluding these stars 
and a similar set of members of the Taurus stream, he found traces of the two streams in 
his further discussions. 

Each investigator has recomputed the cluster elements, using different lists of mem- 
bers, different data, and different methods. However, all reliable determinations have 
given values near A = 306°, D = —37°, and V = 18 km/sec. 

Several attempts have been made to find a change in the motion of the stream stars 
with their space positions (2, 9, 11, 16). In each case, the investigator believed that such 
a systematic variation existed. Miles Canavaggia and Fribourg, and Bartholeyns each 
found that the motion of the stream stars is consistent with a rotation of the group about 
its center but not with differential galactic rotation. However, the problem is a difficult 
one, and the results are not conclusive. 
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In a short note published in 1911, Turner called attention to the fact that the mem- 
bers of the Ursa Major group listed by Hertzsprung lay approximately in a plane which 
is nearly perpendicular to the plane of the galaxy and to the direction of the motion of 
the cluster (51). Guthnick and Prager (18) and Nassau and Henyey have confirmed this 
suggestion, while Oppenheim, Ledersteger, and Horn-d’Arturo (28) found that the 
stars were distributed in three planes which contained their motions. A description of 
the space distribution of the stream members depends largely on the list of members 
chosen and is of little worth unless the effects of observational! selection are eliminated 
or at least recognized. 

Recently, Delhaye has studied the dispersion of the velocities among the members of 
the Ursa Major stream on the basis of the space motions of about 2000 stars brighter than 
6.5 mag. (13). A plot of all velocities for the A- and F-type stars (exclusive of the stars 
in the nuclei of the Ursa Major and Taurus clusters) showed that there were more 
velocities near the Ursa Major velocity than in the diametrically opposite portion of the 
diagram. Allowing for field stars, the distributions of both the radial velocities and the 
proper motions of the stars with velocities within 10 km/sec of that of the Ursa Major 
group “indicate that there is a real concentration of velocities toward the motion of the 
Ursa Major nucleus. At the same time, they show that the space motions of the members 
of the extended Ursa Major stream are not identical, but have a real dispersion, the 
amount of which may be estimated as between 2 and 3 km/sec in one coordinate.” 

In addition to the papers which treat the Ursa Major stream as an exact concept, 
many have been written on the appearance of this stream as a velocity maximum in 
studies of the distribution of space velocities. Early in the study of stellar motions 
Kapteyn noticed an apparent tendency for stars to move in nearly opposite directions. 
The stars moving in these preferred directions, which were known as Kapteyn’s streams 
I and II, became identified with the Taurus and the Ursa Major streams, respectively. 
Three-quarters of the stars which B. Boss assigned to stream IT (6) have appeared among 
the lists of members of the Ursa Major group. 

With the development of the theory of galactic rotation, Kapteyn’s streams were 
recognized as a natural consequence of this rotation. Thus it has become important to 
decide whether the Ursa Major stream can be distinguished from stream II. Opinion on 
this question varies. In a recent investigation of the space motions of early A-type stars, 
Bourgeois and Coutrez found that there is no trace of either the Ursa Major or the 
Taurus streams in their results (8). On the other hand, Wilson and Raymond (52) and 
Gliese have found that it is impossible to represent the observed distribution of space 
velocities by a single velocity ellipsoid because of the presence of the Ursa Major and 
Taurus streams. Lindblad suggested that the deviation of the vertex of star-streaming 
from its expected direction of about 325° to a direction of about 345° is a result of the 
existence of the Ursa Major stream (33). 

Various authors have attempted to decide whether the condensations of velocities in 
the regions of the scattered moving clusters are significant or mere chance deviations 
from a uniform distribution. Allowing for the effects of star-streaming but not for those 
of solar motion, Dziewulski concluded that the stars whose proper-motion circles pass 
near the convergent point belong to a physically significant group but that the number 
of spurious members increases rapidly as larger residuals are allowed (15). Had he been 
able to consider the distances of the stars as well as the proper motions, his argument 
would have been still stronger. 

In 1932 Bertaud conducted a similar investigation using space motions (3). His re- 
sults are given in Table 1. He, too, concluded that the group is real, with a definite con- 
centration of motions toward the motion of the nucleus stars. However, as the allowed 
tolerance in the velocity residuals is increased, the space motion found for the group 
deviates somewhat from that of the central stars toward the direction of star-streaming. 

Ina personal communication Dr. J. H. Oort stated that, among the stars brighter than 
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6.5 mag. with known space motions, 22 stars of types A—G are within a cube 10 km/sec 
on a side and centered on the motion of the Ursa Major nucleus. The ellipsoidal distri- 
bution of velocities predicts that 5.6 stars will be found in such a cube. 

The evidence seems to favor the existence of the Ursa Major stream. There is a real 
concentration of velocities near the velocity of the nucleus group, but the limits of the 
stream are ill defined. 


III. THE DETERMINATION OF THE POSITION OF THE CONVERGENT POINT 


The position of the convergent point of the Ursa Major group has been computed 
many times, but, since 1910, only one determination has been based on the nucleus stars 
alone. In view of the finite dispersion among the space velocities of the stream members, 
it seems essential to determine this quantity from the motions of the nucleus stars. 

The data from which the position of the convergent point can be found are the proper 
motions, the radial velocities, and the parallaxes of the individual stars. Bohlin’s and 
Charlier’s methods depend only on the proper motions; the method of differential cor- 
rections can be based on any or all of the three types of data; a determination from the 


TABLE 1 
THE CONCENTRATION OF SPACE VELOCITIES TOWARD THAT OF THE NUCLEUS STARS 








Maximum Residual 


Maximum Residual 
in Space Velocity 
(Km/Sec) 


No. of Stars* 


Observed No, 
Expected No. 


in Space Velocity 
(Km/Sec) 


No. of Stars* 


Observed No. 


Expected No. 





109 
87 


36 
15 


2.6 
3.7 





59 























* The nucleus stars and the stars a CMa, a CrB, and ¢ Eri have been excluded in compiling this table. 


space motions depends on a combination of the three types. Since the intrinsic accuracies 
of the proper motions, radial velocities, and tangential velocities are quite different, it 
seems advisable to treat the three sets of data separately, as far as possible. For this 
reason and for the reasons discussed in Section II, it was decided that the method of 
differential corrections was the most satisfactory one to use for a new determination of 
the position of the convergent point. 

Equations were written relating each of the observed quantities cot 0, p, and 4.74 u/z, 
with the elements of the cluster motion. When differentiated, these yielded the equations 
of condition: 


Acot6@=1AA+mAD, 
Ap = gh A+hAD-+ cos dAV , 
4.744 
us 


P, 


A (=) = gcot AAA +h cot AAD+sin AAV + 


where 

P = A correction to the system of the parallaxes such that ttrue = msp(1 + P) ; 
lsin (a — A) = csc (a — A) sin 6 — cos 6 cot (a — A) tanD; 

m sin (a — A) = cos 6 sec? D ; 

g = V cosécos Dsin (a — A); 


h = V sin 6 cos D — V cos 6 sin D cos (a — A) 
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The work was so arranged that the set of equations of condition for each type of data 
could be treated separately or combined with the others. 

Oort and his co-workers have investigated the systematic errors of the GC and the 
FK3 proper motions and have compared these errors with the systematic differences 
between the two catalogues.” Their results indicate that the GC proper motions in right 
ascension are to be preferred over those in the FK3; for the proper motions in declina- 
tion, the FK3 system is preferable. In addition, a correction should be applied to each 
system to allow for errors in the precession constants used. In this paper the proper mo- 
tions used are those from the GC,’ to which the following corrections have been applied: 
(a) a correction for the errors in the precession constants and a correction for the effect 
of galactic rotation taken from tables given by Smart‘ and (6) the corrections Au, and 


TABLE 2 
THE WEIGHTS USED IN THE LEAST-SQUARES SOLUTIONS 
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TABLE 3 
THE SOLUTIONS FOR THE POSITION OF THE CONVERGENT POINT 








Solution V 











Smart’s. : 
Proper motions 
Combined solution 





Aus necessary to reduce the proper motions in declination to the FK3 system. These 
have been taken from tables given by Kopff of the systematic differences between the 
GC and the FK3 motions.® The radial velocities will be discussed in Section IV. In com- 
puting the tangential motions, the spectroscopic parallaxes have been employed in this 
section. They are more concordant than are the trigonometric parallaxes, and the term P 
allows for any systematic error arising from the uncertainty in the zero point of the ab- 
solute-magnitude scale. The position of the convergent point and the value of the stream 
velocity found by Smart have been used as preliminary values. 

The amount and mean errors of the observed quantities will be found in Table 15. 
Table 2 lists the weights assigned to each quantity for each star. It will be noticed that 
the proper motions are given much more weight than are the other types of data. Table 3 


2 See, e.g., B.A.N., 9, 417, 424, 1943. 


3 The proper motion for the stars near the nucleus which are too faint to be included in the GC have 
been taken from Trans. Yale U. Obs., 4, 1925, 7, 1937 


*M.N., 101, 37, 1941. 5 4.N., 269, 160, 1939. 
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gives the stream elements found by Smart and those obtained in the present investiga- 
tion from the proper motions alone and from the solution combining the three sets of 
data. Solutions were also made from the radial velocities and from the tangential mo- 
tions separately. In these cases the position of the convergent point is determined only 
by the variations in the observed quantities across the nucleus region. The uncertainty 
in these solutions is so large that they are of no interest. 

At first sight, it seems surprising that the probable errors of A and D are less in the 
solution from the proper motions alone than in the combined solution. This happens be- 
cause the additional data contribute little weight, while two additional unknowns are 
introduced. Further, the uncertainties in the radial and tangential velocities are forced 
on the determination of A and D in the combined solution, as well as on the determination 
of V. Asa result of these effects and of the high accuracy of the proper-motion data, the 
solution from the position angles alone is to be preferred, although the results are not 
appreciably different. Table 4 indicates how well the position angles of the proper mo- 
tions of the nucleus stars are satisfied by this position; the agreement in the case of the 
radial velocities and parallaxes will be discussed in Section IV (see Table 12). 


TABLE 4 
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IV. THE RADIAL AND SPACE VELOCITIES OF THE NUCLEUS STARS 


Although the point of convergence of the motions of the Ursa Major nucleus stars 
can be found quite accurately from the large proper motions of these stars, a determina- 
tion of the space velocity of the cluster must depend on either the radial velocities or the 
parallaxes. The parallaxes are about 07040, and the individual trigonometric determina- 
tions may be uncertain by 20 per cent or more. Since the stars are mainly early A-type 
stars and many have poor lines, there are discordances among the numerous measure- 
ments of their radial velocities. Some of the determinations were based on only a few 
plates; others indicated that the velocities of several of the stars were variable, without 
further confirmation or disproof. For these reasons it was considered worth while to 
remeasure these radial velocities in an attempt to strengthen the value of the speed of 
the cluster. Table 5 gives the radial velocities available for these stars in Moore’s 
catalogue.® 

Dr. W. P. Bidelman kindly agreed to obtain the plates for this purpose. These were 
taken with the Cassegrain glass spectrograph of the McDonald Observatory, which gives 
a dispersion of 26 A/mm at Hy. The dispersion is such that the kilometers per second per 
millimeter is reasonably large but the star lines, while broadened by rotation, are not 
widened to the extent that they are particularly difficult to measure. The spectra are 
wide and well exposed, and the cores of the hydrogen lines can be measured with reason- 
able ease. Plates of other stars in the same region of the sky were taken at the same time 
as those of the nucleus stars, in order to afford a check on the system of the velocities. 
Table 6 contains a summary of the plates obtained. The spectral type, line quality, and 
the measured radial velocity are given for each of the nucleus stars. 


6 Lick Obs. Bull., Vol. 18, 1932. 





TABLE 5* 


PREVIOUSLY PUBLISHED RADIAL VELOCITIES FOR THE NUCLEUS STARS 
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* The notation used in this table is that of Moore’s catalogue of radial velocities. 


TABLE 6 
SUMMARY OF THE MCDONALD VELOCITIES FOR THE BRIGHT NUCLEUS STARS 


Corrected 

Velocity 
—14 
—10. 
—13. 


—17. 


Naine Sp. | Line No. of Measured 
Type Quality Plates Velocity 
37 UMa.... F1V | Fair j 10 —17.3+0. 
6 UMai.: =. eral AO V Fair | 10 —13.3+0. 
y UMa.. eo AO V | Poor 15 —16.6+0. 
6 UMa - A3 V Poor 14 —20.6+1. 
HR 4867 ete FOV Good 10 —20.0+0 
e UMa : AO p Good 10 — 8.1+0. 
78 UMa... F2V Fairly poor 10 —17.7+0. 
HD 115043 ee G2V Good 5 —11.8+0 
¢ UMaA.. A2V Fair 14 — 8.0+1. 
¢ UMaB. ; A2m Fair 10 —15.4+0 
80 UMa.... seal AS V | Poor 14 —10. 1 


| | 


| | 
_ 
NIN UOUUIs 


RWWOW OCW RMON 
| 
AnweOoORWwowaa)! 


w 
I+ 











| 
| 








214 NANCY GRACE ROMAN 


Each plate was measured in the direct and reverse direction at the same sitting, as 
the systematic error in setting on the broad lines characteristic of many of the stars 
changed perceptibly from time to time. Care was taken to choose comparison lines of 
nearly the same strength, since the strong ones were broadened asymmetrically. An in- 
vestigation showed that the asymmetrical broadening is not sufficient to affect the meas- 
ures noticeably in the range of line strengths used; it may account, at least partly, for 
the systematic difference between the McDonald and the Lick velocities. 

Table 7 gives the wave lengths used for the star lines. For the lines in the A- and early 
F-type stars, which are essentially unblended, they have been taken from the Revised 
Multiplet Table;’ for the later-type stars measured, the wave lengths are from the list 
recommended by the I.A.U.° except that the RMT wave lengths have been retained 
for the strong lines also measured in the earlier-type stars. For each star the velocity was 
also determined from each line separately. The results are given in Table 8, where the 
velocity from each line has been compared with the velocity from Hy, in order to make 
the results from the various stars comparable. £ UMa A has not been included because 


TABLE 7 
ADOPTED WAVE LENGTHS 
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the plates of this star were taken at random phases and the lines measured dif- 
fered according to whether the star lines appeared sharp, diffuse, or widely double. A 
correction was applied to the velocities of this star to allow for the small difference in 
amplitude between the two components. 

The difference between the velocity measured for each plate and the mean velocity of 
the star was computed for each of the stars with moderately good lines. These were then 
grouped according to the date on which the plates were taken and the hour angle at the 
middle of the exposure. Table 9 summarizes the results, together with the mean error of 
the mean, computed from the range of the residuals, and the number of plates included 
in the mean (in parentheses). A systematic hour-angle effect is apparently absent, as is 
to be expected for a well-built instrument used near the meridian. 

The measured velocities for the six standard stars are collected in Table 10, together 
with the Lick velocity, the difference McDonald minus Lick, and the number of plates 
measured. The McDonald velocities are definitely more negative than those from Lick. 
From the six stars the mean correction to the McDonald system is +2.7+0.6 km/sec, 
and a correction of this amount has been applied to the measured velocities in Table 6. 


7 Contr. Princeton U. Obs., No. 20. 8 Trans. I.A.U., §, 193, 1935. 
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The differences McD — Lick for the corrected velocities of the nucleus stars show a 
large scatter, but the mean amount is McD — Lick = —0.8+1.5 km/sec. Because of 
the meager data, a single correction was applied independently of spectral type. 

While this investigation was in progress, R. M. Petrie, at Victoria, was conducting a 
similar investigation into the velocities of the cluster stars, using a dispersion of 11 
A/mm. He obtained a number of plates of each star and took great care to reduce his 
measures to the:Lick system. Table 11 compares the Victoria (Petrie) velocities, the 
velocities from Moore’s catalogue, the Lick velocities, and the McDonald velocities. 
For most of the stars the agreement is good. e UMa is a spectrum variable for which a 
velocity variation has been announced by several observers. There is no evidence of 
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TABLE 9 


THE VELOCITY RESIDUALS AS A FUNCTION OF THE DATE AND THE HOUR ANGLE 
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TABLE 10 


RADIAL VELOCITIES OF THE STANDARD 
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* No Lick velocity is available for this star. This is a mean of the velocities from Victoria, Yerkes, and 
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variation in the measures of the McDonald plates, but, as these were taken within an in- 
terval of 2 weeks, a long period or irregular variation is not excluded. The velocity of 
¢ UMa A from the McDonald plates is somewhat more uncertain than that of other ob- 
servers because of the scatter in the phase at which the plates were taken; Petrie’s meas- 
ures were made at the time of gamma-velocity. It is possible that HR 4867 is a spectro- 
scopic binary, with a long period. The McDonald plates show no appreciable variation, 
but the disagreement between them and the Lick and Mount Wilson velocities, as well 
as the probable errors of these determinations, are larger than would be expected for a 
late F-type star. 

In order to reduce the scatter among the individual velocities and, at the same time, 
to keep the system as uniform as possible, the Lick, Victoria, and McDonald velocities 
were combined to form the means also given in Table 11. These mean velocities were then 
used, together with the convergent point derived in Section III, to determine the speed 
of the cluster as 15.7+0.8 km/sec. Allegheny Observatory has published trigonometric 
parallaxes for eight of the ten nucleus stars. There is also another determination of the 


TABLE 11 
RADIAL VELOCITIES OF THE NUCLEUS STARS 
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* Mean of the Potsdam, Michigan, and Vienna orbits. 


parallax available for several of these stars, but, as these add little weight to the Alle- 
gheny values, they were omitted in order to keep the observational data uniform. A com- 
bination of these parallaxes and the corrected proper motions yields the value 18.4+ 1.3 
km/sec for the speed of the cluster and 07040+0"004 for the mean parallax of the 
nucleus. An unweighted mean of the two determinations, 17.0 km/sec, appears to be the 
best value available. Table 12 shows the agreement between the observed radial veloci- 
ties and parallaxes and those computed from this mean. Although the difference between 
the results of the two determinations is somewhat larger than might have been expected 
from their mean errors, the individual residuals are satisfactorily small. Table 13 sum- 
marizes the elements of the cluster motion. 
V. THE NUCLEUS 

The ten stars which we have called the nucleus stars form a condensation in a stream 
which extends as far as observations permit us to reach. The question naturally arises as 
to whether there are any other stars which are more closely associated with the nucleus 
than with the remainder of the stream. In order to investigate this question, the volume 
of space within 20 parsecs of the center of the nucleus has been considered more carefully. 


The choice of this region was governed by three considerations: the proper motions are 
fairly large throughout most of this area; the stars all have parallaxes greater than 
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07020; and, since this region extends to four times the radius of the nucleus itself, it is 
possible to estimate the boundary of the condensation. 

Among the brighter stars, only the ones already distinguished as nucleus members 
exhibit any concentration. Only four of the stars discussed in Section VI lie within the 
region considered and have space velocities accurately parallel to those of the nucleus 
stars. Since the discovery probability for such stars would be high, there are probably 
only nine nucleus members brighter than 6.5 mag. 

To ascertain whether there are any members of the cluster among the fainter stars, 
two searches were made. The first, among the stars in the GC, covered all areas contain- 


TABLE 12 
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ing stars within 20 parsecs of the center of the nucleus, with the exceptions of a belt with- 
in 10° of the line on which the proper motions of the cluster stars are indistinguishable 
from those of stars moving toward the solar antapex, and of the region within 25° of the 
radiant of the cluster. The second search, in the Transactions of the Yale University Ob- 
servatory, Volumes 4 and 7, covered the area between the declinations +50° and +60° 
and between the right ascensions of 10° and 14". However, the latter search revealed 
only one star not previously listed by Haas, and this was later ruled out by its radial 
velocity. 

Both searches were conducted similarly. Among the stars with proper motions greater 
than 07030/year, those were selected for which the position angle of the proper motions 
agreed approximately with the direction of motion of a cluster star in the same position. 
If the star’s radial velocity was available, it was used as a second criterion. For each star 
selected in this way, the GC proper motion was corrected and the direction compared 
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with that computed for the star from the elements of the cluster motion. If the position- 
angle residual was less than 20° and could be eliminated by a change of less than five 
times the published probable error in the proper motion, the cluster parallax was used to 
compute the galactic rectangular co-ordinates of the star. In this way, 35 stars were 
selected which lay within 20 parsecs of the center of the nucleus and which might be 
members of the cluster on the basis of existing data. For each of these stars spectroscopic 
parallaxes and/or radial velocities were obtained. These ruled out the majority of the 
stars selected. 

A one-prism spectrograph attached to the 40-inch refractor was used to obtain the 
plates for the spectroscopic parallaxes in this section and in Section VI. This is the 
spectrograph used for the Yerkes spectral atlas’ and all spectral types are on the system 
of that atlas unless otherwise noted. The radial-velocity plates were taken with the //2 
glass spectrograph of the McDonald Observatory by Messrs. Hiltner, Code, and Braun, 
and have a dispersion of 75 A/mm at Hy. 

Figure 1 shows all stars within 20 parsecs of the center of the nucleus which apparently 
share the cluster motion accurately, including the five stars found in the present investi- 
gation. It appears that thirteen of the stars form a compact group, 10 X 6 X 4 parsecs 
across. The remaining stars are probably members of the stream. It is interesting to note 
that the dimensions of this cluster are about average for a poor cluster showing little con- 
trast with the background," although the total membership of thirteen stars (fifteen, if 
the components of ¢ UMa are counted separately) makes it a very poor cluster indeed. 
Raab lists only two clusters with less than twenty members." Moreover, since his figures 
are based on counts on the Franklin Adams charts, his estimates probably include only 
the brighter stars and are minimum values. 

Table 14 gives for each cluster star the name, the HD number, the position, the appar- 
ent magnitude, the HD spectral type, and the rectangular galactic co-ordinates referred 
to the center of the nucleus. Stars 5 and 6 were included in Haas’s list"? and 6 was also 
suggested as a possible member by Hertzsprung.'* Table 15 contains the relevant obser- 
vational data and compares this with the computed data. For the stars brighter than 7.5 
mag. the spectral types in this table have been given by W. W. Morgan. The three 
K-type stars have been added as a result of the present investigation; the remaining 
stars were used in the above discussion of the motion of the nucleus stars. The two mem- 
bers from Haas’s list are included here rather than in Section VI. 

Figure 2 illustrates the H-R diagram of the cluster. There are no giants, although the 
peculiar star « UMa lies above the main sequence. There is no indication that the end- 
ing of the main sequence at K3 is not the result of incomplete observational data. The 
faintest star in the cluster is 9.2 mag. pg, and it is improbable that the Yale catalogues 
are complete even to this limit. 

It is interesting to note that, of the four stars later than GO, three show emission at 
H and K." The emission in HD 115043 is weak and would be missed except on fairly 
high dispersion, but that in the two K-type stars is quite strong. Thus 75 per cent of the 
stars in this cluster later than GO show emission at H and K as compared with 70 per 
cent of the stars G5 and later in the Hyades" and with 6 per cent of the stars of spectral 
types GO-K4 among the proper-motion stars.”° The latter two percentages are minimum 

9 Morgan, Keenan, and Kellman, An Aflas of Stellar Spectra (Chicago: University of Chicago Press, 
1943). 

10 Trumpler, Lick Obs. Bull., 14, 154, 1930. 

1! Lund Medd., Ser. II, No. 28, 1922. 

12 4.N., 241, 233, 1931. 13 B.A.N., 9, 286, 1942. 

14 HD 115043 and 110463 are included in the list of stars with emission at Hand K by Joy and Wilson, 
Ap. J., 109, 231, 1949. The discovery of Hand K emission in HD 109011 is apparently new. 

8 Joy, Ap. J., 105, 96, 1947. 
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values, since some plates may not be sufficiently exposed in the region of the K line to 
show the emission; but the difference between 6 per cent for stars in general and 70 per 
cent for members of the two open clusters must indicate a real difference. However, 
HD 124752 shows no strong emission lines. 

Table 16 contains a list of the remaining stars for which radial velocities were meas- 
ured. The spectral types of the three standard-velocity stars are from the I.A.U. list;!° 
those marked by an asterisk were estimated from the radial-velocity plates rather than 
from plates taken specifically for spectral classification. The five plates of standard stars 
are not sufficient to secure the system of these velocities. The discrepancy for HD 107328 
is much larger than would be expected from the run of the mean errors for the other stars. 
The velocities from the two plates of this star agree within 1 km/sec, and no combina- 
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Fic. 1.—The space distribution of the nucleus and stream members within 20 parsecs of the center 
of the nucleus. The scale is in parsecs, measured from the sun. 


16 Trans. I.A.U., 5, 191, 1935. 
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tion of lines measured will give a velocity as low as the catalogue velocity for the star. 
Since the other two standard-velocity stars yielded satisfactory residuals, no attempt has 
been made to correct the system. Also, the velocity found by R. E. Wilson for HD 110463 
is in excellent agreement with that found from the McDonald plates (53). The agreement 
of the velocities from different plates of the same star indicates an average mean error 
per plate of 5 km/sec. 

It is usually thought that a loose cluster, such as the Ursa Major cluster, is unstable, 
since there can be no important gravitational interaction between members. The shear- 
ing effects of galactic rotation will disrupt such a cluster if all members have the same 
linear velocity. Also, since the density of the nucleus is barely that of the field of stars 
through which the cluster moves, encounters with field stars will tend to disintegrate it 
further. 


TABLE 14 
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* H and K emission; the emission lines give the velocity —4 km/sec. 

t H and K emission; the emission lines give the velocity —4 km/sec. 

t A spectrum variable (see Am Aflas of Stellar Spectra. p. 18). 

§ H and K emission. || A metallic-line star. The K line type is A2, but the type obtained from the metallic lines is A7. 
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Fic. 2.—The H-R diagram for the Ursa Major nucleus 
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NONCLUSTER STARS MEASURED FOR RADIAL VELOCITY 
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Shearing effects will play no role if the stars in the cluster have the same angular mo- 
mentum in their revolution about the galactic center rather than the same linear velocity. 
Instead, the stars will move together in epicycles about the same circular orbit.!” The 
investigations of Mlles Canavaggia and Fribourg and of Bartholeyns indicate that the 
latter may be the case, although their results are highly uncertain. The high velocity of 
the cluster with respect to the local standard of rest leaves little chance for strong 
gravitational interactions between cluster members and field stars. Following the method 
of analysis developed by Chandrasekhar,'* it is found that a member of the cluster will 
probably change its kinetic energy with respect to the center of the nucleus by less than 
20 per cent in a time of 3 X 10° years. This means that the lifetime of the cluster is of the 
same order as the galactic time scale. 

These arguments also apply to the extended stream, but, in this case, any dispersion in 
velocities already existing among the members will disrupt the group much more rapidly. 


VI. STREAM STARS 


That the overlap among the numerous lists of members of the Ursa Major stream 
is surprisingly small has been mentioned earlier. Since most of the authors possessed 
similar observational data, the differences must be laid to varying treatments of these 
data. The method which has been used most frequently to pick up stream members has 
been to calculate space velocities for all stars and to include as stream members all stars 
with velocities agreeing with the cluster velocity within a given tolerance. This is by 
far the simplest method of finding stream members and has the added advantage that 
the resulting space velocities are useful in other studies. However, the effects of observa- 
tional errors, which are different in the different components of the velocity, are badly 
confused. Thus, in order to allow for a large observational! uncertainty in the tangential 
velocities computed from small parallaxes, a large tolerance is necessary, while this tol- 
erance may be completely unallowable when applied to the direction of a large proper 
motion. Thus this method tends to pick up most stars which might be stream members, 
but it is uncritical. Some of the differences between the various lists made in this manner 
can be attributed to different choices of the cluster velocity; others arise from the dif- 
ferent tolerances permitted in the velocity residuals. Among the recent investigators, 
only Smart, Bartholeyns, and Delhaye have treated the proper motions, radial velocities, 
and parallaxes separately. 

To facilitate statistical studies of the Ursa Major stream, the numerous lists of mem- 
bers have been combined and are repeated in this section. Dr. J. H. Oort has kindly sent 
me an unpublished list of stars brighter than 6.5 mag. with space motions differing from 
that of the cluster by less than 10 km/sec in each co-ordinate. This list is also included 
in this section, although many of the stars are probably not members of the stream. It is 
improbable that more than a very few stream stars brighter than 6.5 mag. with known 
space motions have been omitted from this combined list of stream members; the list is 
very incomplete among the fainter stars. Table 17 gives for each star the name, another 
identification, the 1900 position, the apparent magnitude, the HD spectral type, and a 
reference to the paper listing the star. These references are indicated by the number of 
the paper in the bibliography. The two stream stars discovered as a result of the inves- 
tigation discussed in Section V are marked by an asterisk in the references, while the 
stars included on Oort’s list but not on any list of stream members are designated 
by O. If four or more authors have listed the same star independently, it is considered 
to be generally recognized as a stream member, and no individual reference is given. 
The 69 stars north of declination — 30° which are most likely to be stream members are 
marked by an asterisk following the number of the star. Star No. 91 is also probably a 
stream member. 

7 7 S. Chandrasekhar, Principles of Stellar Dynamics (Chicago: University of Chicago Press, 1942), 
sec. 4.3. 

18 4p. J., 93, 285, 1941. 





TABLE 17 
Stars Listed by Various Authors as Members of the Ursa Major Stream 
Name HR No. a(1900) (1900) mn Sp. Reference 
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Probable Members of the Ursa Major Stream 
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Notes to Table 18 


A strontium star. The Sr II lines A 4077 and A 4215 are very strong. The blends 
near AA 4172, 4130, and just to the red of Hé are also well marked. There is 
no evidence of spectral variability. 


A metallic-line star. The K line and the hydrogen lines indicate a type of A7 but 
the metallic-line spectrum is that of an F2 star. 


This star is spectroscopically similar to « UMa. The K line is sharp and weak; the 
blend at A 4171 is strong. 





The type from the metallic lines is FU; the hydrogen lines are about as strong as in 
an A7 star. 


This star appears to be a high-velocity giant. 
The hydrogen lines are too weak for the weakness of the K line. 


See An Atlas of Stellar Spectra, p. 18. 





The metallic-line type is Fz; the hydrogen-line type, FO. 


This star is also similar to «© UMa, although the normal metallic spectrum is slightly 
stronger. The K line is very weak; A 4171 and 4 4077 are strong. 


A strontium star. A 4077 of Sr II is very strong and the blends at A 4171 and 

% 4130 are well marked. 

5 Aql A is a metallic-line star. The type from the metallic lines is A7 while that 
from the hydrogen lines is A5. The K line is also somewhat weak in 5 Aql B, an FO 
star. 


The metallic-line type is FO; that from the hydrogen lines is A7. 





TABLE 19 
Stars Probably Not Members of the Ursa Major Stream 
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For each star in this list, the position angle of the proper motion, the radial velocity, 
and the parallax were computed on the assumption that the star shares the velocity of 
the cluster. These are given in Tables 18 and 19, together with the corrected GC proper 
motion, its observed position angle, the observed radial velocity, and the trigonometric 
parallax if this is contained in Schlesinger’s catalogue.'® Table 18 contains those stars 
north of declination — 30° which might be stream members according to the agreement 
of these data, while Table 19 contains the remaining stars. Spectral types on the system 
of the Yerkes atlas and spectroscopic absolute magnitudes are also given in Table 18 for 
comparison with the cluster absolute magnitudes. An “‘n” following the number of the 
star indicates a remark at the end of the table. 

In considering the tables in this section, it is important to keep in mind the dispersion 
in space velocities found by Delhaye. Thus, for example, the proper motion and parallax 
of Sirius are known accurately enough to exclude the possibility that this star has exactly 





T ] T T T I I 
-& = al 


© peculiar stor 
® metallic-line stor 








L | ! | | | | | 
AO AS FO FS GO GS KO KS 


Fic. 3—The H-R diagram for the Ursa Major stream 





19 General Catalogue of Stellar Parallaxes (New Haven: compiled at the Yale University Observatory, 
935). 
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the same motion as the nucleus stars, but the difference of 13 km/sec is well within a 
dispersion of 2 or 3 km/sec. If the adopted speed of the cluster were changed to agree 
with the tangential motion of this star, as suggested by Hertzsprung and Smart, the 
radial velocity would no longer agree. The latter is also well determined, as Sirius is a 
standard-velocity star with good lines. 

As a check on the hypothesis that there is a stream of stars having approximately the 
same space motion as the nucleus stars, the space velocity of the stream was determined 
from the radial velocities of 87 stars, chosen primarily on the basis of the agreement of 
their tangential motions with the space motion of the cluster. These stars gave 16.7 
km/sec as the velocity of the stream. The agreement of this value with the determina- 
tion, V = 17.0 km/sec, for the nucleus is well within the observational uncertainty. 

Figure 3 shows the H-R diagram for the stream. Both observational errors and the. 
dispersion in tangential velocities contribute to the scatter in the diagram. On the other 
hand, only stars for which the cluster absolute magnitudes agree with the spectroscopic 
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Fic. 4.—The observed distribution of stream members among the various spectral types 


absolute magnitudes within 1 mag. were selected as stream members. That this criterion 
probably did not introduce a serious selection effect is shown by the fact that the main 
sequence is nowhere as wide as 2 mag. and has less than half this width in most portions 
of the diagram. Some of the width in the early A-type stars may be due to the failure to 
separate the various luminosity classes in this region. 

Figure 4 illustrates the distribution of stream members among the various spectral 
types. The A-type stars for which no luminosity classes were determined have been 
plotted as class V stars. The scatter in Figure 3 has little effect on this figure, since the 
data have been obtained purely spectroscopically. However, the effect of incompleteness 
below 6.5 mag. is very evident in the presence of only one main-sequence star later than 
GO. The five peculiar stars and the three metallic-line stars have not been included in 
this diagram. 

VII. SUMMARY 


The Ursa Major group can be divided into two parts, a compact nucleus, similar in 
size to an ordinary loose galactic cluster, and an extended stream, limited primarily by in- 
complete observational data for distant stars. 
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The nucleus, which is located about 23 parsecs from the sun, occupies a roughly ellip- 
soidal region, 4 X 6 X 10 parsecs in diameter. The shortest diameter is perpendicular 
to the galactic plane, the longest, in the direction of motion of the cluster. The nucleus 
consists of a peculiar A star, a metallic-line star, and twelve stars which define the main 
sequence from AO to K3. The limit at the faint end is probably set by the lack of observa- 
tional data for faint stars, but there are no early-type stars or giants in the cluster. 

The proper motions of these stars are large and define the position of the convergent 
point accurately, but the speed of the cluster is less satisfactorily known. The results from 
the tangential and radial velocities differ by more than would be expected from the mean 
errors of the two determinations, although the average of the results agrees with the in- 
dividual observations. 

The density of the nucleus, about 0.1 solar mass/psc’, is comparable to the density of 
the average star field through which it moves. However, because of the high velocity of 
the cluster with respect to the local centroid, the effects of encounters with field stars 
will be small and the cluster can have remained in essentially its present condition for the 
duration of the galactic time scale, 3 X 10° years. A more slowly moving aggregation of 
this type would have been disrupted much more quickly. 

The stream stars show no concentration toward the nucleus. Therefore, the stream 
has probably not resulted from the disruption of a compact group of which the nucleus 
is now the only remnant. Instead, the stream stars are scattered throughout the region, 
about 100 parsecs in radius, in which we have good observational data for the bright 
stars. An appreciable dispersion may exist among the velocities of the stream stars, but 
it is fairly small, and the mean velocity of the group is close to that of the nucleus stars. 

The existence of relatively large observational errors, together with the dispersion in 
velocities, makes it impossible to segregate the stream stars definitively. Sixty-nine stars 
which are likely to be stream members have been distinguished. Although the member- 
ship of the stream is probably larger than this list would indicate, these stars are repre- 
sentative of the group. Like the nucleus, the stream contains no B-type stars, but it 
differs from the nucleus by having a number of giant stars. 

The motion of the Ursa Major stream is directed toward a point 30° distant from the 
vertex of star-streaming or of Kapteyn’s stream II. The number of stars moving with 
the velocity of the Ursa Major group exceeds the number predicted on the basis of the 
ellipsoidal distribution by a factor of 4. Moreover, the dispersion about the mean velocity 
is small. Thus the Ursa Major stream is real, but it is often difficult to decide whether a 
particular star belongs to the stream. If numerous spurious members are to be avoided, 
care must be taken to choose only stars with velocities close to that of the group. 


In conclusion, I wish to thank Dr. W. W. Morgan, particularly, for his kind advice 
throughout the investigation; Dr. J. H. Oort both for the use of unpublished data and 
for many helpful suggestions; Drs. R. M. Petrie and J. Delhaye for the use of their 
papers before publication; and the other members of the Yerkes Observatory for their 
discussions of various phases of the problem. 
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ABSTRACT 


Continuous spectroheliographic records of three active sunspot groups secured during 105 hours of 
observation include 83 flares for which the intensity was at least four times the intensity of the undis- 
turbed disk of the spectroheliograms. Composite maps of these flares indicate that they occurred repeat- 
edly in the same location and with a certain continuity or chainlike nature in position. Although they 
appeared most often in the region between spots, or close to and over the penumbrae of spots, upon occa- 
sion, they seemed to occur exactly over the umbrae of the spots. Many flares appeared to follow, in part, 
channels already established by dark filaments (prominences seen in projection on the disk) ; the filaments 
persisted even though they were adjacent to, or apparently over, the bright flares. 

Spectroheliograms of spot group II carry the record of a hitherto unreported, postflare phenomenon. 
Flare 1 of July 29, 1947, and flares 2, 3, and 4 of July 31, 1947, occurred in the same position and were 
followed by the ejection of a long bright streamer. In each case the streamer was at first brighter than 
the undisturbed disk of the hydrogen spectroheliogram and then became dark or bordered by a region 


of dark absorption. 


The 50-foot tower telescope and the Stone spectroheliograph of the McMath-Hulbert 
Observatory were used during the recent sunspot maximum to secure continuous photo- 
graphic records of active areas moving across the solar disk. These spectroheliograms, 


taken day after day of the same spot group, provide material ideally suited to the study 


TABLE 1 
GENERAL DATA FOR SUNSPOT GROUPS INCLUDED IN STUDY 








Spot Group 





I II 


Mount Wilson Ma... ye 8129 8745 8767-8769 
Date of central meridian passage. 1946, July 26.9 1947 Aug. 3.9 1947 Aug. 13-14 
Heliographic latitude............ 23° N. 18° S. 10° N., 11° N., 18° N. 
Magnetic classification*. teers By By ies a, Bp 
Magnetic field strength ‘in 100 

et EOE 36 24 23, 26, 36 


gausses*.... 











* Data from the Mount Wilson Observatory, Pub. A.S.P.,58, 316, 1946;59, 274, 1947. 


of the short-lived, but intensely bright, solar phenomenon known as a bright chromo- 
spheric eruption or flare. Some of the spectroheliograms were made in the light of Ha; 
others in the Kos line of ionized calcium. Film from the Stone instrument provides not 
only spectroheliograms of the disk but also a series of short sections of the spectrum 


centered on Hal. 
Three especially active areas have been selected for analysis. Table 1 identifies the re- 


1 For a detailed description of the work of the Stone spectroheliograph see Pub. Michigan U. Obs., 8 
141-149, 1941. 
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gions and gives the pertinent magnetic data. It should be noted that spot group III, ac- 
cording to the Mount Wilson classification, actually consisted of three separate spot 
groups. This paper presents the first part of the analysis and is concerned primarily with 
the positions and frequency of the bright flares within each of these active areas. The 
study is based on more than twelve thousand spectroheliograms secured during 105 
hours of observation. The dates and times of observation are summarized in Table 2. 


TABLE 2 
SUMMARY OF OBSERVING TIMES AND NUMBERS OF FLARES RECORDED 








Total for Groups I, IT, IIT.}.. 





CAMERA 


155 39m 


135 26™ 
14 14 
12 47 
13 39 
13 38 
16 22 





Stop 


(U.T.) 


2127™ 
17 32 
22 08 
20 36 
16 30 
22 28 


22h 37m 
22 25 
22 16 
22 23 
20 31 
18 03 
22-35 

















ACTUAL 
RUNNING 
TIME 


Spot Group I 


5h 44m 
243 
2 06 
6 02 
6 49 
4 26 
5 29 
3 10 
3 02 


No. oF 
FRAMES 


No. OF 
FLARES 


| 
| 
| 





669 
208 
400 
503 
593 
271 
400 
233 
382 


ROK WU UI 





39h 15m 





Spot Group II 


4501™ 
2.33 
a 3a 
6 30 
0 34 
2 31 


20501™ 


Spot Group III 


8h O3™ 
6 49 
6 31 
6 14 
4 49 
0 59 
6 12 
6 28 


3659 











465 05" 
105521™ 
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I. INTENSITY AND FREQUENCY OF FLARES INCLUDED IN THIS STUDY 


Examination of the spectroheliograms revealed the occurrence of so many fluctuations 
in brightness that it was necessary to limit the study only to the most intense flare phe- 
nomena. The maximum intensity of each flare was estimated in terms both of the in- 
tensity of the surrounding plage area and of that of the undisturbed disk, as recorded on 
the spectroheliograms. For this purpose a photographic strip was used which was divided 
into ten steps, graduated from white to black. Since the solar films had been standardized 
for photometric work, it was possible, by means of the calibrated strip, to estimate the 
intensity ratios of solar features recorded on the film. On the average, the bright plage 
areas were two to two and a half times as bright as the undisturbed solar disk. Some of 
the flares reached maximum intensities which were four to six times that of the surround- 
ing bright plage. This study includes only those flares which became at least twice as 
bright as the surrounding plage and had at maximum at least four to five times the in- 
tensity of the undisturbed disk. Fluctuations with less intense maxima, even though they 
appeared suddenly and had a short lifetime, as is characteristic of flares, have been ex- 
cluded from this investigation. Table 2 shows that a total of 83 flares, brighter than this 
limiting intensity, were recorded on the films. During the days of greatest activity for 
each of the areas, there was, on the average, slightly more than one flare per hour of ob- 
servation. 

It should be pointed out that a number of the flares that have been included in this 
study covered only a very small area of the solar disk. Those who observe and report 
flares for possible correlation with terrestrial phenomena would probably have excluded 
from their list some of these small, but relatively intense, outbursts. Since this investiga- 
tion attempts to study flares in relation to the sun, rather than to the earth, it was felt 
that it should include all cases of sudden, short-lived increases in brightness that reached 
a certain intensity. The smaller outbursts appear to differ in degree rather than in kind 
from those phenomena that have terrestrial consequences. 


II. DETERMINATION OF THE POSITIONS OF RECORDED FLARES 


The large-scale spectroheliograms taken with the tower telescope are well suited to 
the detailed study of the positions of flares with respect to plage areas, dark filaments 
(prominences seen in projection on the disk), and other solar features visible in these 
monochromatic photographs. For a determination of flare positions with respect to un- 
derlying sunspots, it is necessary to compare the spectroheliograms with studies of the 
disk made in integrated light. It must be borne in mind that many sunspots do not show 
at all on hydrogen and calcium spectroheliograms; furthermore, certain round, relatively 
dark regions in the large-scale spectroheliograms do not correspond in any way to under- 
lying spots. For this study, spectroheliograms showing flares were projected against sun- 
spot maps drawn on the same linear scale. In this way the position of each flare was de- 
termined, not only with respect to other features of the spectroheliograms, but also with 
respect to the underlying spots. 

All the flares that occurred on any one day were plotted on the same map. Figures 1, 
2, and 3 show these maps and photographs of typical flares for the most active days for 
each of the spot groups under investigation. The position of each flare is indicated on 
the maps by diagonal shading against the fainter background of the spots. The small 
numbers give the serial order of occurrence of the flares. Regions having simultaneous 
flares carry similar shading and the same serial numbers. When flares recur in the same 
position on the same day, the slanting lines overlap. To assist in description of the flares 
and in comparison of data for successive days, two of the underlying spots have been 
marked A and B throughout each series. Table 3 gives the time, intensity, and pertinent 
comments for each of the recorded outbursts of flares. 

Finally, all the observations have been brought together in composite maps which 
depict the flare activity during the sunlit hours of the entire disk passage of each group. 
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Fic. 1.—Part 2 


Fic, 1.—Location of flares within spot group I, with Ha and K2 spectroheliograms of 
several bright flares, July 23-July 27, 1946. The scale of the photographs is approximately 
0.75 that of the accompanying drawings. For July 25 the scale is approximately 0.50. 
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Fic. 2.—Part 2 
Fic. 2.—Location of flares within spot group II, with Ha and Ke spectroheliograms of several 
bright flares, July 29-August 6, 1947. The scale of the photographs is approximately 0.8 that of the 
accompanying drawings. 
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Fic. 3.—Part 2 


Fic. 3.—Location of flares within spot group III, with Ha and A: spectroheliograms of several bright flares, 
August 10-August 14, 1947. The scale of the photographs is approximately 0.6 that of the accompanying drawings. 











TABLE 3 
TIME, INTENSITY, AND LOCATION FOR INDIVIDUAL FLARES 








| 
| 
INTENSITY | 
U.T. or RATIO OF 
) | 
MAXIMUM | REMARKS 


FLARE TO 
INTENSITY 
PLAGE 





Spot Group I 





14545" Very bright and extensive 
17 18 Flares 1 and 2 form a chain extending from 
northwest to southeast across the plage 
17 56 One part of flare occurs directly over the 
umbra of spot B 
17 59 Three bright points near spot A 
20 24 . 
14 56 “a In addition to the four flares, the spectro- 
15 28 v heliograms exhibited very bright veins that 
16 37 fluctuated in intensity; these regions are 
19 38 %. indicated in the map in Fig. 1 by diagonal 
lines 
(18 45) | >6 The region crossed by diagonal lines gives 
Because of clouds, record starts at the extent and position of the flare at 
18545™, which is after the maxi- 1624™, which is close to time of maximum 
mum of this great flare; map and intensity; dotted lines indicate the position 
spectroheliogram in Fig. 1 are of the flare at 17557™ when it extended 
based on data from the Observa- over a much greater area 
tory of Meudon 
1 1345 | 4 Two flares near spot A, one extending into 
umbra of spot 
14 48 6 Two small but very intense flares 
15 58 3: Extensive eruptions in three different places; 
be flare near spot A coincides in part with 
lare 1 


Bm OD Ue w Noe 








17 45 : 

18 09 Three small outbreaks, one of which coin- 

cides in position with part of flare 2 

14 01 : Two very bright flares which occur simul- 

taneously; one is crescent-shaped and ex- 

tends over the umbra of spot B 

16 38 ; 

17 51 : Flares 3, 4, and 5 are separate phenomena 

19 16 os which recur in the same location 

20 10 

15 14 

16 35 

17 14 Simultaneous outbreak in six different places 
in the vicinity of spots A and B; one por- 
tion of flare lies directly over the umbra of 
spot B 

Bright flare near spot A; fluctuations in in- 
tensity of plage region extending from 
northwest to southeast occurred frequently 
during period of observation 

No flares recorded in the 2.5 observing hours 

Two bright points; no flare previously ob- 
served in this position 

Very bright flare near spot A; prominence 
material is later recorded beyond the limb 
of the sun, with this bright flare apparently 
at its base 


WSN Ui Who 

















* Flares observed on this date have not been included in the composite maps of Fig. 4 because of the uncertainty in position 
when the region is close to the limb, 
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TABLE 3—Continued 








SERIAL 
No. oF 
FLARE 


| 
| 


U.T. oF 
MaxImuM 


INTENSITY 


INTENSITY 

RATIO OF 

FLARE TO 
PLAGE 


REMARKS 





July 29 


July 30 


| 
| 





19454™ 


(13 00) 


13 17 
13 30 
16 12 


13 40 
14 58 


Spc 


ot Group II 








| Four bright points; one of these, at head of 


U-shaped filament, ejects an elongated, 
bright streamer 

Four flares were occurring when camera was 
started at 1300™ 

Four bright regions near spot A 

Coincides with part of flare 1 

Extensive flares north of spot B, overlapping 
parts of flares 1 and 3 

Two flares in penumbra of spot B 

Large area covered by flare; portion near 
spot B ejects bright streamer or plume, 
which is bordered by dark absorbing ma- 
terial 

Several very intense flares; bright plume is 
again ejected from region near spot B 

Coincides in position with flare 2; bright 
plume, in, same position, is again ejected 
from region near spot B 

Intense flare in region between spots A and B 

Three flares in heretofore inactive part of 
plage 

No flares recorded in the half-hour of ob- 
serving time 

Small bright point 








ot Group III 











13549™ 
16 15 


19 55 


4 33 
28 


6 38 





NON DO bh toh Nh 


Two small bright points 

Flares extended over a large area 

Two flares in northeastern portion of plage; 
one of these lies directly over the umbra of 
spot B 

Small bright point 

Two bright points in northeastern portion of 
plage 

Two small points near center 

Four bright flares which border filament 
near spot A 

Coincides in position with flare 1 

Three flares near center of plage 


Three flares in eastern portion of plage; one 
of these coincides with one of the bright 
points of flare 2 

Two elongated flares in western portion of 
plage, with part of a long filament lying 
between them 

Five bright areas in center of plage, three of 
which coincide with parts of flare 6 

One bright point near spot A 

Three bright points 











TABLE 3—Continued 








.* INTENSITY 
SERIAL U.T. oF Bimees 

A ) OF 
No. oF MaximuM REMARKS 


FLARE TO 
FLARE INTENSITY 
PLAGE 





Spot Group III (Continued) 





A large spectacular flare in eastern portion 
of plage; an S-shaped filament appears to 
cross over the flare 

Large bright flare in central portion of plage; 





| 

| coincides in position with flare 3 of Au- 

| gust 11 

| Four regions that brighten simultaneously; 
one of these coincides with part of flare 4 


Long bright flares that lie apparently on 
either side of a dark filament 

Long bright flare in eastern part of plage and 
lies along southern border of S-shaped 
filament 


Coincides with flare 3 


Coincides with flares 3 and 5 

Extensive flares in eastern portion of plage; 
one part lies on northern border of S- 
shaped filament 

Two small flares in western part of plage; one 
coincides with flare 2 

Three flares near spot A 

Flare near spot A, with three very small 
bright points farther east 

Two small bright points near spot A, coin- 
ciding with parts of flare 1 

Large bright flare near spot A 

Small bright flare in central portion of plage; 
flare 4 still visible near spot A 

Recurrence of flares near spot A 


COND Un WD 
NNN NN DY dH bo 





mo NH WH 


mn wn 





On penumbra of spot A 

| Three bright flares in western portion of 
plage; one of these coincides with flare 1 

| Two small bright points 

| Three bright points in northeastern portion 

| | of plage 





H DODO &W dO Nw 


am 


hh 


| Two bright points 

| Two bright points near limb; ejected surge 
with one of the bright points apparently at 
the base 


Axis. 18°... ... 








* Flares observed on this date have not been included in the composite maps of Fig. 4 because of the uncertainty in posi- 
tion when the region is close to the limb. 
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The composite maps for the three active areas are shown at the bottom of Figures 1, 2, 
and 3, respectively. On these summarizing maps the flares are plotted with reference to 
spots that could be identified throughout the entire period of observation on maps 
drawn for the neighborhood of the central meridian. Diagonally shaded regions again 
represent flares, and the direction of the lines is the same for any one day’s observations. 
Overlapping areas indicate regions in which flares were repeated on different days. The 
repetition of flares within any one day is not indicated on the composite maps. 


Ill. GENERAL FEATURES OF FLARE POSITIONS 


Visual observations and spectroheliograms of low magnification have shown that 
flares occur primarily in the immediate neighborhood of sunspots and generally in the 
bright plage area surrounding them. Examination of the data presented in Figures 1~3 
and in Table 3, however, suggests certain further general aspects of flare positions. 


a) Some flares appear as long bright ropes or filaments; others, as small bright dots. The com- 
posite map or plot of the small dots suggests, however, a certain continuity or chainlike nature 
in their position. 

b) Although flares occur most often in the region between spots or close to and over the 
penumbrae of spots, upon occasion they seem to occur exactly over the umbrae of spots. 

c) Flares occur repeatedly in the same location.? Although flares appear throughout a large 
area, there seem to be certain “preferred” regions for flare occurrence. Within the same day 
and on successive days, flares have appeared, not in approximately the same region but appar- 
ently in exactly the same small portion of the solar disk. Between these recurrences the flares 
disappear completely. 

d) Many flares seem to follow, in part, channels already established by the dark filaments 
(prominences seen in projection on the disk). The relationships are not clear: some flares appar- 
ently lie along the sides of filaments; in other cases filaments apparently form limiting bound- 
aries; at still other times the phenomena appear to be independent. 

e) Although filaments have been observed to disappear shortly after the outbreak of a great 
flare,3 the spectroheliograms here studied indicate that certain filaments can persist even though 
they are adjacent to, or apparently over, a bright flare. The well-defined, S-shaped filament in 
spot group III associated with certain flares on August 12 and 13, 1947, is an excellent example 
of this stability. This filament, which apparently lay directly over flare 3 of August 12 was vis- 
ible on hydrogen spectroheliograms before, during, and for at least two days after the flare. It 
developed regions of high radial velocity on the thirteenth, but it was still well-defined on the 
fourteenth. 

1V. ADDITIONAL COMMENTS ON THE OBSERVATIONS 


In addition to the foregoing summary of general results, there are certain more spe- 
cific observations for each of the spot groups that should be pointed out at this time. 

Spot group I.—Because of clouds, the record at the McMath-Hulbert Observatory of 
the great flare of July 25, 1946, does not start until after the time of maximum intensity, 
16°30™ U.T.4 However, a series of Ha spectroheliograms, made available to us through 
the kindness of Dr. d’Azambuja, director of the Observatory of Meudon, shows the flare 
at 15537™, 16"14™, 16524™, 17532™, and 17"57™. The third in this series, at 16"24™, gives 
the flare near maximum intensity. Comparison of this spectroheliogram with the two 
later ones in the series and with the film at the McMath-Hulbert Observatory indicates 
that, as the flare faded, there was not only the appearance of the great curved arms but 
also a marked lateral spread in the central portion of the flare. The extent of the spread 
can be estimated through comparison of the area crossed by diagonal lines with the 

2 This isin agreement with the findings of Waldmeier, as reported in “‘Chromosphirische Eruptionen,” 
Zs. f. Ap., 16, 276, 1938. 

3 Spectroheliograms at the Observatory of Meudon show that a large filament disappeared shortly 
after the great flare of July 25, 1946. 

4M. A. Ellison, “Visual and Spectrographic Observations of a Great Solar Flare, 1946 July 25,” M.N., 
106, 500, 1946. 
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Fic. 4.—Ha spectroheliogram of solar disk, July 31, 1947, at 1200" U.T.; spot group IT, in south- 
east quadrant, shows bright streamer. 
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central portion of the figure outlined by dashes in the map for July 25, 1946, in Figure 1. 
The former shows the extent of the flare at 16°24™, the latter at 17"57™. The increase in 
width was not a mere extension of the flare; at 17"57™, the central section of the flare 
was outlined by two intensely bright ridges running northwest to southeast along the 
outer limits indicated by the dashed lines, while the very center had diminished in in- 
tensity. The composite map for this area shows that the outlining ridges coincided very 
closely with the locus of flares recorded on July 23, 24, and 26. This map also suggests 
that the great spiral arms that appeared in the flare of July 25 between 16°24™ and 
17"32™ developed along axes or directions already indicated by the flares of July 23 and 
24 (note especially flare 3 on July 24). 

Spot group II.—The film for this region carries the record of another short-lived phe- 
nomenon, in addition to flares. Table 3 indicates that on July 29, 1947, flare 1, and on 
July 31, flares 2, 3, and 4 at 14"58™, 18"55™, and 20521™, respectively, were followed by 
the ejection northward of a long bright streamer or plume. In each case this streamer 
was, at first, brighter than the undisturbed disk of the hydrogen spectroheliogram and 
later became dark or bordered on the northeast (limbward) side by a large region of dark 
absorption. The occurrence of high-velocity dark flocculi or filaments shortly after the 
outbreak of flares has been reported frequently by visual observers. Furthermore, the 
phenomenon is recorded on a number of our motion-picture films. The fact that these 
ejections in spot group II appeared bright gives them their special significance. Some 
of the films seem to indicate that certain flares are the root-points or bases of surges (see 
Table 3, August 1, 1946, flare 2; August 18, 1947, flare 1) and that the high-velocity dark 
flocculi are the surges seen in projection on the disk. It is possible that the bright streamer 
is the disk counterpart of one of those rarer surges which are much more brilliant, when 
seen at the limb, than is the usual surge. 

On July 31, 1947, at 12"00™ one of the authors observed at the spectrohelioscope still 
another case of a flare and subsequent bright streamer in spot group III. The small-scale 
Ha spectroheliogram of the entire disk, taken at this time and reproduced in Figure 4, 
shows the bright “feather” extending northward from the flare in the plage region. The 
bright streamer appears as bright as a plage but not so bright as a flare. The fact that 
the streamer followed apparently the same path at each ejection should be noted. The 
path of the bright ejection and the flares that occurred in it on July 29 and 30 give to 
the composite map of Figure 2 a curved portion suggestive of the great arcs described by 
the flare of July 25, 1946. 

Spot group III.—The composite map for this highly complex and multiple spot group 
illustrates very clearly the closeness with which flare regions are duplicated on successive 
days. It should perhaps be noted that the greatly “preferred” region, centered at 12° N. 
and 12° E. in this map, lies relatively far from the direct line between any two spots. 
The nearest spot, 11° N., 9° E. is the principal feature of the unipolar spot group, Mount 
Wilson 8768. 

Further analysis of these films is being undertaken. It is hoped that the work will yield 
more detailed intensity measures, light-curves, and certain spectral variations. 


The authors wish to express their sincere appreciation to all their colleagues at the 
McMath-Hulbert Observatory; it is only through the co-operation of the entire staff that 
material such as that used in this study could have been secured and analyzed. They 
wish to thank Dr. Seth B. Nicholson, of the Mount Wilson Observatory, for providing 
detailed magnetic data for the spot groups studied, and Dr. Lucien d’Azambuja, 
director of the Observatory of Meudon, for making available the spectroheliograms of 
the great flare of July 25, 1946. Furthermore, they wish to express their gratitude to 
McGregor Fund of Detroit for continuing grants-in-aid in support of the work of the 
McMath-Hulbert Observatory. 
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ABSTRACT 


The hydrodynamical model of a stellar system has had its most detailed discussion in the hands of 
S. Chandrasekhar. This treatment consists of smoothing out the mass distribution into one possessing 
no granular structure and of considering the possible states of such distributions. This can be done in a 
most elegant and compact way if advantage is taken of the notation and methods of the tensor calculus; 
for the equation of continuity in phase space can, under the assumptions made by Chandrasekhar, be 
broken down into four sets of equations having, in the static case at least, immediate geometrical inter- 
pretation. The object of this paper is to formulate the theory from this geometrical] point of view. In a 
succeeding paper some further consequences of this viewpoint will be developed. 


I. GEOMETRICAL PRELIMINARIES 


To facilitate the writing-down of the equations describing the stellar system in a mini- 
mum of space and with a maximum of clarity, the tensor notation as used by L. Eisen- 
hart will be adhered to throughout. The salient features of this notation will be indicated. 
For a detailed account see Eisenhart’s work.! 

The co-ordinates of a point in space will be denoted by x‘ (¢ = 1, 2, 3). The square of 
the distance between two neighboring points is given by 


3 
ds?= \* g:jdxidxi = gijdxidx’. (1-1) 


i, 7=1 


The identity sign is used to indicate that repeated indices of opposite character (super- 
script or subscript) are to be summed over the range of the index, in this case from 1 
to 3. (Latin indices will always have this range.) Superscripts denote contravariant in- 
dices, while subscripts denote covariant ones, the two transforming contragrediantly 
upon change of co-ordinates. Occasionally it will be necessary to introduce scalar in- 
dices, i.e., indices which do not indicate tensor components but which label separate 
vectors, tensors, etc. Greek letters will be used for these, and their range will be stated. 
Greek indices do not, of course, enter into the expressions for co-ordinate transforma- 
tions. 

Because the tensor notation used here is valid not only in any Cartesian co-ordinate 
system but also in any curvilinear one, the metric tensor, g;;, can have components other 
than 1 (¢ = 7) and 0 (i ¥ 7); the determinant of g cannot, however, vanish anywhere. 
Also, in curvilinear co-ordinates, ordinary derivatives must be replaced by covariant 
derivatives which reduce, in Cartesian co-ordinates, to ordinary derivatives. These co- 
variant derivatives will be denoted by a comma preceding the index of differentiation. 


Thus 


np = SM f Eh, (1,2) 


oxi lij 


* This contains part of the substance of a thesis submitted to Princeton University in partial fulfil- 
ment of the requirements for the Ph.D. degree. Professor H. P. Robertson originated this formulation of 
the problem and presented it to the American Philosophical Society in the fall of 1940. 


t Now at the University of Pittsburgh. 
1L. P. Eisenhart, Riemannian Geometry (Princeton: Princeton University Press, 1926). 
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where the Christoffel symbol is defined by 


l on Sis O Zim O Zim et) 
1agh 8” oor at ae) — 


Equations (1.2) and (1.3) will not be needed explicitly but would be needed in actually 
evaluating derivatives in curvilinear co-ordinates. 


Il. DYNAMICAL POSTULATES OF CHANDRASEKHAR 


The dynamics of stellar systems proposed by Chandrasekhar rest on three postulates. 
These and their observational justification are discussed in detail by Chandrasekhar.? 
Here they will simply be stated as postulates. 

1. At each point in space there may be defined a “local standard of rest,” the centroid 
of the motion of the near-by stars, whose velocity in a fixed co-ordinate system is a con- 
tinuous function of position. This velocity is denoted by u). Its variation with the co- 
ordinates gives rise to the differential motions of the system. 

2. The motion of the stars relative to the local standard of rest is given by a “general- 
ized Schwarzschild distribution,” ellipsoidal in form. If dN is the number of stars in a 
spatial range between x‘ and x‘ + dx‘, with velocities between u‘ and u‘ + du‘, then 


dN=y (x, u, 1) VgdxV edu, (2.1) 


and the distribution function is of the form 


¥(x,u,t) =~ Oto), 
where 
Q = a;; (u* — u}) (ui — 3) 


and 
o=a (x,t). 


The Q is a quadratic form, symmetrical and positive definite, and therefore describing 
an ellipsoid in the residual velocities; o is related in an unspecified way to the spatial 
density of stars. 

3. The motion of an individual star is derivable from a potential function, V, depend- 
ing only on the co-ordinates and the time, V(x, ¢). This third postulate implies that the 
distribution function satisfies an equation of continuity in phase space; namely, 


oy i oy , OW _ ( 
get ™ gare nao 2.3) 


where the p; are the momenta conjugate to the x‘. The Lagrangian per unit mass is 
L=T-V 


= giju'ui—V. 


The Hamiltonian per unit mass thus is 
H=ig"pipjt V; 


2 Principles of Stellar Dynamics (Chicago: University of Chicago Press, 1942). 
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and the equations of motion are 


, OH 1 
u’*= ry i gp; 


— p= So = Hyi= Vis. (2.5) 


(This last equation holds even when g;; depends on the x‘, since the covariant derivative 
of gi; vanishes in all co-ordinate systems.) Before explicitly carrying out the differentia- 
tions in equation (2.3), it is convenient to define some new quantities. Let 


A; = a; ju} ; 
Qo = aj juiui = Ajui, 
—x=Q+¢. 
QO = a;;u'ul — 2Aju'+Qp. 


Then 


With these definitions equation (2.3) becomes 


dy dail OAi x ree | 
d(O+ co) (> pip; — 2 —- pi) 4 (a sk Pip; 2A' Pi X>k) u* 


(2.7) 


+ (2a%p; — 2a") pr | ae. 


The equations of motion allow the elimination of u* and p* in favor of p*, and then the 
coefficients of the various powers of p’s must vanish separately. This process yields the 
equations obtained by Chandrasekhar, namely: 


Qijnnt ors, ;+0n.¢=0, (2.8) 


04;; 
Anji tani=sr, (2.9) 


1 dx 
PG ae Se ee 
A.V’, 2 at’ 


(2.11) 


0A; 
Ly + in 
2Xi ai.) ’ at ° 


Since our present concern is with the steady state, all the partial derivatives with respect 
to the time will be put equal to zero. The equations to be discussed are thus 


Qijet Oi jt en, =O, (2.12) 
Ay; +4;,,=90, (2.13) 
A.V,'=0, (2.14) 

Xx itanVv,'=0. (2-15) 


III. DISCUSSION OF THE EQUATIONS 


The four tensor equations, (2.12)—(2.15), are really a set of twenty partial differential 
equations, which lose their ease of interpretation when considered individually in that 
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manner. Taken together, these equations imply the existence of two integrals of the mo- 
tion: 
=Awu', (3.1) 
I, = a,ju'ui— x. (3-2) 
These have the form of momentum and energy integrals, respectively. 
Equations (2.13) are well known in geometry as Killing’s equations and imply that 
the vector A; defines a motion of the space into itself. In three-dimensional Euclidean 
space this means that A; can be expressed as the sum of a translation and a rotation 


about the direction of translation. The canonical forms of A; can thus be written down. 
Take the s-axis of a Cartesian system to be in the direction of the translation. Then 


Ai=By, As= —Bx, As=k. (3.3) 
The possible cases are: 
B+0, k #0 both rotation and translation; 
B=0, k#0 translation only; 
Bx+0, k=0 rotation only; 
B=0, =, A;=0. 


If A; = 0, then, from the definition of A;, it follows that either «} = 0 or det a,; = 0. 
Equation (2.14) states that the motion 4; lies in an equipotential surface, or that V is 
invariant under the motion A;. The four cases above thus correspond to the four forms 


of potential: 


V=V (2492, s+ 5 tant2), 
B x 

V=V (x,y), 

V = V (x?+ y’, 2), 

V = V(x, y, 2), 


respectively. Of these, only the third and fourth can represent systems in a steady state 
with a finite density of stars, for only these have closed equipotential surfaces. Equi- 
potential surfaces extending to infinity provide energetically possible paths for diffusion 
of stars to infinity, thus reducing the density to zero. 

The vector 4; can be expressed in terms of the generators of the Euclidean group of 
motions in an invariant way. These generators are most easily defined in Cartesian co- 
ordinates and obtained in other co-ordinates by means of a co-ordinate transformation. 
In Cartesian co-ordinates they are 


Translation: n% = 6¢ a) (3.5) 


Rotation: f= —e(aij) x’. (3.6) 


+1 | | even | 
Here the symbol e(aij) = 4 —1 > when (aij) is obtained from (123) by { odd | per- 
0 | no 
) \ 
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mutation. (In general co-ordinates there is a tensor, e, defined by 
Vge(ijk), 
Pa c.. e(ijk). 
ae 4 


é 


Note, however, that the motions yf and £ are not defined in general co-ordinates by 
equations (3.5) and (3.6) with e(aij) replaced by the tensor e¢; for a is a scalar index and 
does not appear in the expression for a co-ordinate transformation. We shall make fre- 
quent use of the antisymmetric tensor ¢, however.) Thus 


A; = pant + ga§? . (3.7) 


Equation (2.12) is a condition on the velocity ellipsoid alone, independent of the form 
of the potential. The integration of this equation can be carried out. To do this, write it in 
the form 

(Qik, s+ 5 Gij,k) + (jk, ; + 5 Aji. k) =p ee (3.8) 


which is equivalent to equation (2.12) because of the symmetry of a;;. Equation (3.8) 
shows that a;;,; + 3a;;,, is antisymmetric in 7 and j. Therefore, we may write 


Qik, jt Z4ijin= — 3 b%e,;; . 3.9) 
To justify this, multiply through by e"’’ and notice from the definition of € that it fol- 


lows that 
é,jxe "= 


€; xe"? 


Then from equation (3.9) we obtain 
— 3hm= 


kK 


which gives an explicit expression for the 6’s. From equation (3.10) it follows that d”* = 0. 
In equation (3.9) interchange 7 and j, multiply by 2, and subtract the result from 
equation (3.9), obtaining 
Gijn = O%,;; = 2 bea ik 


b%€,,; Si 2 Bea jh ’ 
so that, averaging the two expressions for a,;,,, we get 


Qijk= — Dean — bre 


Differentiate equation (3.11), 


Qj0= —O eo — % fap - 


Multiply by e*! and.sum over & and /: 


Ca e='4 b €xik be éaik) 


=f + F- =F 
is aj j, 


'y 
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Put r = i and remember that 67 = 0. Then 
O= & 


j,6° 


Finally, therefore, 
b: yh br ;= 0. (3.12) 


In Cartesian co-ordinates this means that, for each value of r, 6 must be a Euclidean 
motion. With this fact, equation (3.7) can be integrated immediately. The final result is 
that 

jj = aepNn8 + Bop (nZEe+ 0&2) + YeoksE? » oan 


where the coefficients are subject to the condition that 


Aep = Apo , Yoo = Yoo, D> Bee = 0. 
¢ 


There are twenty constants in all. 

It is of interest to note that this solution of equation (2.12) also holds in the non- 
static case because of the identical forms of equations (2.8) and (2.12). When equation 
(2.9) is considered along with equation (2.8), it turns out that the yo, of equation (3.14) 
are constants but that a,, and §,, are arbitrary functions of the time. 

Equation (2.15) remains to be discussed. This equation is called by Chandrasekhar the 
“condition of compatibility.” It alone connects the velocity distribution with the poten- 
tial and with the spatial density of stars. If the velocity distribution is spherical, i.e., if 
a; = Ag;;, then equation (2.15) puts no condition on the potential, for x is an unspeci- 
fied function. Other forms of the a;; will put limitations on the possible forms of the po- 
tential. 

Since the function x is unspecified, it is better eliminated from equation (2.15). This 
can be done by taking the curl of both sides of the equation, since the curl of a gradient 
vanishes. Thus 

4 (aiV,),;=0. (3.15) 

Any further analysis must start from a restriction either on the velocity ellipsoid or 
on the potential, since the general theory stated here contains nothing beyond equation 
(3.15). Chandrasekhar has gone further in the time-dependent case by restricting the 
velocity ellipsoid to be a sphere.? The other approach, that of restricting the potential 
and finding the permissible forms of the coefficients of the velocity ellipsoid, is also of 
some interest and will be the one taken here. The program of this paper and ofa follow- 
ing one is to consider equations (2.12) and (2.15) or (3.15) independently of equations 
(2.13) and (2.14), but in conjunction with additional conditions on the potential V, to see 
what forms of the a,; are possible. 


IV. THE COMPATIBILITY CONDITIONS 


The compatibility conditions, equation (2.15), may be written according to equation 
(3.15) as 
eiiq! ; V, teria! V,yw=90 (4.1) 


This is to be considered as an equation for the a;; when V is a function arbitrary except 
for certain restrictions explicitly applied. Suppose these conditions to be linear homo- 
geneous equations of the first and second order, namely, 


cV,,=0 (a=1, 2), (4.2) 


dlrVy,,+dly, = 0 Dee ay eee (4-3) 
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Equation (4.1) is not to restrict V in any way not already contained in equations (4.2) 
and (4.3). One consequence of equation (4.2) is 


of, Vir t ors = Or. (4.4) 


We now assume that equations (4.2), (4.3), and (4.4) form a complete set of equations 
in the sense that no new relations of the second order can be obtained from them by dif- 
ferentiation and elimination of higher derivatives. Then equation (4.1) must be a linear 
combination of these equations, namely, 


Me (c#"V, ) + NP! (C84 Vy + 8° V, os) +BR (ATV, + aTHV, 4) =O. 45) 


Since equation (4.5) is an identity in V, coefficients of various derivatives must vanish 
separately. Thus we get 
eat + tar = N2* 6°? +4- Nr ¢** -+- 2Brd I'rs . (4.6) 


piiqr = Par Tps rar pair J 
ea: . M? ce + N? cer +Brd : (4.7) 


TWO LEMMAS 


In discussing equation (4.6), two lemmas will prove useful. 
Lemma 1.—Given the quantities of c’ and A” such that 


Avt=c'N?+cN’, 
then 
c8Arts cf (Atte, —f Ate’) + 6° (Ac, —h Alc’). 
Proof: 
At=2¢,N', 
Atte,=c"(c,N*) + c?N’, 
c?N’= A'tc,— gAic’. 
Substitute this in the definition of A, and the lemma is proved. Note also that 
A'*¢,¢,=2¢°N'C,= cA’. 


Corollary: Tf 
cNt+c:N’'=0, and c?0, 
then V* = 0. 
Lemma 2.—Given the quantities c*’ (a = 1, 2), where a is a scalar index, such that the 
matrix ||c*"|| is of rank 2 and that 


Arts cv N?+ oN’, 
then 

A w= cer As Cat + c#* A ne Cat _ car (Bs Cam Cin A wae 
Proof: Define the quantities P** by 

PB = car ch = Phe, 
r 

The determinant |P*4| differs from zero, since the matrix ||c*’|| is of rank 2, as may be 
shown by use of Schwarz’s inequality. The quantity P* thus has a unique inverse de- 


fined by 
PPyg = 65. 
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The quantities P** and P.g may be used to raise and lower Greek indices, except through 
a sign of differentiation. The P* and P.g are invariant under transformations involving 
Latin indices. Now 


A "eo Cas = A” ( Car N5) + N° . 


Therefore, 
Nr = At* Ca, — Qag c8" ; 


where 
Qap = CaN 5 : 
Qap + Opa = A” Car CBy - 


Substituting the expression for NZ back in the definition of A’ and using the above re- 
lation, the lemma follows. 
Corollary: If A™* = 0, then Qug = —Neag, and 


Nr= Nego* , 
where éag = +1 asa, B is an even or odd permutation of 1, 2. 


V. ONE FIRST-ORDER CONDITION ON V 


In Section IV it is shown that the conditions of compatibility connect the form of 
the a;,; with the restrictions which are placed on V. The general theory imposes one con- 
dition on V, namely, 

AiV,'=0. (5-1) 


This condition is already enough to show that the a;; will never be restricted to the form 
Agi; unless the vector A; vanishes. 
In this section we shall consider that V is subject to the condition that 


c’V,,-=0 (5-2) 


and to no other. This condition states that c” is a vector which lies everywhere in the 
equipotential surfaces. We shall show that, as a result of the conditions of compatibility, 
the c” must be a Euclidean motion and that the a,; are given by 


ai;= A Si tBeic;, (5.3) 


where A and B are constants. Since equation (5.2) is the only condition on V, if A; does 
not vanish, it must be parallel to c,; for, as far as equation (5.2) is concerned, c; may be 
replaced by any nonvanishing vector parallel to c:. 

Suppose, then, that equation (5.2) is the only condition on V. Then from equations 
(4.6) and (4.7) we obtain 


eas + eat _ Nes cr’ os N?'c? ; (5.4) 


etar = Mrc’+ Pi at ape (5.5) 


Apply lemma 1 to equation (5.4) with A” replaced by A?” for each value of p, and with 


Aprt = eirge+ ar. (5-6) 


From the definition of 4”” it follows that 


Att = 0 = AP*c,¢,, 
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so that 
@*a,¢,=0, G; = alc, , 


and that 
Arte, = Parc, tera; . 
This, inserted in the statement of lemma 1, yields 


c? (Pras + tat) = cr (Paice, +ea;) + c* (Parc, + er'"a;) . 


Multiply by e,.. and sum over p. This yields 


ce? (3a7— at6r) = c (3a, — a*cy) + c*af — c*a, 6 


Multiply by g;,, sum over r, and solve for a;-: 
2 cP aj, = (C7 a% — C8,) Bix — O°CjCKE+3 C50, . (5.11) 
It can be seen from this, on multiplying by c;and summing over j, that a, is proportional 
to c.. Thus equation (5.11) reduces to 
Aij= AgistBeic;, (5.12) 
where A and B are functions of the co-ordinates. Inserting equation (5.12) in equation 


(5.4) yields 
NP? = Bec; . (5-13) 


Combining equations (5.12) and (5.13) with (5.5) shows that, since 


at. = A, 8 +B, je'cs +B (cc, pe; + 07C;. 5), 


it follows that 
A, je?" = MP? ct —B,;c" ce?) — Be (0',5¢; + €7C:, j) + Be" c;c",, 
= Mc’ ; 
where 
M? = MP —B,;ce'§ —Be’'"c,;, 5. 


Now multiply equation (5.15) by €,,sc* and sum over r: 


ctA,,8?—A,,c?=0. 
q 


First contract equation (5.16) with respect to p and qg. Then 


cA, ,=0. 
Hence 


Ay tes A = Constant . (5.17) 


The quantity B may also be chosen as a constant, by proper choice of the c’. The c” 
are important only in defining a direction in space. This direction remains unchanged if 
c’ is replaced by Ac;A ¥ 0. If B ¥ 0, A may be chosen equal to 1/+/B. The new value of 
B thus found is unity. 

From the compatibility conditions, therefore, it has been shown that the coefficients 
of the velocity ellipsoid are given by 


aj; = A gist Bei c;, 
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where A and B are constants, provided that the only condition on V is that given by 
c'V,,=0. (5.19) 
The a;; must still satisfy equation (2.12), which says that 
Qijkt ijt Opn. =O. 
Inserting the value of a from equation (5.18) yields 
BCs (Cje+ Chr 5) +6; (Cerit Cink) +e (C5 + ¢;5)] =9, (5-21) 


since, from the definition of covariant differentiation, g;;,;is zero. Letting c?A, = c*(cz,; + 
¢i,z), equation (5.21) becomes, on multiplication by c’, 


B (Cjrt Chit ciMet+ CkXj) = (). (5.22) 
Thus either B = 0 or 
Chet Chr j= — CyNum CEAd;- 


Inserting this in equation (5.21), we get 
NeCsCet MeCicgtrAje.c,=O0. 
Multiply by c’ c* and sum over j and k: 
Cr, +2c%cidjc,;=0. 
Multiply by c‘ and sum over 7: 


Hence, from equation (5.24), 


and then, from equation (5.22), 
Cirt Ch. j= 0. (5.25) 


Equation (5.25) shows that, unless B = 0, the c’ constitute a Euclidean motion and 
can be expressed in terms of the generators of the Euclidean group: 


Ci = pant t qakt. (5-26) 


As was noted at the beginning of this section, this result shows that c; and A, are neces- 
sarily parallel. That the A; must be a motion we now see to be necessary for the consist- 
ency of the theory; for equation (2.14) must hold for all cases independently of whether 
there are other conditions on V and we have just seen that, if there are no other condi- 
tions, the vector A; must be a motion, without recourse to equation (2.13). 

If in equation (5.21) B = 0, then the velocity distribution is spherically symmetric 
and the a,; satisfy equation (5.20) identically, no condition being placed on the c;. This 
means simply that if the a;; are given by Ag,;, the compatibility equations impose no re- 
strictions on V whatsoever, a conclusion previously noted. 

From the value of a;; given by equation (5.18) the expression for other quantities oc- 
curring in the theory may be obtained. From equation (2.15), which states that 


ae 4x, = Gy r. ’ 
it follows, on integration with equation (5.18), that 
x = 2AV-+ constant . 


There is an integral of the motion given by 
J= cut ; 
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since dJ/dt = 0. The integral of the motion J2 given by equation (3.2) is now 
I,= a;ju'ui — x 
= A (u?+2V) +BJ’. 


If A; ~ 0, then A; = c; for a proper choice of c;, and J = J; as given by equation (3.1). 
From the definition of A; the velocity of the local centroid, uj, can be found to be 


(5.29) 


Ay = ¢; = aijui= (A gistBeic;) uj, (S.30) 
from which 
per Re 
A+Bc?’ 


provided that |a,;! + 0. The motion of the local centroids is thus parallel to the direction 
c‘ and is therefore in the equipotential surfaces. 

The determinant |a,;| cannot vanish, for this would make the velocity distribution 
meaningless. At a point in space the tensor a;; can be put in diagonal form by proper 
choice of Cartesian co-ordinates. If |a;;| = 0, one of the diagonal elements must vanish 
—say, @33. This means that Q is independent of uv’, and therefore so is the distribution 
function. But the expression for the number of stars in a volume containing this point in- 
volves the integral 


uj = (5.31) 


fa (+c) du’, 


which is not finite unless Y vanishes. Thus the determinant |a;;| is different from zero. 
The fact that V is invariant under a motion of the space into itself restricts V to one 

of two canonical forms: 

(A) Ai= By, A:= —Bx, A;=k. (5.32) 


This means that V is invariant under a screw motion about the z-axis of a Cartesian co- 
ordinate system. Then 


V=V (at+97, i+5 tan! *). (5-33) 


If k = 0, the pitch of the screw is zero, and 

V = V (x?+ y?, 2). 
(B) A=0, Ae=0, A;=5. 
V is invariant under a translation in the z-direction, so that 


V = V(x, y). (5.36) 


From elementary considerations, only one of these is conceivable for a system con- 
fined to a finite volume and in a steady state. This is equation (5.34), since none of the 
others has closed equipotential surfaces. 
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ABSTRACT 


The presence of metallic lines in the spectrum of certain white dwarfs seems inconsistent with the 
assumption of gravitational sorting of the elements in the outer, nondegenerate part of these stzrs. ‘The 
theory of this sorting, which has been developed previously, is used to analyze this problem. For sim- 
plification, the elements other than hydrogen have been replaced by a mean element, which has been 
taken to be oxygen. The results indicate that, unless the metallic abundance is very high or very low, a 
stable equilibrium is not easily reached, since the rapid increase of the opacity with depth, due to the in- 
crease of the metallic concentration with depth, makes the radiative layer unstable against convection. 

Specifically, if the density gradient is continuous at the interface between an upper convective and a 
lower radiative zone, it is found that, for a metallic content 1 — X between 0.000064 and 0.086, the 
radiative zone is unstable. This instability can be avoided by the introduction at the interface of a dis- 
continuity in the density gradient, associated with a discontinuity in the gradient of molecular weight. 
However, the increase of opacity with depth again produces instability a short distance below the inter- 
face, resulting in another convective zone. The stratification of the star with a great number of alterna- 
tively radiative and convective zones may be possible. The number of these zones depends upon the 
metallic content in the Unsiéld convective layer and upon the magnitude of the discontinuities in the 
density gradient. The value of these discontinuities seems to depend upon the history of the star. 

These results do not hold if the metallic concentration 1 — X is so low at the surface that the critical 
value 0.000064 is reached in regions near degeneracy, where the density is so high that conductivity 
reduces the temperature gradient and produces sta bility. 

In the case of van Maanen 2, the metallic concentration in the atmosphere is likely to exceed the upper 
critical value, 0.086. In this case there is only one convective zone, the Unsiéld zone, which is shown to 
extend from the surface to the depth where the temperature is 800,000°. The centre] temperz ture is about 
50 10° degrees, and the hydrogen concentration is about 10-8 at the depth where degeneracy begins. 
This model is compatible with the observed energy production and the presence of metallic lines in the 
spectrum of van Maanen 2 


I. INTRODUCTION 


The apparent difficulty of reconciling the presence of strong metallic lines in van 
Maanen 2! with the theories of energy production and of gravitational sorting for that 
star® has led to the present study. 

The model of white dwarfs, proposed by the author®’ and comprising a core of heavy 
elements surrounded by a pure hydrogen layer, explains the energy production of these 
stars on the basis of thermonuclear reactions.” In the particular case of van Maanen 2, 
the model which has been proposed has a thin hydrogen envelope at a low temperature 
(5,000,000°), degenerate almost everywhere; and the energy production is due to the 


proton-proton reaction. 
The theory of gravitational sorting of the elements in an atmosphere in radiative equi- 
librium accounts for the assumption of a pure hydrogen layer.‘ It shows that the concen- 


* A great part of this work was carried out at the Institut d’Astrophysique, Paris. 

t On leave from the Institut d’Astrophysique, Paris, during 1948-49. 

1 Kuiper, White Dwarfs (‘‘Actualités scientifiques et industrielles,” Vol. 903 [Paris: Hermann, 1941)). 
2 Schatsman, Ann. d’ap., 8, 143, 1945. 


3 Le Spectre des naines blanches et leur débit d’énergie (Copenhagen [in press]) ; “The Spectrum of White 
Dwarfs,” Nature, 161, 61, 1948. 


4Schatzman, Le Triage des éléments dans une atmos phére non isotherme, C.R., 225, 990, 1947. 
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tration of heavy elements decreases extremely quickly in regions in radiative equilibrium. 
For instance, in these regions of almost pure hydrogen, where the electronic gas is non- 
degenerate, the concentration of the positive ion of calcium, Ca*, decreases as the tem- 
perature to the power 287.25. A slight variation in altitude in such a region produces a 
radical elimination of any metallic atom. This result, which explains the general absence 
of metallic lines in the spectrum of white drawfs,' appears at first sight to be quite ir- 
reconcilable with the conspicuous presence of broad metallic lines in the spectrum of van 
Maanen 2.! 

This contradiction can be avoided if we suppose that convective currents transport the 
elements from the inside of the ster toward its atmosphere.’ It is easy to show that the 
weakest convective currents may be powerful enough to weaken the gravitational sort- 
ing. It is sufficient for this purpose to consider the time scale of the diffusion processes. 
The phenomena of diffusion over a distance AR reach a state of equilibrium in a time 
whose order of magnitude is D-'(AR)*, where D is the diffusion coefficient. We are con- 
cerned here only with the outer parts of the star, whose geometrical dimensions are quite 
small; in the inner regions of the star other phenomena exhaust the hydrogen.® With 
D = 1,5R = 3 X 10’ cm, we get a time of several ten million years. It is quite clear that, 
whenever the speed of the streams is low, any phenomenon of convection would be more 
active than the gravitational field, unless we consider layers of only a few centimeters in 
thickness. 

Consequently, wherever the source of energy production may be, we must in any case 
analyze the conditions under which convective zones will exist in white dwarfs. As a 
necessary first step, Section II gives the formulae for the gradients of temperature and 
of mean molecular weight as functions of the chemical composition. Section III is essen- 
tially devoted to the study of the convective zones. It is shown that, for a certain range 
of the metallic concentration, the density gradient must be discontinuous at the inter- 
face between an upper convective zone and a lower radiative zone in order to provide 
stability in the underlying radiative layer. In that range of concentration in metallic ele- 
ments, a stratification of the star with a great number of alternatively convective and 
radiative zones may be possible. Section IV applies these results to van Maanen 2. A 
new atmosphere model has been calculated to determine the precise position of the bot- 
tom of the convective zone. A brief study is made of the energy production of that star. 
The new structure is compatible with the observed energy production and with the 
presence of metallic lines in the spectrum of that star. Section V summarizes the results. 


II. THE SORTING IN RADIATIVE EQUILIBRIUM 


1. Relations deduced from the sorting—We shall assume that only two elements are 
present, in order to use analytical expressions and to avoid extensive numerical calcula- 
tions. These two elements are hydrogen and a typical mean element, viz., oxygen. Under 
these conditions, the rigorous formulation given in a previous publication? for the sorting 
becomes much simpler, and a parametric representation can be obtained. 

We shall always suppose that oxygen is completely ionized, without, however, making 
that assumption for the absorption coefficient (§2 of this section). The numbers of 
hydrogen nuclei, oxygen nuclei, and electrons are given by: 


Ti 


Anyg= piXi ne UV, (1) 


5 Schatzman, ‘‘Reactions thermonucléaires aux grandes densités,”’ J. de phys. et le radium, sér. VIII, 
9, 46, 1948. 


6 This value has been obtained by a rough estimate of the cross-sections for a 90° deflection, supposed 
to occur when the potential energy at the distance of approach equals the mean kinetic energy. 
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T; 
AHn,= pi (1 — X;) T Ay =. 


Hn, = Pi ates . y 


respectively, where U represents the influence of the gravitational field and V the influ- 
ence of the electrostatic field. We have 


v= eal — ft 


24 


where pi, X;, and 7;, at the altitude z;, are the initial values of the density, the hydrogen 
concentration, and the temperature, respectively, and V is defined by the condition of 
electrical neutrality: 


ET Mees 


-1 
2 , eth 


ansovese 


rT; 
T q Pi(l — Xi) UAV 2 = pi 


1+ X; 


XUV +5(1-X,) UAV 2 = me 


2 


For Z = Z;, U = 1, and, as Z/A = 3, we also have V = 1. Hence we set 
UV=y, 
U4y4t+1=1¢,; 


and equation (5) yields 


ot e, (8) 


Xiyt4(1—X)tIV t= 


If equations (6) and (7) are used to express V in terms of y and /, the equation finally 
becomes 
(1+X;) —(1—X,)t 

2X; ; 


yitlay(z—1)) = fi/ 2-1) 





In terms of y and ¢, we have 


— ei(1— Xi) T; 
pe ie 


_ pi(1+Xi) 


Z/(Z—1)a,— A/( Z—1) 
L276 by AM j 


“ p (Z “1)y— A/( 2-1) F 


T 
~_—? oe 
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2. The absorption coefficient—We now investigate, in our parametric representation, 
the temperature 7(¢) and the geometric height s(¢) in the regions where the gravitational 
equilibrium is stable. For this purpose we combine the equation of transfer, 

Kk pL 


4mrr’c’ 


d 
eee oy 
77 aet) 


with equations (10), (11), and (12). 
The advantages of using analytical formulae have induced us to use Kramer’s law 
for-the absorption coefficient: 
k = xopl 3-5 , (14) 


This means, of course, that we are neglecting the “guillotine factor,” even though its 
importance could be nonnegligible. The theory of Strémgren’ gives® a value xo = 3.9 X 
10* for pure Russell mixture. This value neglects completely the absorption due to the 
free-free transitions of the electrons in the field of the hydrogen nucleus. In addition, 
for the densities under consideration this absorption is greater than the scattering by the 
free electrons, and its value for pure hydrogen is also given by Kramer’s law with 
ko = 7.41 X 10”.5 The total absorption, including the absorption by the free-free transi- 
tion, can be written: 

k= [(aX+)0(1—X))])(1+X) pT 35, (15) 
where 


a 1000 (16) 
a 


and 
a=3.7 S10? .. (17) 


These formulae mean that it is permissible to neglect the absorption due to hydrogen 
only if the concentration of heavy elements is much greater than one-thousandth. It is 
quite obvious that the use of these analytical formulae, though physically approximate, 
nevertheless does make it possible to determine the main features of the complex struc- 
tures which we intend to study. 
3. u gradient.—By means of formulae (10), (11), and (12) we can calculate the quan- 
tity 
(18) 


We remark immediately that, since the pressure is 
P= (ny+n,.+ Na) kT 


and the mean molecular weight is 
n An 
p= Nat Ana | , (20) 
Nytnat Ne 


the quantity Vu does not depend on temperature, as the temperature can be eliminated 
in equations (19) and (20) (m; is inversely proportional to 7) and consequently depends 
only on the local chemical composition. As this result is quite independent of the number 
of elements sorted by the gravitational field, Yu could also be calculated as a function 
of X alone by adding helium to the mixture. 


7 Zs. f. Ap. 4, 118, 1932. 


8 Chandrasekhar, An Introduction to the Study of Stellar Structure (Chicago: University of Chicago 
Press, 1939), chap. vii. 
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By calculating (d log P)/dt and (d log u«)/dt in the neighborhood of ¢ = 1, viz., of 
X = Xj, we obtain Vu directly as a function of X;. We can also drop the subscript i. 


We have: 
1 Z-1 (_- ek a 1+X A 
ineh Sm ey we F-T'T 
t=1 











—-X 1+X 
x++ A ™ 2 


dt 








d log wu =o (A et 


x(g4-4 alse 7 | arian 


dt) Jiny Z-1+A pe 





—i 2x Bae” 


After simplifications and taking Z = 8 and A = 16, we get 


This quantity has been tabulated (Table 1). We also have 


16 9-5X aX. 
23 X(1— X*) 9423X° 





d log P= 


TABLE 1 


(Vu grav 4 (Vu )erav 
0 D. 2.11600 
0.38508 o Saas wewrmemer 30 
0.79350 Soe ....... 1.90440 
1.20348 NP . 1.256375 
1.58700 4. Ne ay . 0.14470 
1.90744 5 i a age int a a ea 


When X is near 1 (low concentration in heavy elements), we can integrate equation (24). 
If we let the starting value of X be Xo, then we find, to the first order in 1 — X, 


(=X) ap 111 


noe P 93.37 (Xo—). 


P=P, 


This simplified relation is certainly valid up to 1 — X & 0.1, for instance. 
In the same way it is possible to integrate the equation of transfer (13) for small values 
of (1 — X). According to equation (13), we have 


B,. pP?Ts>i+xX aX+5(1-X) 
(VT)o Bo P2 T8514 Xo aXot+ b(1—Xo) * 








According to equation (25) and taking into account equation (24), we now find 


"7.5 i ites 2/23 
ses (WT) 4 FS aX + b( x) fi -2N 


TSS o 1+ Xo @Xo+ (1 — Xo) \1— Xo) 


es: 111 
23 soe zoel: 64 (Xo -x)]aa-x), 





(27) 
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After integration, we obtain YT as a function of VTo, (1 — X), and (1 — X9): 


8 
[ox+o(1— x} —x)[1 F341 - xX) --x)}] 


(28) 


’ 





Vr 
VPo (1X0) #8 [aXot 8 (1 — Xo)] +4.25079| 1 — 33 (1 — Xe) ]8 


with 


X= (1 —X)2/3{a+ 0.080795 (1—X) }— (1 — Xo) 28 {a +.0.080795 (1 — Xp) }. 


III. THE CONVECTIVE LAYERS 


1. The hydrogen convective sone.—To obtain a model of white dwarfs in which the 
metallic elements can appear in the spectrum, we must try to find the thickness of the 
convective zones. We begin with a study of the so-called “Unsdld layer,” or hydrogen 
convective zone. The depths of both the top and the bottom of this convective layer are 
dependent on the amount of energy supposed to be transported by convection or, more 
precisely, on the differences between the actual temperature gradient and the adiabatic 
gradient. This convection layer has its smallest extension if the gradient is the radiative 
one (no energy being transported by convection). If the gradient is adiabatic, the top of 
the layer rises, and its bottom sinks considerably and reaches regions of high tempera- 
ture (10° degrees or more).® 

Use of the table given by Strémgren,” the relation of Prandtl for the energy transport 
in the convective zone, and the relation of Siedentopf"' for the speed of turbulent ele- 
ments makes it possible to estimate how far the actual gradient in the convective zone 
departs from the adiabatic gradient. It does not seem that this discrepancy differs very 
much from that in the sun. The study of Biermann” shows that the gradient becomes 
adiabatic very rapidly. The recent paper of De Jager'* confirms this point of view. In 
such conditions it seems that the simplest assumption, and the nearest to reality, is to 
suppose that the temperature gradient VT is adiabatic in the whole convective region. 

2. The lower limit of the convective sones.—Certain conditions must be satisfied at the 
lower limit of any convective zone. As we suppose the diffusion very strong, we shall 
limit ourselves to models in which the chemical composition has no discontinuity. Con- 
sequently, the values of the density on both sides of the interface between a convective 
and a radiative zone satisfy the relation 


(p) aa = (p) rad ° 
As we suppose that the adiabatic relation holds in the convective zone, we have 


_(dlogp\) _ 
Vee = \d log P Pigtail 


The convective zone can stop only if in the underlying radiative zone we have 
Ve=14+Vu-VW7 20.6, 


® Rudkjgbing, Zs. f. Ap., 21, 254, 1942. 
10 “Tables of Model Stellar Atmospheres,” Pub. Copenhagen Obs., 138, 35. 

1 4.N., 247, 297, 1932. 12 Zs. f. Ap., 21, 320, 1942. 

13 Proc. Amsterdam Akad., 51, 731, 1948. 

14 We write VY = (d log)/(d log P). This notation is to be used through the whole paper. 
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where we have used the perfect gas law. The stability condition must be expressed in 
terms of density, because in the radiative zone the chemical composition of the matter 
surrounding an element in adiabatic movement is variable. 

Therefore, Vp can jump from 0.6 in the convective zone to any value between 0.6 and 
0.6 + (Vu)grav in the radiative zone. This range of possibilities, which does not appear 
in the usual case, where uv is assumed constant with depth, is illustrated in Figure 1, 
where A and B represent the upper and lower limits of the bottom of the convective 
layer. 











B 
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Fic. 1.—The logarithmic gradients of molecular weight, temperature and density, d log u/d log P, 
d log T/d log P, d log p/d log P, have been represented as functions of depth in the two extreme cases, 
A, VT discontinuous, and B, Vp discontinuous. The line R on figures 6 and c represents the radiative 
gradients in the convective zone. The line C represents the actual gradients in the convective zone equal 
to 0, 0.4, and 0.6 for the mean molecular weight, the temperature, and the density, respectively. 

The curves a and 8 represent for 1 — X > 0.000064 the actual gradients in the two extreme cases 
A and B. The line AA’ shows that Vp becomes smaller than 0.6, with resulting instability immediately 
below the boundary of the layer, while curve BB’ gives instability only at greater depth. 


We shall show, first, that for a certain composition range there has to be a jump in 
density gradient because the hypothesis of continuity in the density gradient leads to 
an unstable radiative layer and, hence, to a contradiction. 

Therefore, we consider what happens if the equality in equation (31) is satisfied. 
This equality gives 


VWF =0.44+Vu, (32) 
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where Vu is given by equation (23). We now examine under what conditions the radiative 
zone remains stable with increasing depth below the convective layer. This condition is 
dAp 
apegenees ae 
d(1—X)7 
To evaluate Vp, we must know Vu and V7. The former quantity is given in equation 
(23), while the latter may be found from equations (13) and (15), combined with the 
equation of hydrostatic equilibrium, to yield 


3 ay 
Vi = meget P as(l+X)(aX+6[1—X]). (34) 
To differentiate equation (32) with respect to X, we must also differentiate p, u, and T 
with respect to X. These derivatives may be expressed in terms of Vp, Vu, V7, and dP/ 
dX, this last quantity being given by equation (24). Finally, then, inequality (33) gives, at 
the interface, the result 


Sx 23. -7.5vp+1.4 
4 _ j 0. 

(x+ 05 oy vat iP Beas eee 

b—a 


+vu(5— ‘[b—a] did 


1— X<0.000064 (36) 


(33) 





This condition is fulfilled only if 


or if 
1—X20.086. (37) 


We examine the interval 0.000064 < 1 — X < 0.086. The quantity V7 increases when 


(1 — X) increases, viz., when we go from outside to inside, we find regions of increasing 
mean molecular weight. In the considered range of values of 1 — X, the increase of 
aX + b(1 — X) exceeds the decrease of p?(1 +X)/uT** just below the boundary of the 
convective zone, so that the gradient is not sufficiently steep to satisfy the condition 


1+Ve—-V7T20.6. (38) 


In other words, within this range of metallic concentration, the radiative temperature 
gradient is too high to permit stability because the opacity increases very abruptly with 
depth, changing from the weak absorption of pure hydrogen to the strong absorption of 
metals, as the abundance of metals increases with depth. The simplest method of avoid- 
ing this difficulty consists in dropping the equality in equation (38), keeping only the 
inequality. If, however, we suppose that Vp is not continuous and that the bottom of the 
convective layer lies below the depth A shown in Figure 1, then there is no difficulty in 
fitting a zone in radiative equilibrium to a convective zone. 

These conclusions are illustrated by the curves drawn in Figure 1. In the convective 
zone Vp equals 0.6, and the convective currents maintain uv constant. Within the convec- 
tive zone the density varies proportionally to the power $ of the temperature, and it 
follows from formula (34) that (V7),aa decreases in this region (Fig. 1, 6, curve R). As 
(Vu)grav depends only upon the chemical composition, which is the same at the top and 
at the bottom of the convective zone, the quantity 


(Vp) erav =1 + ot an deat (VT) rad (39) 


increases throughout the convective zone. The convective zone can stop at any point 
where (Vp)erav > 0.6 (Fig. 1, between A and B). That means that, at the interface be- 
tween the convective and the radiative zones, the gradient Vp jumps from 0.6 to some 
value between 0.6 and 0.6 + (Vu)grav. It is easily seen that the bigger the jump, the 
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thicker the convective zone. The assumption of continuity in Vp would lead us to a 
vanishing thickness of the convective zone and consequently would compel us to intro- 
duce an unstable region of the kind mentioned above in this paragraph. Consequently, 
we are led to admit the existence of discontinuities in the gradient Vp. 

3. Study of the radiative sones.—First, we consider the situation in which Vp is con- 
tinuous at the top of a radiative zone. We have already said that, in the case where Vp 
is continuous and where 0.000064 < 1 — X < 0.086, we cannot fit the convective layer 
of Unséld to any layer in radiative equilibrium. 

We have not studied what happens if 1 — X > 0.086, since the other cases suggest 
that then we would remain in the region of radiative equilibrium. 

If 1 — Xo < 0.000064, the increase of X may again give rise to instability. We com- 
pute the value of 1 — X at which convection reappears; we shall denote this critical 
value by 1 — X;. In the neighborhood of 1 — Xo = 0.000064 we come back to a con- 
vective zone for 1 — X; = (1+ e)(1 — Xo), in which 


0.000064 — (1 — Xo) 


€¢= 3.867 X10-5 a 





When 1 — Xo is much less than 0.000064, we come back to a convective zone for a value 
of 1 — X; given by 


1 — X,= 0.000735 — 0.000767 xX, \” 
Bit S a Bes (aaaorss) ' _ 


In Figure 2 the functional form of 1 — X, asa function of 1 — Xo is shown. A convective 
zone may be represented by any point on the diagonal; a radiative zone is represented 
by a vertical line starting from such a point and terminating at the curve. It is easily 


TABLE 2 
1-X 1-—Xo 1-X 
0.000108 
.000212 
.000537 
0.001108 


seen from Figure 2 that in this case there is no possibility of finding any other return to 
a radiative layer, because the convective layer ends for a value of (1 — X) inside the 
range 0.000064 < 1 — X < 0.086, and within this range of 1 — X there is no stable 
radiative solution, provided that the density gradient is continuous. 

Second, we consider the other extreme case, in which VT is continuous at the top of a 
radiative zone. This other case has the greatest discontinuity in Vp, that is to say, 
Vicrav = 0.6+ Vu. At the interface, V7 raa = VT aa = 0.4 (Fig. 1, point A), the smallest 
value that the radiative temperature gradient can have in the convective zone. A smaller 
value would mean a radiative flux greater than the total flux, which is impossible. Of 
course, the actual gradient must exceed the adiabatic gradient, but by only a slight mar- 
gin. Starting with a metallic content 1 — X, at the top of a radiative zone and a density 
gradient Vp = 0.6 + Vu, the gradient decreases with depth until it reaches the value 
0.6. Then a new convective layer begins, and the value of the metallic content 1 — X, 
at this point is given by Table 2. When 1 — X, can be taken equal to (1 — Xo) (1+ 6), 
an analytical formula can be given: 

529 “ 
ae (1 — Xo) 


¢=-— ee 


0.56 
400 (1 - -X,) cae 








270 EVRY SCHATZMAN 


When 1 —,_ Xo is extremely small, expression (41) can also be used. Log (1 — X;) has been 
plotted as a function of log 1 — Xo in Figure 3. Starting from a point X equal to X» on 
the diagonal of the figure, the vertical line log (1 — Xo) to log (1 — X;) represents a 
radiative zone. A new convective zone then begins, represented by a point on the diago- 
nal with Xo equal to X;. Below this we have a new radiative zone, etc. By drawing stairs 
in between the curve log (1 — X) = f[log (1 — Xo)] and the diagonal of the figure, it is 
easily seen in Figure 3 that between (1 — X) & 7 X 10> and 1 — X & 0.03 it is pos- 
sible to find about sixty alternating convective and radiative layers and that this num- 
ber may be greater, since the number of layers increases if the discontinuities in Vp are 
smaller. In that case we are very near the case studied by Ledoux." In fact, he has in- 
troduced a region with YT = 0.4, which region is certainly stable. In the case studied 
here, in which the gradient Vyu'can easily be calculated (a quantity which, in the general 
case of diffusion, is difficult to determine), it is easily seen that the region in which YT 
has a tendency to increase is populated with a number of layers alternately radiative and 
convective. It must be remarked, as a major feature, that these convective layers can- 
not increase in size unless Vpraq at their lower boundaries sinks below 0.6. It must be 
noticed that it is not excluded that all these thin layers might be mixed up by slow con- 
vective currents, producing a slightly unstable radiative zone with a constant mean 
molecular weight, that slight instability providing a continuous mixing. The bottom of 
such an unstable zone would be in the neighborhood of the degenerate region where, as 
mentioned below, the conductive transfer might overcome the radiative transfer. 

4. Effects of degeneracy.—So far we have mentioned the case in which (1 — X) in- 
creases in a nondegenerate region. If (1— X) increases in the neighborhood of a degen- 
erate region, all these results are completely changed. In fact, in the neighborhood of the 
region in which the degeneracy becomes appreciable, the thermal conductivity very 
quickly becomes the most important feature. If the increase in YT produced by the in- 
crease of the concentration of heavy elements is balanced by a sufficient increase of the 


conductivity, then the model of white dwarfs that we have used until now is still valid.” 
In particular, it seems likely that the results already given for 40 Eri B'* remain valid, 
as well as the conclusions connected with the proton-proton reaction. 


IV. ENERGY PRODUCTION 


1. An atmosphere model for van Maanen 2.—We do not want to make extensive calcu- 
lations on the question of energy production. Approximate relations will be sufficient for 
the purpose that we have in mind. Nevertheless, as the depth of the hydrogen convective 
zone depends very sensitively upon the physical conditions at its top, it has been neces- 
sary to calculate a new atmosphere model for van Maanen 2. 

The article of Rudkjgbing"’ shows that, if we wish to express the constancy of flux in 
that region of the atmosphere that is in radiative equilibrium, we are led to change the 
relation between the “ergiebigkeit” and the optical depth. By limiting himself to the 


linear approximation, he writes 
T*=Tj(1+ kr), (43) 


and, in the case of the sun, he finds that & = 2.6 gives nearly the constancy of flux in 


the region of radiative equilibrium. 
For this calculation, it is necessary to know the adiabatic relation between pressure 


and temperature in the zone of ionization of hydrogen. As Unséld has mentioned,'* the 
15 Ap. J., 105, 305, 1947. 
16 Schatzman, A p. J., 107, 110, 1948. A small numerical error in that note is without any influence on 
the final result. 
'7 Ann. d’ap., 9, 7, 1946. 
18 Physik der Sternatmos phéren (Berlin: Julius Springer, 1938), par. 93. 
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Fic. 3 
Fics. 2 and 3.—Xo being the hydrogen concentration of a radiative zone, X; is the hydrogen concen- 
tration at the bottom of the radiative zone. 
in Fig. 2 the top of the radiative zone is defined by the condition of continuity of Vp at the interface 
cf a convective zone above it. In Fig. 3 the top of the radiative zone is defined by the condition of the 


greatest possible discontinuity of Vp at the interface of a convective zone above it. 

A point 1 — Xo, 1 — Xo on the diagonal of the figures is representative of a convective zone. A 
straight line going up from the diagonal to the point 1 — Xo, 1 — Xi on the curve represents a radiative 
zone. The point 1 — X;, 1 — X; on the diagonal represents the convective zone underlying the radiative 
zone. Stairs drawn between the diagonal] and the curve would represent the successive radiative and con- 
vective zones. 

In the case represented in Fig. 2 no stable layer can exist below a radiative zone. In the case repre- 
sented in Fig. 3 a great number of alternately radiatively and convectively stable zones can exist. 
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computation of the entropy makes it possible to find the adiabatics easily. We have re- 
computed the entropy for pure hydrogen. It is easy to see that for low concentrations 
of the heavy elements the adiabatics are practically the same as those for pure hydrogen. 
Consequently, we have neglected here the presence of heavy elements in the determina- 
tion of this convective layer. An atmosphere model has been calculated for k = 2 and 
with @) = 0.5, log g =. 9.38 (Table 3).1° 

Far from the region in which the hydrogen becomes ionized, we have, for this star, 


P=10-!37%7 , (44) 
P= 10-?*-87% . (45) 
It is evident from Table 3 that the temperature at the upper boundary of the Unséld 


TABLE 3 
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layer is 11,300°. The lower limit of the convective zone is determined by the value of the 
gradient AT» at the limit, and its temperature is given by 


4A\2/7 
T= 106-23 (1 pe » i 2/7 (= . (46) 
0. 


that is to say, a temperature between 0.5 X 10° and 10° degrees. One of the consequences 
of this result is that, within this range of temperature, Kramer’s law may be used for 
the absorption coefficient. 

2. The energy production.—We need the temperature and the hydrogen concentration 
in the degenerate case in order to calculate the energy production. 

The solution of equations (11), (12), (13), and (14) when the parameter ¢ is very small 
(X very small) gives the approximate relation 


T' X’\—0.1636 
aes an 


19Tt has been verified that, with this choice of k, the radiative flux is almost constant in the outer 
radiative part of the atmospheric model calculated. Dr. Strémgren has been kind enough to communicate 
to me in advance of publication tables which facilitate considerably the calculation of the flux by numeri- 
cal methods. 
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In the atmosphere of van Maanen 2, (1 — X) seems likely to be somewhat greater than 
0.086. Consequently, the Unsdld layer is the only convective zone. Under the convec- 
tive layer the presence of regions where u varies considerably without producing large 
changes in p shifts materially the curve (7) (Fig. 4) in the direction of high tempera- 
tures. Along that curve the hydrogen concentration decreases very quickly according to 
relation (47). The temperatures thus reached in the region of degeneracy are quite suf- 
ficient to yield a large energy production by the reactions of carbon with remaining pro- 
tons. The energy production inside the degenerate region is 
R *4 


L* = 10"4TVp2 eX Te, (48) 


where X is the hydrogen concentration at the depth where degeneracy appears. A tem- 
perature T = 50 X 10° degrees, corresponding to a density p = 10‘, must involve a 
concentration X = 10~7-* in order to obtain the correct energy production of van 
Maanen 2. This concentration 10~7:*4 is reached along the curve p » T** during an in- 
crease of the temperature from 4,000,000° to 50,000,000°, this increase corresponding to 
the variation of T given by equation (47) when X varies from 10~' to 10~7-**. Thus it 
seems possible to reconcile the very high temperatures involved in our new model of 
white dwarfs with the condition that the energy production in the degenerate region be 
no greater than the observed value. 


V. SUMMARY AND CONCLUSION 


The presence of metallic lines in the spectrum of certain white dwarfs (van Maanen 2) 
can be explained only by convection currents transporting the metallic elements from 
the inner part toward the surface of white dwarfs. 

To carry out a study of the convective zones of white dwarfs, it is first necessary to 
undertake an investigation of radiative and gravitational equilibrium in nondegenerate 
regions. Formulae are given for the sorting in a nonisothermal atmosphere, and expres- 
sions are obtained for the gradient of mean molecular weight (d log u/d log P) grav and 
of the gradient of temperature (d log T/d log P) grav for a mixture of two elements (hydro- 
gen and a mean element, that element being taken identical in charge and mass to oxy- 
gen) as a function of the hydrogen content X (Sec. II). 

The study of the convective zones is based on the hypothesis that the adiabatic rela- 
tion between pressure and density holds in the convective zones. It is also supposed that 
there is continuity in composition at the interface of a convective and a radiative zone. 
If the density gradient, 


d log p _ dlogu_ dlogT 
dlog P dlogP dlogP’ 





is also continuous at the interface for a metallic content 0.000064 < 1 — X < 0.086, 
no radiative sone can exist. For that range of metallic concentration the radiative tem- 
perature gradient remains above the value 0.4 + (d log u)/(d log P) gray because the 
opacity increases very abruptly with depth from the weak absorption by pure hydrogen 
to the strong absorption by metals as the abundance of metals increases. Thus the densi- 
ty gradient remains smaller than 0.6, which is contradictory to the assumption of a radi- 
ative zone. Thus a discontinuity in the density gradient at the interface is the only alter- 
native. It is shown that the value of that discontinuity in density gradient very likely 
depends upon the whole history of the star. 


20 Schatzman. Unpublished preliminary study of the metallic content in the atmosphere of white 
dwarfs indicates that order of magnitude for the metallic content in the atmosphere of van Maanen 2. 




















5 6 7 8 log7 


Fic. 4.—The log 7, log p diagram for the outer layers of a white dwarf. The straight lines, ue = 1 
and pe = 2, are the lines of apparition of degeneracy for pure hydrogen and for heavy elements. The 
degenerate states are indicated by D, the nondegenerate states by N and D. The representative lines are 
drawn for van Maanen 2. The straight line C represents the lower region of the hydrogen convective 
zone. The curve R represents the radiative zone of increasing mean molecular weight. S is the representa- 
tive point of the surface of apparition of degeneracy. The interrupted line corresponds to the assumption 
of a radiatively stable envelope of pure hydrogen. 
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Study of the radiative zones shows that, for a metallic content 0< 1— X < 0.06, 
these zones are of a finite thickness. They alternate with convective zones, and the num- 
ber of alternately convective and radiative zones might be high. 

It is possible that the convective currents might be strong enough to mix up this re- 
gion of instability but not strong enough to carry energy. Thus a radiative zone with a 
constant chemical composition might exist, starting at the bottom of the hydrogen con- 
vective zone and ending in the region of high thermal conductivity near degeneracy, 
where the density becomes so high that the conductivity overcomes the opacity and 
forces radiative and gravitational equilibrium. 

In the case of van Maanen 2 the metallic concentration in the atmosphere is very 
likely greater than 0.06. The structure is relatively simple. The Unséld convective zone 
is shown to extend to 800,000°. The central temperature is about 50.10° degrees, and the 
hydrogen concentration is about 10~° at the depth where degeneracy sets in. This model 
is compatible with the observed energy production and the presence of metallic lines in 
the spectrum of van Maanen 2. 


I wish to thank Dr. Strémgren for very valuable discussions on white dwarfs, Dr. 
Schwarzschild for his very suggestive remarks on the regions of varying mean molecular 
weight, and Dr. Spitzer for his comments on diffusion processes in white dwarfs. 
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ABSTRACT 


The effect of curvature of the layers of a spherical planetary nebula on the fields of ultraviolet as well 
as Lyman-a radiation has been investigated by the spherical harmonic method. Allowing for the dilution 
of the radition in the extended nebular shell, it has been found that the curvature of the nebula effects an 
increase in the ultraviolet flux (by a factor of the order of 2) and a corresponding decrease in the La 
flux, as compared to the plane case. The field of La radiation in a nebula expanding with a uniform velocity 
large compared with the mean velocity of molecular motion has also been investigated. The effect of 
curvature is not manifest in the outer parts of the nebula. But the flux decreases much more rapidly 
toward the interior in the plane nebula, so that the inner parts which suffer inward radiative accelerations 
are much more extensive in the plane than in the spherical nebula. 


Chandrasekhar! has given an exhaustive mathematical discussion of the extension of 
Milne’s treatment? of the radiative equilibrium of a planetary nebula to that required 
by the Zanstra-Ambarzumian theory. Both Ambarzumian* and Chandrasekhar, how- 
ever, following Milne, have restricted themselves to the plane problem, taking account 
of the curvature of the shell only in the application of the Milne boundary condition. 
The object of the present paper is to inquire what effect (if any) will be introduced by 
the curvature of an extended nebular shell. Spherical symmetry has been assumed, for 
simplicity of treatment. 


I. THE FIELD OF ULTRAVIOLET RADIATION 


The equation of transfer for a spherical planetary nebula consistent with Zanstra’s 
theory is 


or 1—p? of j Ay X 1 rj —(r,;—1) 
‘St ge ee el eee. os 


where p is a constant factor less than unity, 7; is the radial optical thickness of the nebula 
for ultraviolet radiation (beyond the head of the Lyman series), and 7S is the amount of 
ultraviolet radiant energy incident on each square centimeter of the inner surface 
(radius=r,) of the nebula. 

We shall use the Milne? boundary conditions. There is no incident radiation on the 
outer boundary (7 = 0), and the “‘diffuse’’ flux across the inner surface vanishes. (2) 

We shall employ the spherical harmonic method‘ to the solution of equation (1). We 
may write the expansion of /(r:u) in a series of Legendre polynomials, as follows: 


10 


I(r, u) = S94 (214-1) (rn) Pilu), 


i=0 
1Zs.f. Ap., 9, 266, 1935. 2Zs.f. Ap., 1, 98, 1930. 
3 Pulkova Obs. Bull., No. 13; also M.N., 93, 50, 1931. 
4 Marshak, Phys. Rev., 71, 443, 1947. 
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I,(1) = f Punt, pds 


and /p is an integer determining the order of the approximation. 
Multiplying both sides of equation (1) by P,(u) and integrating over du, using the 
well-known relations between the Legendre polynomials, we get 


, , 1 
plain t04 Ti+i (7) +a i+ 1) (1+ 2) Ii-i(”) 
2 
1 


=1I= 1) Liar) J +107) = [plo(r) +408 3 oo Loar, 


where the primes denote differentiation with respect to r and 59; is the Kronecker delta- 
function. 
In order to proceed further, we require a variation of kp with r. We shall suppose that 


c 


’ (6) 
” 


kp= 


where c is a constant, and m > 1.° 
In the first approximation (P;), J) = 1. From equations (5) and (6) we have the 
following two relations: ' 
Hi (2) 


n n—1 
= 1,(1) +2 = h( 1) + Io 1) = plo(r) +405 Ge 


ac Kin +h(r) =0. (7a) 


The P; approximation is the same as the Eddingtonian one,* and hence the expansion 
by Legendre polynomials is the natural extension of the Eddingtonian method. It has 
the further advantage of adaptability to the geometry of the problem. 

It will be interesting to consider the application of the spherical harmonic method to 
the case treated by Milne? (p = 1). Equation (7) in this case reduces to 


2 
ri (r) +2rI;(1r) =554 Pe call 


which integrates to 
—(r,—1) 


r?I,(1r) = Constant +5 Sri f £ dr 


= Constant — 35 rj f eds 
= Constant — 3S rj gee. 
At tr = 71 (r = 7), F = 0 (cf. condition [2]). Hence we have 
2 
214 (1) =F=S3(1-€), (8) 


5 The cases for n < 1 have presumably no astrophysical interest (see Kosirev, M.N., 94, 430, 1934). 
6 Cf. Unséld, Physik der Sternatmosphiren (Berlin: Julius Springer, 1938), p. 98. 
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Equation (8) is the flux integral. From equation (7a) we obtain 


, 3¢ 3¢ ri 
Iy(”) = ie a Sal = age Se 


—(r,—1) 
P 
D ) 


’ 
whence it follows that 
T 1 — en) 


ler) = 5 Sr [4 — ar + kil. 


We determine Ko from the boundary condition (cf. condition [2]): 


0 
SJ wl (ry uw) du =0 


Now, from equations (3) and (9), we have 


3 
I(n, #) = ih+ 7 I(r) pu 


—(r,—1) 


= sn [5 — a+ ko] +5 us Ba ners, 


Applying equation (10), we get 
Ko = =3 (1 —e"). 


Substituting Ko in equation (9), we have, finally, 


—(r,;—1) 


1o(1) = Se f° 4, — ar +z gar-e) J. as) 
2 


r2 


Equation (13) checks up with the result obtained by Chandrasekhar’ on the Edding- 
tonian approximation. 

We shall now consider the case 0 < p < 1 (Zanstra-Ambarzumian theory). From 
equations (7) and (7a) we have the following differential equation of the second order 
in Io(r): 
iin) 9, Ue 


wy (9) (0+ 2) 8, (r)]-— (1 —p) Io(r) +305 


We shall suppose® the nebular shell to be extensive and measure 7 from the outer 
boundary (r— ©). We then have 


= coy il =) as 
reir VG ’ 


Equation (15) relates the constant c to the radial distance R, where the optical depth 
is unity. Substituting equation (15) in equation (14), we have 


ad? Io | 2 1 dIy ;. ee 
Be atta Oe 5055 


n si -r) 2/(n—1) 
S T P 


7M.N., 94, 444, 1934. 
8 Cf. Chandrasekhar, Ap. J., 101, 95, 1945; and Kosirev, M.N., 94, 430, 1934, 
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With the following substitutions: 
Inb=r’f(z), 2=qr, gq=v3(1— p), 


equation (16) transforms into 


“ v+1 
eee g?+y?) f= ~5 9s 3 ri goiter (=) : 


2 


3? 


d 2? 


n+1 
y= 1 lia (19) 


2(#=—1)° 


The homogeneous part of equation (18) is Bessel’s equation for a purely imaginary 
argument. We shall find the general solution by the method of variation of parameters® 
in terms of the fundamental solutions /,(z) and K,(s). Accordingly, we write 


f(s) =A (2) I,(2)+B(2z) K,(z). (20) 
Then the following equations determine A(z) and B(z): 


A'(z) I,(2z) +B’ (2) K,(z) =0, 
and 


n Phd 2/q) 2”— : 
qrtie 


A’(2) I? (s) +B’ (2) Ki(z) = ee 
Using the relation!® 
I,(2) K} (sz) — I} (2) K,(z) = —— 


and equations (21) and (22), we have 


A’(s)= 7 ee 


, 3 ri —(r,—2/q) 2” 
From equations (20) and (24) we obtain 
gte' f(s) = +95 Ox, (2 ) feted. (2) dz —Ie(2) f- eltarK, (2) de]. (2s) 


ei 


We determine the constants ¢ and c2 as follows: Since all the quantities vanish (from 
physical considerations) at s = 0(r — ©), we have, from equation (17), 


2’f(zs)-0. (26) 
But K,(s) diverges at the origin, and condition (26) can be met only by putting c. = 0. 


° Cf. Watson, Bessel Functions (Cambridge University Press, 1945), p. 345, sec. 10.7. 
10 Thid., p. 80, eq. (19). 
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We shall determine c; from the vanishing of the flux at the inner surface (71) (cf. condi- 
tion [2]). Now the flux 


1 
n= 2x f T(r, w) udu 
—j 


1 
= anf [3 1o(rs) +31, (11) w] wdy 


= 29I,(47). 
We see from equations (7a) and (27) that the flux vanishes at 7; if 
Ty (7) =(Q, (28) 
where the differentiation may as well be with respect to 7 or z (see eq. [17]). Substituting 
equation (28) in equation (25), we have 


3 2/(1—n) Pe 
§(2) = 5 BE HO [Ke (a) [ete (2) ds 


~1,(2)} fo enek,(s)dst+o(a) tI, 


21 


(29) 


where 
; af 2K. (21) +vK, (21) 
$(21) = 211’ (21) +vI, (21) 





a, 
e/42"J,(2) dz 
0 
and 
21> q7T1- 


We have replaced rj/R? in equation (25) by 77/-™, as 


R n—l 
1= (>) ; (32) 
rT) 


where 7; is the radius of the inner surface and R the radial distance at optical depth 1 


(ct. eq. [15]). 
It is easy to see from equations (7a), (17), and (27) that at r(7) 


F(2) =2eh (1) =" g “(yro]- = Jb LCS) 4 (2) ], ao 


where f(z) is given by equation (29), and 


, 3 ps SHig) "Cs ‘i : z/¢ 
J (2) =- = Tti-*) @ [xo f ev/igrT, (2) dz 


2 g’t} 


~11(2) f" esrK, (2) ds— (2) (4) | 


Z1 


Also, the radiation density 


1 1 
J(2)=5f Idu=}$lo=3r°S (2), (35) 


where f(z) is given by equation (29). Thus we have formally solved the problem in the 
first approximation. 
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On account of the hypothetical nature of the assumption in equation (6), we do not 
consider it worth while to enter into extensive numerical calculations for different values 
of the parameters p and n. As our primary object is to investigate the effect of curva- 
ture, we shall evaluate the radiation density, J;, and the flux, F, for only one set of values 
of the parameters: 


n= 3(v=$) and p=2(q=1). 


We have been guided in our choice for the first value by its astrophysical importance" 
and for the second by computational convenience. We shall also assume that the total 
radial optical depth of the nebula is 7; = 2. Note that, for the case under consideration, 
s=rT,asq=1. 

The Bessel functions J5/2(z) and K>5,/2(z) are known explicitly :” 


2 : 
I5/2(2) = v=[(1 +)sinh 2-5 cosh =] 


, _ ee 


Substituting equations (36) and (37) in equations (33) and (35), we obtain (after a 
little algebra) the following explicit expressions for the flux and the radiation density: 


F(r) =£Sryte " [7?(b6 —5r*— 17) cosh r—7(6+573+ 74 (sinh 7] 38) 
I(r) = Srie "[{b(72+3) —7r}sinh r —7 (74+35)coshr], 


m+5 


7,cosh 7; —sinh 7," 





b= rie" 
It is easy to show that!® 
J (71) 45S, as T1 > @. (41) 


We tabulate in Table 1 the functions F(r) and J(r) in units of S from 7 = 0 to r = 2, 
for 7; = 2. 

In order to compare with Chandrasekhar’s values for the plane nebula,! we shall 
have to correct our F(r) for the dilution factor 


T 4 r4 ‘ 
AN aie, (42) 
(=) 16 
Table 1 contains the corrected values as well as Chandrasekhar’s corresponding 


values of F(r). Figure 1 illustrates the comparison between the ultraviolet fluxes in the 
plane and the spherical nebula corrected for dilution of radiation. 


Cf. Kosirev, op. cit., p. 434. 
12 Cf, Watson, op. cit., p. 78. 13 Cf. Chandrasekhar, Zs. f. Ap., 9, 1935, 273, eq. (48). 
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Il. THE FIELD OF LYMAN-a RADIATION 
(a) STATIC NEBULA 
Let k. be the coefficient of absorption within the line L.. The corresponding optical 
depth 7, is 
eo 
ro f kapdr, dta= —kapdr. (43) 
Tr 


Following Ambarzumian* and Chandrasekhar,' we shall assume 


ke 
t= aah Constant = w (say). (44) 


We shall denote the respective quantities for the Lyman-a radiation by the suffix a 
and the corresponding quantities for the Milne case (p = 1) by the suffix 1. ‘The equation 
of transfer for the Lyman-a radiation is 


m of, a — kap [Ia (ta) —Ba(ra) } ° 


TABLE 1 











F(r)/S 





Chandrasekhar’s 
Dilution | Value for Plane 
soca | Nebula 


Corrected for 





0.4480 0.134 
.4312 | £35 
.4089 | .137 
.3795 .139 
. 3420 /137 

.128 

107 

0.068 
0 





Taking into account the emission in L, by absorption of an ultraviolet quantum, the 
equation of radiative equilibrium is (cf. Ambarzumian*) 


Baro) =Jo(re) +2 =P? Bir). a) 

Now F;(r) is the flux in the ultraviolet when there is no conversion of the ultraviolet 

radiation into Lyman-a (p = 1). The actual flux in the ultraviolet is F(z) (for the case 

0 < p < 1). The difference in the two fluxes will account for the Lyman-a ily As 

each ultraviolet quantum absorbed gives rise toa Lyman-a quantum, we have the follow- 
ing equation of flux in Lyman-a: 


F.a(r) = [Fi (7) “rT. (47) 


From equations (6) and (7a) we have 


1 dk 
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Fic, 1.—The flux of the ultraviolet and Lyman-a radiation as a function of optical depth 
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Also 
To = eA | 


and (see eq. [27]) 
Si: 
We get from equations (48) and (49) 


= = 3F. (50) 
= 


It should be noted that equation (50) holds both for the ultraviolet and for the 
Lyman-a radiations and can be obtained directly from the equation of transfer (45) by 
the usual Eddingtonian procedure. The two equations corresponding to equation (50) 
with the suffixes 1 and a are 

Es ine dJa 


lee $F, and -= 7F.. 


dt 
From equations (47), (50), and (51) we have 


dJa _ Va © os Fy, ($2) 
dta v.dr 
Replacing dr. by wdr (eq. [44]) and integrating equation (52), we obtain the following 
expression for J,: 


Va 
Jz=w(Ji—J)-, (53) 
Ve 


the constant of integration vanishing, on account of the vanishing of the radiation densi- 


ties at the boundary (7 = 0). 
Now, for n = 3, we have, from equation (13), 


5 
I(r) = a poe em” (9th + 1279 — 247 +24) + 24 7 


The following limiting forms should be noted for J:(71): 


J;(71) ~ i575 , as T1}7O , 


~as7i5, é ™1—0. 
From equations (8) and (15) we have (for n = 3) 
4 
F\(r) = s(=) fing rE, (56) 
Ty 

In Table 2 we give Fi(r) and J;(7) from 7 = 0 to 7 = 2 in units of S. The quantities 
F(r) and J(r) have already been evaluated in Table 1. Table 3 gives F.(7) in units of 
(va/ve)S and J.(7) in units of (v./v-)wS. The quantity Ja(71) has the following asymptotic 


form (71 ©, n = 3, p = 2) (eas. [55] and [41]): 


Ja(t1) ~ 4 wS (371-1). 


c 
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(6) EXPANDING NEBULA 


We shall now consider the case of a nebula expanding with a uniform velocity large 
compared with the mean velocity of molecular motion (see Ambarzumian*). For a 
sufficiently large velocity of expansion, we shall, in a first approximation, neglect the 
back-illumination (see Chandrasekhar'), in which case our appropriate boundary condi- 
tions will be 

2J*(71) =F*(r1); 9 J*(0) = F*(0) =0. (58) 


We shall denote the corresponding physical quantities for the expanding nebula by 
an asterisk. We can see, as follows, that F%(r) is simply related to F.(r), but the rela- 
tion differs from the plane case, in that the difference between the fluxes in the expanding 





Fi(r)/S Ji(r)/S 
0 0 
0.00020 0.00001 
-00304 .00023 
.01411 .00166 
.03951 .00643 
-08051 .01748 
. 12450 .03686 
0.12966 .06185 
0 0.07725 





aon 


to 
on 


~ 
mn 





NR RK KH OOO 
Ssarpo 








TABLE 3 








Fa(r)S“'ve/vq_ | Jalr)(wS)—'¥c/va Fa(r)S'v¢/vq 





0 0 
0.0001 0.00000 
.0014 .00010 
.0066 .00077 
.0181 .00299 
.0359 .00809 
.0537 .01646 
0.0537 02684 
0 | 0.03247 














and the corresponding static cases is not a constant (cf. Chandrasekhar, Zs. f. A p., 9, 288, 
eq. [1.8]). It reduces, however, to a constant (though a different one from that of the 
plane case), if correction is made for the dilution factor (42). 

Integrating equation (45) over the solid angle, we deduce, with the help of equation 


5] 


1dF. Fe ,, v1—p 
tas a (59) 


Equation (59) can be transformed into (see eqs. [6], [15], and [43]) 
1 dF. Fa 9% 1—- 


Pa Cu— 1) ye pw 


P Br). 
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The solution of equation (60) is easily seen to be 


. 2/(n—1) v 1-—? 2/( 1) 2/(1— a 
F.= crt -a it a [Birt des. 


v 


c 


where c is an arbitrary constant. 
The corresponding solution for the expanding nebula is 


— Pf Bir) ar me 


Since ra = wr (eq. [44]), we see from pene: (61) and (62) that 
F*(r) —Fa(r) = arV/e-, (63) 


where a is an arbitrary constant. It follows from equation (63) that for the plane case 
(n—» ©) the difference between the two fluxes reduces to a constant (see Chandra- 
sekhar!). 

From equations (51) and (63) we have 


—1 

iS F*dra=Jat jaw Ti 7 (ntl)/(n—1) | (64) 

the constant of integration vanishing on account of the vanishing of the J.’s at 7 = 0 
(see eq. [58]). 

Now applying the boundary condition (58) at 7, we determine 
Ae ( 71) 
= 5, 3n-—1 et ts _ ears Ja(11) 7 (nti)/(1—m) 
TV/O—}) — — — egg @ TN Me—D) 3Sn-1l @ E 


: 2n+1 


as w ~ 104>>1 (see Ambarzumian‘). 
Hence, finally, we have the following expressions for the flux and the radiation density, 
respectively, for the expanding nebula: 


: ete tele vz : ahi 1) 
Ti 





F*(r) =Fia(t) —z 


n+1)/(n—1) 
J*(1) =Ja(r) (0 Ja(71). (67) 
T1 


We may easily verify that in the limit, as m > ©, equations (66) and (67) transform 
into the corresponding expressions for the plane case (eqs. [104] and [105] of Chandra- 
sekhar'). 

From equations (57) and (66) we deduce the following asymptotic form for the flux 
at the inner boundary for large 71: 


Ft Mw -B5(1- 


Values of F*(7) in units of (v./v.)S have also been entered in Table 3. 

In order to facilitate comparison with Chandrasekhar’s corresponding values for the 
plane case,! we have corrected our flux values for the dilution factor (42). Table 4 con- 
tains the corrected values of the flux in Z, (in units of (v./v,).S) and Chandrasekhar’s 
corresponding values. Figure 1 graphically illustrates the comparison. 
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Allowing for the dilution factor (7/7)?/‘""» in equation (66), we have 
F*(r) —Fa(r) = (69) 


a constant, which is, however, different from the value obtained by Chandrasekhar" for 
the plane case. The two constants are equal only for m — ©. For the case considered by 
us (7 = 3), we have 

20 Wf ( T1) 

3 WTI 


F*(r) —Fia(r) = 


which differs from Chandrasekhar’s value for the plane nebula by a factor of 5. 


TABLE 4 
Fa(t)vc/vaS! Fa(r)vc/vaS™! 


‘ ; Plane ; i Plane 
Spherical (Chandrasekhar) Spherical (Chandrasekhar) 
0.3085 +0.279 

. 2859 + .239 
. 2598 + .188 
cae 123 


0.4167 0.730 
3941 691 
3680 639 


oe 

ae 

| + 

. 3340 .575 + 
+ 

Ae 

ae 


1819 
1260 


2901 495 
2342 -400 
1697 286 0615 
0.0917 153 0165 
0 0 |  —0.1082 


From our tables and graphs we may summarize the following effects in our case of 
the spherical nebula, which we may attribute to the curvature of the nebular shell: 

1. The ultraviolet flux monotonically increases from the inner to the outer boundary 
of the nebula (the plane case’ has a maximum in the range) and is greater than that of 
the plane nebula by a factor of 2-3. 

2. The L, flux for the static nebula increases as in the plane nebula monotonically 
from the inner to the outer boundary of the nebula, but is less than that of the plane 
nebula by a factor of 3. 

3. The L, fluxes for the moving plane and spherical nebulae are of the same order of 
magnitude toward the outer parts; the flux decreases much more rapidly toward the 
interior in the plane nebula, so that the inner parts, which suffer inward radiative ac- 
celerations, are much more extensive in the plane than in the spherical nebula. 


The author’s thanks are due to Dr. Donald H. Menzel for many valuable suggestions 
and helpful discussions clarifying obscure points; to Dr. Harlow Shapley for opportunity 
to work at the Harvard Observatory; to Mr. John G. Wolbach for preparing the tables 
and the figure; and to Mr. David Murcray for drawing the figure. 


14 Tbid., p. 288, eq. (108). 


'8 Chandrasekhar, ibid., p. 288. 
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ABSTRACT 


The emergent intensities in the two components of polarized light are determined for the case of an 
extended spherical atmosphere of electrons resting on a photosphere which emits unpolarized radiation. 
The problem is solved in an approximation which includes terms through P(x) inan expansion in spheri- 
cal harmonics and for an atmosphere extending to infinity, in which the opacity varies inversely as the 
square of the radius. Atmospheres are considered with total optical thicknesses, 7;, of 0.5, 1.0, and 2.0. 

It is found that the polarization of the scattered light varies from zero at the center of the star to 19, 
16, and 11 per cent at the edge of the photosphere for 7; = 0.5, 1.0, and 2.0, respectively. Beyond the 
discontinuity at the photosphere, the degree of polarization remains practically constant, decreasing 
slowly from 22 per cent for 7; = 0.5, increasing from 19 to 20 per cent before decreasing for 7; = 1.0,and 
increasing from 13 to 20 per cent and then decreasing for 7; = 2.0. In every case the degree of polariza- 
tion is approximately 20 per cent, decreasing slowly at ten radii from the center of the star. 


I, INTRODUCTION 


The transfer of radiation in a plane-parallel atmosphere of electrons has been exten- 
sively studied by S. Chandrasekhar,' with the conclusion that the emergent light is polar- 
ized a maximum of about 11 per cent at the limb. An observing program to detect this 
polarization in eclipsing early-type stars is now in progress at this observatory.” 

Z. Kopal and M. B. Shapley* have concluded, from a study of the eclipsing system 
V444 Cygni, that the Wolf-Rayet component is surrounded by an extended envelope in 
which electrons are the main source of opacity. The dimensions of this atmosphere are 
so large that the curvature cannot be neglected. To determine the degree of poiarization 
that one would expect in this case, we consider the following idealized problem: A spheri- 
cally symmetrical atmosphere in radiative equilibrium rests upon a photosphere, which 
radiates unpolarized light in the outward direction. The problem is to derive the emer- 
gent intensities of the components of polarized light for various values of the total optical 
depth in terms of the darkening law of the photosphere and for a given variation of opaci- 
ty with radius. Polarization should be detected if the atmosphere is subject to an eclipse. 

Although the polarization recently observed by Hiltner‘ in distant stars is apparently 
independent of eclipse phase and may be due to interstellar matter, the connection be- 
tween this phenomenon and the individual stars is not ruled out altogether, and the study 
of the properties of extended electron envelopes remains of more than pedantic interest. 


Il. THE EQUATIONS OF THE PROBLEM 

In the usual notation, /(r, «) is the specific intensity at the point r in a direction mak- 
ing an angle of cosine uw with the radius vector. The subscripts / and r refer to the com- 
ponents of the beam in which the electric vector vibrates parallel and perpendicular, re- 
spectively, to the meridian plane of a system of polar co-ordinates at the point r. The 

Ap. J., 103, 351, 1946; 104, 110, 1946; 105, 164, 1947. 

2W. A. Hiltner, Ap. J., 106, 231, 1947. 

3 Ap. J., 104, 160, 1946. * Science, 109, 165, 1949. 
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source functions of this problem are exactly the same as those treated by Chandrasekhar 
in the plane-parallel atmosphere. Thus we have 


ol, ,1—-w’0 = ’ ’ 
pe tN, — colt uol2 f Ti(7, h') (1 —w") dp 
-1 


Or r Op po 
+1 +1 

2 \(3u'2— 2) du’+u2 f 1,(7, 0") dp’ 

turf tila) Bu ) du! +a fe (7, u") du’ | 


and 


ol, 1 —p? ol, 3 [ +1 , , 7 , 12 ‘| 
boa. 3 . (2) 
neo roe xkpI,+ Kp ‘3 1,(1,u') dul +f Ti (7, vw’) pw dp 


Rewriting the integrals as Gaussian sums, we obtain two sets of equations: 


dl; 1—yi ol, a= 3 : ee 


+ mi >> asl, (3uj5—2) +4 d> a;I,,5| (=0,41,...,4 
7 7 





ol, 
5H (#)_ - i 8d bol Init par I, | (4) 


¢é=0, 4:1; ..., E29 


where a; = a_; are the Gaussian weights and yu; = —p_; are the roots of the Legendre 
polynomial P2,41. (Note that in this paper we shall consider odd, as well as even, Legen- 
dre polynomials, so that the notation differs slightly from that usually employed by 
Chandrasekhar.) The general procedure for assigning the proper values to the partial de- 
rivatives has been discussed by Chandrasekhar.® Each of the above equations is multi- 


plied by 2,Q,n(ui) and summed over i, giving 
d 5 1 9 ol, 5 we 
tae aii Qm (us) Ti, i a * a; (1 — w;) eon (u;) = =< 2 
XD a: Mm (ws) Les Bao] 29 Lr. 505(1 0) SY a: Qu (us) + DY ashi, 5(3u5—2) 
a 7 1 F] 
XD oui 2nd + Sani Qnud Dats] — (m=1,2,..., n+] 


and 


d A \ 1 2. G ol, 
tea Api Qm (ui) Inst 5 Qe a;(1—4y;) 2. (ui) a). 
= — Ke >, a; 2 m (Mi) Init ixel D> a;1,,.3 >, a;2 (u 4) (6) 
i 7 i 
$9511, 03S anus | [m=1,2,...,(2n+1)], 


5 Ap. J., 101, 95, 1945. Hereafter referred to as ‘‘Paper V.” 
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where 


=p? * . 
and 
ae! at luj=1. 


Since (Paper V, eq. [10]) 
ie rf) aT 
Datu) Qn ud ($2) = 40m) (52), 
i B=B ji 


ae oh ) 
‘ OP mn (ui) ee 
we finally get the 2 + 1 equations of the problem 


d 
aa" Oui Qn (udTnit— 7 Pa d= — 40D an Wd Te 


+ 2xp 32> T,, ;a;(1 —n) > 4:2 (uw) + ye aie 2m (yu) (9) 
7 a r) 


x| Sa, Ty, 5 (35 2) + d>a; Jest [m=1,2,...,(2n+1)] 
2 a 


and 


d : ? 1 nm “ : 
Fade aii Qm @)T.s+= 20 oP (ui) |  Soeires ko>, 0; 2m (ui) Ti 


(10) 


ixp >, a; 9 m (ui) }S att DY air. [m=1,2,...,(2n+1)]. 
1 7 


j 
These may be supplemented with the following relations, which os valid for both the Z 
and the r components (Paper V, eqs. [16] and [17]). Since Q,,(u,) is odd when m is even 
and the Gaussian sum of an odd power of yu; vanishes, 


d 1 
—~— + sien (ned Lt+=)) aP (ui) Il;= — «p>, 0:9 (us) 1; 


dy <a 
(m= 2,4,..., 2”). 
Further, since 
Ponsi (ui) =9, 
it follows that 


1 ic 
Z, aP.,(u;)1i,¢= se Gn (a<)2,.<=0 (m= 2n+1). a3 


a 


Because of the symmetry of the radiation field, 7; and J, are the only Stokes intensi- 
ties which we need to consider. 


Ill. THE GENERAL P3 APPROXIMATION 


We now use Table 1, adapted from Paper V, to write the equations appropriate to the 
P; approximation. Since 


* eat : for m even 
— ik t 1 + 


for m odd, 
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we have the following six equations for m = 1, 2, and 3, respectively: 
1d 1 ; 
) 7? awl, ~ > ay ily, i=-}x«p> a;1y, i+ $xp 12> I,,ja;(1—p 
i i i 7 
$3[ SJ ast.sGu}-29 + Dats] 
3 . 7 J 3 7 ’ 


lnit— awed rei 
(16) 
=e — Bee Dade tha |S alot Dy amides, 


(15) 


Ss ayer, it— Pe BHD Tse = 40S aatslus, 


awe al 


ne? mili +5 a; (3ui—1) I.6= — Kod amily, i, 


(19) 


dy Sere : sag 
DY ais (Swi = 1) Tee — «0 DY as (Sui 1) Tec tee Qa a) Tos 
i i 7 


+4xo| > ajIy, ;(34;— 2) + Ze eile. iJ, 
; y | 


TABLE 1 





and 


(20) 


2S ani (Sui—1)J,.= —«xp>. a; (5ui—1)7,.; 
+ 4x0] DS atest Sawin). 
7 F] 


The notation may be simplified by defining the following quantities 


7 leat 7s ne Iei 
2 dace > ail, = Hy; 
awh. K,; 7 oy wll = K,; 
>> awe) =Li; >> ayuil,«=L,. 
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By definition 
Do aiPs (ui) Lue = SLi - 3H, = 0 


pa a;P; (ui) a i> SL, = 3H,= 0 ° 
Equations (19) and (20) may now be written as follows: 


d d ; 
qr SL, — 3H) +2 <- md kp [Ji—$ Kit 3Jr] 


d 
(24) 


£ (SL, — 3H,) +2 — H,= xp l$J,—5K,+4Kil, 


where, because of equation (22), the first term on the left side of each is identically zero 
The six equations of the P; approximation, therefore, are 


a ~ Hi=}xplJ,—3Kil, 


a HH. = —ix«p[J,—3K,), 


B42 (3Ki-S) —«pH,, 


dr 


dK, 1 ( (3K, —J,) = —«pH,, 


dr 


d . 
77 Hi= Keli-$Kit Vil, 


and 
1 7 Hake : 
2 H,= xp (8J,—5K,+3Ki). 


IV. THE P3 APPROXIMATION FOR xp «r-8 


We shall now consider equations (25)-(30) for the case 
Kp=—5 


Defining 
dr= —xpdr, 


we find 


1 
cone — and kpr= (B-—1)r. 


B—1 ré-1 


If we define 
X,=3K,—-J; and X-=3K;-—-J;, 
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we may write the six equations of the P; approximation as follows: 


dH, __2 
dr (B—1)7 


dH, 2 
dr (B—1)r 


5 RR an 
dr 

a I. EIS 
dt (B—1)r 
dH, 


so Se Gks =o (39) 






H,= —j[(J,-—3K,], (35) 










H,= +34 (J,—-3Kil; (36) 
















A, Hy: (38) 















dH, - 
2 = 3 tS Ke— 3K. (40) 






In the subsequent analysis we shall use the abbreviations 
S=K,—K,, T=Xit+X,, and R=X,-X,. (41) 
Adding equations (35) and (36), we obtain an analogue of the flux integral 


ms 2/(8—1) 
A.+H,= A ped ; , (42) 










where F» is a constant to be determined. 
Subtracting equations (35) and (36), we find 


2 






4 (H.- H,) — (1,—H,) =3(—J,+3K,). (43) 





(B-1)7 
Adding equations (37) and (38) and using equation (41), we obtain 







" , sh ee (8B —1) r]?/6-) ; 
4 (Kit K,) - gop77 th{——] as 
This is analogous to the K-integral. 
Subtracting equations (37) and (38), we find 
dS 1 ee 
e eer gp 





which, when differentiated, gives 
ee. 
dr? (8-—1)rdr (8—1) 7? 
We obtain an expression for the derivative on the right by first adding and subtracting 
3K, inside the brackets on the right of equation (43), which gives 






kK= 4 on, —H,). (46) 
dr 


























<i Se (H,—H,) =313K-—J, +35]. 





2 
(B=1)r 
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Since equation (45) is an expression for H; — H, in terms of S and R, we can rewrite 
equation (47) as 


d 3 2 dS 2 
Gy H,) = M+ S+- 7 ere = —PBaF: 


Substituting this expression in equation (46), we eliminate (H, — H,), to obtain 


dS 1 dR 1 cee 2 es 
Wo" Gai Go Tn eae ae 


. Since 





$X,=1(T-—R), 
we obtain the following second-order equation: 


d?S 2 dS 1 dR B+1 1 
— —- — —3 —__——_. +—{IR+ 17. (51) 
dr? (B—1)rdr i: aes (B—1)7r dr @-pmt ti 

The derivative on the left in equation (39) may be found by combining equations (35) 
and (37); from which it follows that 


4 dK, _ 4 * . 
2 —___—_—___—. any 9 sail 
sete a i PV dr —Gopm * Jit Zk, aS 5. 


which reduces to 
+ 4 4 
7 Say | ee ar ae arrmeeremns ie Ah. (53) 
(8—1)7 dr (8 —1) ?7? 
Similarly, the derivative in equation (40) may be found by combining equations (36) 
and (38), giving 


4 dK 4 . - 
A Ge a eS Ln b> coal 
as. . (8—1)r dr (B — 1) ?r? Xx, gJrt5K,—2Ki, 


which reduces to 
4 dK 4 
$< — ———___. ¥, = 2X¥,4+-S. (55) 
@-i)r dr @-1)? : 
Finally, by adding and subtracting equations (53) and (55) and using equation (44), 
we obtain 
8T — 3R+S =Foc~/6-) [(B — 1) 1] @-#/E-) 
and 
* s=[3+ ‘ v3 R-1T (57) 
(B—1)7 at at ati 


Treating equation (56) as an equation for R and substituting in equation (57), we find 


as oe alt= @-r [2+a=ayrlS sib 


+ Foc-/8-0 {3 [(8 —1) 7] -8/8-D + 8 [ (B— 1) 7] 6-0-0}, 


In order to write equation (51) as a function of S alone, we require the derivative of R, 
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which, in turn, requires the derivative of 7. These can be found by differentiating equa- 
tions (57) and (58), respectively; thus, 


e 3 ae = 2 (3 — B) Foc-/@-» [(B — 1) r] 4-)/8-) 
dr dr dr 


and 
(8-1) #7243)? T= [(6 — 1) *7°+3 (6-1) oF 
—3{ (B= 1) 4144 [742 (B-1)]G—1) #74 18-168} & 
+ (B—1)*rS+ fFoe-¥O-Y { [ — 38+ 9] [(B— 1) 7] /O-—D 
+ [158+ 49][(8—1) 7] 7) + 24 (3 — 8) [(8—1) 7] OBE}, 


Substituting in equation (51), we find, after some further simplification, 


[(8 = 1) 474-43 (B= 1) 274] F3 — (2 ((8 -1) 218+ (12 -68][(8-1) 1} S 


—4{5[(8 —1) 7] 4+[29 — 28] [(8 —1) 7] ?+ (30+ 68) JS 6) 
=${ ([(8 —1) 7] 66-76-14 [11 — 48) [(8 —1) 7] @FV/E—-) 
+12[(8 —1) 7] @/@-D} ¢-2/6-0)F, . 


‘This equation must be solved under tne boundary conditions that all quantities vanish 
at 7 = Oand that, at the lower boundary of the atmosphere (the photosphere), the out- 
ward radiation is unpolarized and obeys an assigned law of darkening. 

If S is known as a function of 7, T may be found from equation (58); K; + A, then 
follows from integrating equation (44). Since K; + K, and K, — K, are then known, we 


also know K, and K, separately. 

From equation (56), we find R. Since both X; + X,and X; — X, are then known, X, 
and X,are known separately. Combining the appropriate K’s and X’s according to equa- 
tions (34), we find J; and J,. From equations (42) and (45) H, and H, may be found. Fi- 
nally, the source functions may be written as follows: 


$,=2[2VJU.-— Kd +u?(3K,—2/,+J,)] (62) 


and 


$,=20V0,+K); (63) 


and the emergent intensities may be found by properly integrating the source functions 
along the line of sight. 


V. INTEGRATION OF THE SOURCE FUNCTIONS 
Quite generally, the intensity at a point, so, is given by 


I (So) =f "$ (s) eS, nods, (64) 


where ds is an increment of length. However, in the case under consideration the line of 
sight through the atmosphere may be described by the length of a perpendicular, p, from 
the center of the star to the line. Any point on the line may be specified by the angle, 
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¢, between the line and the center of the star measured counterclockwise from the line 
(Fig. 1). Since ds = —p cosec? odd, we may now write 


6, . 
1(8, p) = fi‘ e~Sprvmmsode 3 (4, p) pap cosec? pd¢ 
6 1 
pes domncn sf e g Ko conectedg Cy (¢, p) pKp cosec? odd , 


where 6, is the largest value of ¢ along the line of sight. It is clear that we may define two 








Fic. 1.—The geometry of the integration along the line of sight 


integrals of this type, since, if 7; is the radius of the photosphere, 6, = a for p > rm, and 
6; = sin“'(p/r) for p <r. For the emergent intensity, we set @ equal to zero and obtain 


I, (0, p) = [fe ercommcresogy (o, p) pxp cosec? odo | (66) 


p>ri 


and 


sin-! (p/r,) 
I,(0, p) = Lf e EW PJ, Ke coseciode % (4, ») DK p cosec? od¢ | 


psn 


The integrals J; and J, must be evaluated separately for 3, and &%,. 
There is another contribution to the intensity for p < 7, due to the transmitted light 
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of the photosphere. If we write the law of darkening for the unpolarized photospheric 


radiation at r = 7, as 
I,=1,= 3 (1+ cos 6), (68) 


this contribution is the same for the / and r components and is given by 


6, 
13 (0, p) =} e-PS, so omeeteds (700) 4+. 70) cog 4). 


VI. THE P3 APPROXIMATION FOR kp xr” 
We shall now consider the case 8 = 2. Equation (61) now becomes 


2 
(4437) F529 Sy (Sr#+ 257?+ 42) S =} (75 4+373+127) c-*Fo. (70) 


This equation was solved by combining a particular solution of the equation 


2§$(A) (A) 
beth Og Se tee 


oo —— — 4 (54+ 2572-4 42) SA) = § (7543294 127) , 07m 


with a solution of the homogeneous equation 


29(4) (B) 
(4432) — 278 SO 4 (S24 2572442) Si) =O, (72) 
» T 
in the form 
S = c~*FyS(4)+ bS(®) , (73) 


where 6 is an arbitrary constant and S“) and S™) satisfy the boundary conditions at 
t = 0. Both solutions were found as series from + = 0 and continued beyond +r = 0.8 
by numerical methods.® 

By substituting a power series in equation (71) and equating coefficients, we find that 
a particular solution of the equation is given by the following series expansion for small 


values of 7: 
S(4)= —0.1428577 —0.10714373 —0.01461075 


— 0.000685 77 —0.00001679—.... 


(74) 


A series beginning with a term in r was chosen so that S“) would vanish at r = 0, as 
required by the boundary conditions of the problem. All coefficients of even powers of 
7 are zero, and the coefficient of 7™ for m > 5 follows the recursion formula, 


(4m? —28m+ 5) dn—-2—5dm—4 


> 12m*—12m—42 = 





The solution, 5“, of the homogeneous equation can be found in the following manner: 
Writing 
SC) = 79+ byportt?+ bparttt+..., (76) 
we find that the indicial equation is 
12s?—12s—42=0, (77) 
from which it follows that s = 2.436492, or — 1.436492. We may immediately eliminate 


¢H. er and E. A, Baggott, Numerical Studies in Differential Equations (London: Watts & Co., 
1934), p, 158, 
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the negative solution, since one of the boundary conditions requires that S‘%) vanish at 
7 = 0. With s = 2.436492, we find the following expansion for small values of r: 


S(®) = 7*4+0.21632972+2+4 0.012949 78+4 
+ 0.0003 657°+6+ 0.000006r8+8+.... 


The higher coefficients follow a recursion formula similar to equation (75). 
The S‘“? and S“) solutions may now be used to compute corresponding source func- 
tions $/*?, $f and 3{”, 3{” by the procedure following equation (61). 


VII. APPLICATION OF BOUNDARY CONDITIONS 


We may now apply the boundary conditions at the photosphere to determine c-*F'p 
and 6. We make use of the definitions of H and K: 


Hy= Hy c Fo + Hy” b= DY amit: 


1 


and 
K,= Ki) c Pot Ki? b= DS apili.. 


L 


There is a similar set of equations for the r component. The roots of P; are 0, + (0.6). 
Therefore, the summations in the above equations refer to three streams: one inward, 
one outward, and one tangential. The tangential stream contributes nothing to the above 
summations because its u is zero. The outward stream at r = 7; is given by the darken- 
ing law, 
Ti [+ (0.6)'?] = 3 [7+ (0.6)'77). (80) 
The inward strezm is not known, but it may be eliminated by adding A, and (0.6)!/?H). 
Similarly, K, and (0.6)"*H, may be combined to eliminate the inward stream in the r 
component. The resulting equations may be solved for c~*Fp and 6. These constants con- 
tain [© + (0.6)7J™ as a factor. As a result, the source functions and therefore J, and 
I, involve the same factor. 

Now that c~*Fy and bare known, 3/4), 3{” and ${*), 3{” may be combined to form 
¥, and &,. 

VIII. INTEGRATIONS FOR THE CASE kp « r~” 
Since 


c c 
vr? p* cosec? ’ 


Kp= 
the integrations of the source functions may be written as 


h=< ["e-#%3 (@, p) de 


0 


sin-!(p/r,) : 
- ¥ ‘ e—H/n § (9, p) d¢ ° 


Further 
s= }e~%/P (1 + I) cos 6), 


where 
p . 


’ 


§,= sin! 
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Evaluating in terms of the total optical depth of the atmosphere, 7, and the radius of 
the photosphere, 7, we write 
7 and p=éin. (85) 
1 
We may now write 


[f #83 (6, 8) 46 
and 

Jr e983) Odd. 
Further, 


Ti . 
T=—sin¢. 
g 
If we substitute u = cos ¢, J; may be written as 


T1 


+1 
I, (&) avy f e~79/® cosec PY (g, &) du. 
ses. 
We may evaluate this integral as a Gaussian sum 
T1(8) =F Dy acer cosec $3 (o£). 
In order to bring J, to a similar form, we transform the co-ordinates as follows: 


7 sin! ¢ 
=> —— > =Ccos Y; re ° 
1 sin ze? " 7 . < 


+1 
n=Zf, e—/EX (y, &) cosec ydn, 


or, writing as a Gaussian sum, 


t ' 
I,= y4 a; ei ¥ (y;, &) cosec ¥;. 


IX. NUMERICAL RESULTS 


I, and J, were evaluated, using the roots and weights of P; and checking frequently 
with corresponding values, using P;. In no case was the discrepancy greater than 2 per 
cent, and more often it was less. 

Integrations were carried through for 7; = 0.5, 1.0, and 2.0. Tables 2, 3, and 4 give 
I,, Iz, and I; and the degree of polarization, 5, defined as 

| Ped £ 
5 ihe (94) 


The table of 72 must be used with the table of 73 to determine observed intensities and 
polarization for p < n. 

The results are plotted in Figures 2 and 3. Although J; is not plotted separately, the 
dashed curves represent total intensities (J; + 3) for the special case J® = 0 (no limb 
darkening in the photospheric radiation). 





TABLE 2 
COMPONENTS OF J; IN UNITS OF J(%+-(0.6)!/27 
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TABLE 3 
COMPONENTS OF J; IN UNITS OF J(%+(0.6)'/27@® 
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Fic. 2.—Full curves: I, (0 < & < 1.0) and J; (1 < & < 10) in units of J() + (0.6)'/2 J(1), Dashed curves: 
I, + I; for JQ) = 0. The r and / components are indicated. Note the scale changes in both co-ordinates. 





TABLE 4 
I= AIO+BI0 
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Fic. 3.—Degree of polarization. Full curves: I, (0 < — < 1.0) and i (1 < — < 10). Dashed curves: 
I2+ Js for J) = 0. Curves / and J’ refer to 7; = 0.5; 2and 2’ to 7; = 1.0; 3 and 3’ to r; = 2.0. The 
meeting of curves / and 2 is accidental. Note the scale change at & = 1.0. 
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X. DISCUSSION OF THE RESULTS 


In every case the degree of polarization of the scattered light (J2) increases steadily 
from zero at the center toward the edge of the photosphere. The r component of J; has 
a greater variation than the / and always increases, whereas the / component decreases 
slightly before increasing. The degree of polarization at the edge of the photosphere is 
19, 16, and 11 per cent in the scattered light for 7, = 0.5, 1.0, and 2.0, respectively. These 
values are reduced when the total light is considered because of the transmitted unpolar- 
ized light, J. It should be recalled that 11 per cent is the degree of polarization found by 
Chandrasekhar at the limb in the plane-parallel semi-infinite case. 

In the atmosphere observed beyond the edge of the photosphere (J;), the r and / com- 
ponents decrease rapidly, the r component remaining the greater, but the degree of polar- 
ization varies only slightly. For 7; = 0.5, the polarization falls from 22 per cent at the 
edge to 20 per cent at ten radii from the center. For 7; = 1.0, the polarization increases 
from 19 to 20 per cent before decreasing slightly; while for 7; = 2.0, the polarization in- 
creases from 13 to 20 per cent before decreasing. In every case the degree of polarization 
is approximately 20 per cent at ten radii from the center and is decreasing slowly. 

It may also be noted that there is a tendency to decrease the discontinuity at the edge 
of the photosphere between J; and J: as the total optical depth increases. This is due to 
the fact that the contribution to J, at £ = 1 for @ > 1/2 becomes unimportant, i.e., we 
cannot see through the envelope. 


In conclusion, I wish to thank Dr. S. Chandrasekhar for suggesting this problem and 
for many stimulating discussions. I am also indebted to my wife for drawing the accom- 
panying figures. 
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ABSTRACT 


The Cameron bands (4II — !2) of carbon monoxide were photographed in emission under high disper- 
sion. From a study of their structure the following vibrational constants are derived for the ground state 
of the CO molecule: w. = 2170.21 cm—'; wx, = 13.461 cm—'; wey. = 0.0308 cm-!. The rotational con- 
stants B, for the levels v’’ = 0-4 can be represented by a formula of the form B, = B, — a(v + }). 
Finally, the present knowledge regarding the molecular constants for the ground state of the CO molecule 


is summarized. 
I. INTRODUCTION 


A band system of CO, lying between \ 2100 and A 2600, was discovered by Cameron! 
in emission in a discharge through a tube filled with high-pressure neon and traces of 
carbon monoxide. It was subsequently observed by Hopfield? in absorption. As was first 
suggested by Johnson and later confirmed by others, this is a singlet-triplet intercom- 
bination system and is due to the transition from the lower state of the third positive 
group, a°II, to the ground state, X'Z, of the CO molecule. The (0, 0) and (1, 0) bands of 
this system were studied in absorption by Geré, Herzberg, and Schmid,* who for the 
first time gave a rotational analysis of these two bands and derived more accurate values 
than existed at the time for the rotational constants of the ground state of the carbon 
monoxide molecule. Later, Geré® obtained the (0, 0), (0, 1), (0, 2), (0, 3), (1, 3), (1, 4), 
and (2, 5) bands in emission and attempted their fine-structure analysis. More recently, 
Hansche® studied intensity variations in these bands excited in the electrodeless discharge 
and by electron impact. 

The Cameron bands have for their lower state the ground state of the carbon mon- 
oxide molecule, and therefore the study of their fine structure gives us very valuable in- 
formation regarding the rotational and vibrational constants of this state. In addition, 
using these results, it is possible to predict the positions of the lines in the fundamental 
and the overtone bands of CO in the infrared, which are convenient standards in infrared 
work and for which the data in the literature suffer from some systematic errors.’ Final- 
ly, when the combination differences formed from the wave numbers published by Geré® 
were examined, it was found that errors had crept into his data on account of either 
wrong choice of comparison lines or other causes. For these reasons it was decided to re- 
investigate these bands in emission and undertake their fine-structure analysis. 


II. EXPERIMENTAL 


As has already been mentioned, the electronic transition involved in these bands is 
3]] — 12. The probability of a transition of this kind is very low. A radiative transition 
is possible if the CO in the *II state has a long enough time before impact, either with the 


1W.H. B. Cameron, Phil. Mag., 1, 405, 1926. 

2J. J. Hopfield, Phys. Rev., 29, 356, 1927. 3R. C. Johnson, Nature, 117, 376, 1926. 
4L. Gerd, G. Herzberg and R. Schmid, Phys. Rev., 52, 467, 1937. 

5L. Gerd, Zs. f. Phys., 109, 204, 1938. 

6G. E. Hansche, Phys. Rev., 57, 289, 1940; 58, 1075, 1940. 

7G. Herzberg and K. N. Rao, J. Chem. Phys. (in press). 
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walls of the tube or with other CO molecules. So these bands occur only under special 
conditions in emission.':»® 

The light-source adopted was a water-cooled Geissler tube made of Pyrex glass and 
provided with graphite electrodes. The tube had a diameter of 1.5 cm and a length of 70 
cm between the electrodes. It was set up so that observations could be made in the 
“end-on” position through a quartz window. The tube was filled with pure neon at a 
pressure of 2-3 mm of mercury, to which a very smal] amount of oxygen was added. 
Under the action of the discharge, the oxygen combined with the carbon in the electrodes 
and gave the requisite amount of CO. The Cameron bands were obtained with a current 
of about 50 mA and 7000 volts, supplied by a high-voltage transformer. Final exposures 
were taken with the 21-foot grating spectrograph of the spectroscopic laboratory of the 
Yerkes Observatory. Eastman 103a-O UV plates were used. The (0, 0) and (0, 1) bands 
were obtained in the fifth order (dispersion 0.5 A/mm) and the (0, 2), (0, 3), (1, 3), and 
(1, 4) bands in the fourth order (dispersion 0.625 A/mm). All these bands could be photo- 
graphed at one time, that is, in a single exposure. Reasonably good spectrograms were 
obtained with an exposure time of 26 hours. The discharge tube was refilled at the end 
of each hour with a fresh mixture of oxygen and neon. The bands of the fourth positive 
system of CO which lie in the same region were comparatively weak. Figure 1 gives a 
reproduction of the (0, 1) band. The comparison spectrum is that of an iron arc. Meas- 
urements were made with a Gaertner comparator. Their relative accuracy is estimated 
to be about +0.003 A. Averages of four measurements (two direct and two reverse) of 
each of the bands were used for the evaluation. For the conversion to vacuum, the index 
of refraction of air as given in Kayser’s Tabelle der Schwingungszahlen from the data of 
Meggers and Peters was used. 


III, ROTATIONAL ANALYSIS 
Figure 2 illustrates the nine branches that can be expected for a *II — '2 transition 


according to the selection rule AJ = 0, +1. A P, Q, and R branch occurs for each com- 
ponent *IIp — 12, *II; — !Z, and *IIz — '2, and they are designated by P1, Q:, Ri; P2, Qo, 
R2; and P3, Q3, Rs, respectively. The usual methods for analyzing bands* were adopted 
in obtaining the branches of the bands and their numbering. Table 1 gives the wave num- 
bers of the branches of all the bands measured. An asterisk indicates that the line is 
blended. Since the ‘II state, at least for high J values, is near Hund’s case 6, the quantum 
number K has a meaning for the rotational levels of both the upper and the lower states. 
Geré’s measurements for the (0, 1) band are completely at variance with those given 
here. The consistency of the new measurements with the other bands leaves no doubt 
that Geré’s data for this band are incorrect. 

Combination differences, Ri(K — 1) — P:(K + 1) = A.F”(K), were formed for all 
the bands measured. These depend only on the lower state, and with the use of them the 
rotational constants for each of the vibrational levels of the ground state were obtained 
by standard graphical methods.’ The results are given in Table 2. In the same table are 
also given the values obtained from a study of the rotation-vibration spectrum of carbon 
monoxide with long absorbing paths.’ Here the values for » = 0 and » = 4 were derived 
from the fine-structure study of the (4, 0) infrared band of CO, and the intermediate ones 
by using the relation 

B,=B,—a(v+}), (1) 


where B, and a are constants. The values obtained from infrared investigations are, no 
doubt, superior to those derived from a study of the structure of the Cameron bands. 


8 See, e.g., G. Herzberg, Molecular Spectra and Molecular Structure, Vol. 1: Diatomic Molecules (New 
York: Prentice-Hall Book Co., Inc., 1939), pp. 206-210. 


* Tbid., p. 198. 
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In the latter case the fourth decimal place may be in error by several units. However, 
the agreement between the two sets of results presented in Table 2 within the accuracy 
that can be attained in the present investigation shows that the B, values can be repre- 
sented by a relation of the form given in equation (1). This result will be used in a subse- 
quent investigation while obtaining the predicted positions of the lines in the (1, 0), 
(2, 0), and (3, 0) infrared bands of CO. 
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Fic. 2.—Energy-level diagram for the Cameron bands indicating the nine branches 





TABLE 1 
WAVE NUMBERS OF THE LINES IN THE CAMERON BANDS 
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060. 132.5 
044. 119. 
027.50 | 105.5 
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150.32 
144.59 
138.34 
131.60*; 
124.22 
116.31 
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099. 22* 
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080.20 
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059. 46* 


42080. 28 


077.57") 
074.53 
070.79 
066. 30 
061. 25* 
056.00 
050.06 
043.61 
036.71 
029.29 
021.50 
013.29 
004.42 
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174.72 
172.03* 
168.24 
164. 16* 
159. 81* 
154.71 
149.05* 
143.25 
136. 76 | 
129.26 
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202.5 
197. 
191. 
185.5 
179. 
172. 
164. 
157. 
149.05 
140.5 
131 

122. 
112. 
102. 
092. 
081.39 





(0, 3) Band 


42124.44 
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44214.70 | 221.25 
223.67°|..... 


213.72 
212.37 
210.58 
208.33 
205.67 
202.56%|...... 





¥6=42123.58 Cm™! 


123.58 
122.29 
120.64 
118.56 
116.15 
113.35 
110.14 
106.59 
102.66 
098.35 
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246.80 
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244.71 |44277.15 
243.20 | 279.05 
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156.60 
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154.48 
153.01 
151.32 
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43774.90 
769.14 
762.87 
756. 13* 
748.68 
740 .90* 
732.54 
723 .78* 
714.41 
704.65 


.}43831.50 


826.80 
821.63 
816.01 
810. 29* 
803.51 
796.70 
789.41 
781.71 
773.62* 
765.13 
756. 13* 
747 .02* 
737.36 
727.01 
716.82* 











43838 . 94 


749.99 


43842. 80* 


838.04 
836.63 
834.85 
832.58 
829.93 
826.80 
823.30 
819.46 
815.12 
810.29* 
805.39 
799.83 
793 .90* 
787.61 
780.79 
773.62* 
766.24 
758.28 
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.|41767.50 


762.97 
757.99 
752.68* 





41740.41* 
738.87* 
736.59 
733.81* 
730.61 
727.01* 
722.91 
718.35 





746.70 
740.41* 
733.81* 
727.01* 
719.67 
711.94* 
703.77 
695.47 
686.66 
677 .43* 
668.09 


658.18 
647.77 





41774.95 


41778.72 


774.15 
772.86 
771.18 
769.14 
766.65 
763.80 
760.59 
757.00 
753.08* 
748.72 
744.03 
738.87* 
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IV. VIBRATIONAL STRUCTURE 


It is well known that the vibrational term values are given by 
G(v) =@.(0+}) —wex. (0+ 3)? +u.¥e(0+3)*, (2) 


where w, is the vibrational frequency for infinitesimal amplitude and w.x, <<, and 
Wee K we%e. It is customary to write 


AG, 41/2 =G(0+1) —G(2). (3) 


The best method of obtaining the AG,+1/2 values is according to a procedure adopted 
by Jenkins and McKellar.’ If, for example, vibrational transitions from v’ = 0 of one 


TABLE 2 
ROTATIONAL CONSTANTS B, (CM~) 











| | 

From | From the (4, 0) From | From the (4, 0) 
Cameron Infrared Band | v } Cameron | Infrared Band 
Bands of CO Bands of CO 





1.9226 1.92265 Ke ve 1.8695 1.87019 
1.9053 1.90516 4 ee ae 1.8531 1.85271 
1.8872 1.88768 


electronic state to v’’ = 0 and v”’ = 1 of another electronic state are considered, it is 
easy to derive 


[2° (J) —Q@Y(J)] or [RO (J) —ROY(J)] 
or [PO (J) — PO (J)] =AG",+ (BY —B") J (J +1), 


1/2 


(4) 


neglecting the contribution of the terms in D, which is very small in this case. The super- 
script (0, 0) or (0, 1) is used to indicate the particular vibrational transition considered. 
When the differences of the wave numbers of lines given on the left-hand side of equation 
(4) are plotted against J(J + 1), a straight line results. From its intercept on the ordi- 
nate axis, AGi,2 of the lower state can be derived, and from the slope a value for (Bi! — 
B;’). Following a similar procedure for the (0, 1) and (0, 2) transitions, we obtain AG3/, 
that is, the separation of the vibrational levels 1 and 2 of the lower state, and (B,’ — 
B;’). Average values of the differences of corresponding unblended lines in the P, 0, and 
R branches were plotted against J(J + 1). On account of the fact that the observations 
did not reach large J values, the slopes of these plots could not be determined with the 
desired accuracy. But it is felt that the AG,41/2 values are accurate within +0.03 cm7. 
Table 3 gives these vibrational quanta. If one adds these quanta, one obtains 


v=3 
D> AG", . = 8414.40 cm-, 
v=0 


v+1/2 


which should be compared to v» = 8414.46 cm of the (4, 0) infrared band of CO. The 
difference is probably due to a constant shift of the lines in the Cameron bands relative 
to the comparison spectrum during the long exposure. 


10 F, A. Jenkins and A. McKellar, Phys. Rev., 42, 464, 1932. 
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Next, the constants w,, w.«,, and «,y-, in equation (2) were computed, and the following 
formula was derived for the vibrational term values of the ground state of CO: 


G(v) = 2170.21 (0+3) —13.461 (0+ }3)?+0.0308 (0+ 3)8+.... © 
In determining these vibrational constants, equal weight was given to the value of 


v=3 ia 
ps AG, +1/2 
v=0 


and the » (4, 0) (see above), that is, 


n=3 
SD) aGiie = 8414.43 cm 
v=0 
was used. 
There is an alternative way of obtaining the separations of the vibrational levels, 


TABLE 3 


VIBRATIONAL QUANTA FOR THE GROUND STATE OF THE CO MOLECULE 
AGS! 41/2=G" (v+1) —G" (2) Cm 
2143.38 
2116.74 
2090. 27 
2064.01 


Ground state 'X: Upper state *I1: 
1.9313, cm™ 48473 .97 cm™ 
0.01748, cm! 48687 .55 cm™! 
6.4; 10-* cm“ r1/ 1714.61 cm™ 
|, EER PERC en Brae +0.0,< 10-* cm™ 

1.12819 10-8 cm 

2170.21 cm“ 

13.461 cm™ 

+0.0308 cm! 


* This was evaluated by using the voo (the origin of the [0, 0] band) and AG;/, values given in Table 4 and wex, = 14.47 cm=! 
suggested by Birge (Phys. Rev.28, 1157, 1926). 


namely, from the zero lines vp of the Cameron bands which can be derived by plotting 
3(Q: +Q2 + Qs) against J(J + 1), since, according to Budd," 
§(Qi+Q2+Qs) =v0+ (B’—-B’)IJ(J+1) —(D'-D) PV +1)% 

Using these and the vibrational quanta given in Table 3, the most probable values for 
the origins of the bands studied were evaluated. These are the ones that are given in 
Table 1. The difference between the origins of the two bands (0, 3) and (1, 3) gives a value 
1714. 61 cm™ for the vibrational quantum AG;,2 of the aI state. 

The rotational and vibrational constants of the CO molecule derived in this and the 
previous paper’ are summarized in Table 4. 

The predicted positions of the lines in the rotation-vibration bands of CO, together 
with a discussion of the limitations involved in using them as possible wave-length 
standards in the infrared, will be given in a separate paper. 


The author acknowledges his sincere thanks to the government of India for the 
award of a fellowship and to Dr. G. Herzberg, under whose supervision this work was 
carried out. 


11 A. Bud6, Zs. f. Phys., 98, 437, 1936. 








NOTES 


A NOTE ON THE SPECTROGRAPHIC ORBITS OF HD 193576 . 


In a recent paper! on the Wolf-Rayet spectroscopic binary HD 190918, O. C. Wilson 
has taken exception to certain conclusions of mine? regarding a somewhat similar Wolf- 
Rayet star, HD 193576. The question turns on the legitimacy of using blended wave 
lengths for those lines of the Pickering series of He m which nearly coincide with the 
Balmer series. Dr. Wilson sees no justification for this procedure, which I adopted on the 
advice of Dr. J. A. Pearce, alleging that the Pickering series is too weak with respect to 
the Balmer lines to cause appreciable distortion. This seems very doubtful, however. 

The companion of the Wolf-Rayet star in the system HD 193576 is of spectral type 
O5.5 or O06. Recent work by R. M. Petrie* at Victoria has demonstrated that in the 
O-type stars the intensities of He m increase in the spectral sequence from O9 to O5, 
and the maximum, if any, seems at least as early as O5. From the quantitative spectro- 
photometric measurements on twenty O-type stars it was found that the ratio of the 
mean intensity of He 1 (A 4200 and \ 4542) to the mean intensity of Hé and Hy (found 
by subtracting the mean intensity of He u from the measured mean intensity of the 
blended lines) varied fairly regularly from 1.5 for O5 to 0.2 for O9. Since the value for 
06 is about 0.9, it cannot be contended that the Pickering lines are of negligible intensity. 

In the 55 plates examined in my own work, the He 1 lines \ 4200 and \ 4542, and 
often also \ 4026, were usually measurable. I made no attempt to measure the relative 
intensities, except to make estimates from the microphotometer tracing. From these 
estimates it appears that the mean relative intensity of the blended lines and the He u 
lines was about 55/31, giving a ratio for He 1/H of about 1.3, in satisfactory agreement 
with the value found by Petrie for a star of this type. 

E. S. KEEPING 


UNIVERSITY OF ALBERTA 
EDMONTON, ALBERTA 
April 29, 1949 


THE RADIAL VELOCITY OF ALPHA- VIRGINIS 


In 1945 Dr. Carlos U. Cesco, at the McDonald Observatory, obtained a series of 
twenty coudé spectrograms of the spectroscopic binary a Virginis. Some of the spectro- 
photometric results have already been reported.! The present note deals with the radial 
velocities determined from microphotometer tracings, which show the comparison lines 
superimposed over the record of the star’s spectrum. No attempt was made to measure 
the fainter component. For the stronger set of star lines the precision of the measure- 
ments is about +3 km/sec, which compares favorably to the precision obtained on dif- 
fuse absorption lines by means of micrometer measures. The linear dispersion of the coudé 
plates varies from 2 A/mm at d 4026 to 4 A/mm at d 4472. The material is not sufficient 
to derive a reliable velocity-curve, but the following conclusions are indicated: (1) The 


1Ap. J., 109, 76, 1949. 2 Pub. Dom. Ap. Obs., Victoria, Vol, 7, No. 23, 1947. 
3 Pub. Dom. Ap. Obs., Victoria, Vol. 7, No. 21, 1947. 
1Ap. J., 108, 154, 1948. 
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period of 4.014160 days, found in 1934,’ is still satisfactory. (2) The velocity-curve in 1945 
was more symmetrical than in 1934. (3) The radial velocities derived from lines of differ- 
ent elements agree reasonably well at maximum of the velocity-curve and near the gam- 
ma velocity but disagree at minimum; it is not certain that this effect has a physical sig- 


TABLE 1 
RADIAL VELOCITIES OF a VIRGINIS 








Observed Computed 
Phase y : 

Ded Velocity Velocity 
i (Km/Sec) (Km/Sec) 





. 168 
189 


.110 
121 
124 
. 180 





euzese 





Cie Wm G bo HR ® NWN bd 


52 
28 
31 
52 
20 
17 























nificance. The departures for the four groups of plates listed in Table 1 are summarized 
in the accompanying tabulation. 








DEPARTURES IN Km/Sec From PLATE MEANS 





He (Singlets) Het (Triplets) 
AA 4388, 4144 AA 4026, 4121, 4472 





ae -7 
+14 —13 
+16 —14 
+ 6 —17 














The phases in Table 1 were computed from the epoch of minimum radial velocity de- 
termined previously,’ viz., JD 2426038.72. The computed velocity, in the last column, 
was derived from the elliptical elements determined in 1934. It is quite clear that the 
velocity-curve has changed and was almost symmetrical in 1945. Assuming a circular 


2 Ap. J., 80, 367, 1934. 
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orbit, we find, for 1945, y = +0.5 km/sec, K; = 121.5 km/sec. The corresponding 
values of (O — C), not listed in Table 1, would justify our previous conclusion regarding 


the precision of the radial velocities. 
SHU-Koo Kao 


O. STRUVE 


YERKES AND McDONALD OBSERVATORIES 
July 4, 1949 


SODIUM D IN THE SPECTRUM OF METEORS 


The presence of the sodium D line in emission in meteoric spectra raises the question 
whether the emitting atoms may be of atmospheric origin. The present estimate of the 
possibility is based upon the following considerations: 

1. A spectrograph with an f/0.7 camera will record «n emission line due to 10" pho- 
tons/cm? column. This is based on the fact that the [O 1] line 5577, whose average inten- 
sity is 2 X 10° photons/cm?-sec, gives a measurable line in 15 minutes or 900 seconds 
with our spectrograph. An f/4.5 spectrograph will therefore record an emission line re- 
sulting from 4 X 10” photons/cm* or, if the effective expesure time is 1 second, from a 
Juminous region emitting at the rate of 4 X 10" photons/cm?:sec. 

2. It is known from twilight observations that the density, p, of neutral sodium in the 
region of meteoric concentration (90 — 100 km) is about 209/cm%. 

3. The probability of spontaneous emission, A, from the *P level of sodium to its *S 
level is 0.625 & 108/sec. 

Let 4 be the thickness of the region activated by the passage of the meteor and P be 
the number of photons per atom produced by the meteor, or its equivalent the fraction 
of the sodium atoms which are excited to the ?P level. Then the condition for recording an 
emission line is 

phPA=4X10" 


from which 
Pk= 320 . 


For varicus values of # the minimum value of P can be deduced, as in the accompanying 
tabulation. 


h(cm) P(minimum) 
1 
10.. 


i! eee 3.2 
Sat | aR ce eee ee cA 1.0 


1000... eee 0.32 
3000... 


The conclusion to be drawn is that the sodium D line in meteoric spectra may be due 
to atmospheric sodium atoms if the effective thickness of the region activated by the 


meteor is greater than about 390 cm. 


These calculations were made at the suggestion of Dr. C. T. Elvey. The study was 
supported by the Office of Naval Research under Project NR-082-045. 


F. E. Roacu 


U.S. NAVAL ORDNANCE TEST STATION 
July 29, 1949 
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Gaseous Nebulae and New Stars. By A. VORONTZOFF-VELYAMINOV. (In Russian.) Edition of the 
Academy of Sciences of the U.S.S.R. Moscow and Leningrad, 1948. Pp. 588+-146 figs. Bound, 


45 rubles. 


During the night of November 8-9, 1942, Bernhard H. Dawson discovered, at La Plata, a 
brilliant nova in the constellation Puppis. A few nights later it reached maximum brightness at 
nearly zero apparent visual magnitude and then rapidly declined until it reached, in December, 
1948, an apparent magnitude of 12. According to E. Pettit’s light-curve,! it is probable that the 
decrease in luminosity will continue for several years and that it may ultimately reach its 
premaximum brightness of fainter than 17 mag. The extraordinarily large range of at least 17 
mag., which exceeds by 3 mag. its nearest rivals, Nova Persei 1901 and Nova Cygni 1920, served 
as a welcome confirmation of a theory of stellar evolution which Professor Vorontzoff-Velyaminov 
had vaguely suspected before but for which he required strong observational confirmation. 

The new book is essentially the basis upon which his theory rests. It contains a wealth of in- 
formation on O-type stars, Wolf-Rayet stars, diffuse galactic nebulae, interstellar gas and dust, 
planetary nebulae, the physical mechanisms of nebular radiation, the results of observations of 
novae and supernovae, the physical constitution of the novae, the nova-like peculiar stars and 
the recurring novae, the SS Cygni and U Geminorum variables, and the P Cygni and Be stars. 

Of fundamental] importance is the relation, found in 1934 by Parenago and Kukarkin, be- 
tween the amplitude of a recurring nova and its period. The author finds, from the entire avail- 


able material, 
log P (years) = — 3.716 +0.512A4 (mag.) . 


Some readers will probably object to the extrapolation that he attempts on both sides of the ob- 
served interval in A. For small A he extends the formula to include the 700-day period of Z An- 
dromedae, and he suggests that for still smaller P the variation in A becomes so small that it is 
lost in the irregular variations of brightness which are usually present in the novae. On the side 
of long P, he not only treats a!] normal novae as recurring phenomena—for Nova Puppis 1942 
his formula gives P = 10° years—but he identifies the white dwarfs and blue dwarfs (the latter 
having continuous spectra without absorption or emission lines) with recurring novae of A ~ 20 
mag.; and he concludes that, since the corresponding P~ 108 years, these stars will be practi- 
cally constant in light, at minimum brightness, during most of the life of our galaxy. 

Unquestionably, this hypothesis is daring; but it also grips our imagination and tempts us to 
look deeper into its origin and its consequences. The former is very largely contained in an H-R 
diagram (Fig. 1), in which Vorontzoff-Velyaminov has entered (at times somewhat arbitrarily) 
the Wolf-Rayet stars, the novae at minimum, the nuclei of planetary nebulae, and the blue and 
white dwaris. Together with main-sequence O and B stars, these groups form what he describes 
as the “blue-white sequence” in the H-R diagram: a vertical column running from about M, = 
—6to M, = +14 and from O0, or continuous spectra, to about BO. Nova Puppis 1942 at Mya— 
+9 or +10 forms a connecting link between the novae and the white dwarfs. 

This sequence is regarded as representing the evolutionary path of stars which lose mass by 
expansion, and this is considered the predominant evolutionary process in the galaxy, leading to 
the formation of nebulae and interstellar matter. There is no evidence of the reverse process, the 
building-up of stars from interstellar matter or even from denser dust clouds; but in one part of 
the book the idea of a complete cycle from clouds to stars and back to clouds is regarded as pos- 
sible. 
It is significant that in recent years several astronomers have recognized the importance of 
finding an efficient evolutionary process involving a change of mass. Vorontzoff-Velyaminov’s 
ideas are, therefore, very much in line with the general development of astronomical thought. 
But several points are not quite clear. He disregards the U Geminorum stars, because they have 
G-type spectra at minimum. The possibility that these absorption-line spectra come from a com- 


1 Pub. A.S.P., 61, 42, 1949. 
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panion “can no longer be maintained because this type of spectrum is observed in all these stars.” 
But perhaps they all have late-type companions. In fact, there is a large amount of information 
that many nova-like objects are really double stars, as are also some T Tauri variables and many 
Wolf-Rayet stars. At any rate, the similarity of the U Geminorum and SS Cygni stars with 
novae is one of their most prominent spectroscopic features. There may also be a connection be- 
tween the T Tauri variables and the peculiar stars of the Z Andromedae type. 

Another weakness of the proposed hypothesis is the absence of a smooth change in spectral 
characteristics, as well as in other properties, along the blue-white sequence. Perhaps we are here 
concerned with a difference in viewpoint. Vorontzoff-Velyaminov is probably not primarily a 
spectroscopist and looks at his sequence principally as an arrangement of stars of smoothly de- 
creasing mass with decreasing intrinsic luminosity. But spectroscopically it is difficult to lump 
into one narrow sequence such objects as a Wolf-Rayet star, with its tremendously broad emis- 
sion lines, all of permitted transitions; BF Cygni, with its wealth of narrow emission lines, many 
of them corresponding to forbidden transitions; -y Cassiopeiae, with normal Be features and oc- 
casional stages of shell-type absorption lines; 17 Leporis, with occasional nova-like outbursts of 
absorbing gases, which are not accompanied by appreciable changes in brightness; the nuclei of 
planetaries, which in intrinsic luminosity fall between the Wolf-Rayet stars and the novae at 
minimum but in the spectrum hardly represent a transition from one group to the other; and, 
finally, the white dwarfs, with no emission lines and no indication of spectroscopic changes sug- 
gestive of expansion. 

It is this bewildering variety in the spectra of Vorontzoff-Velyaminov’s blue-white sequence 
that places it in a quite distinct class from the other, generally accepted, sequences in the H-R 
diagram: the dwarfs, the giants, the subdwarfs, the supergiants. This does not mean that Voront- 
zofi-Velyaminov’s hypothesis is incorrect. But it suggests caution! 

But let us examine the process more closely. According to the hypothesis, a relatively young 
system is one having blue giants but not having either novae, nova-like objects, or white dwarfs; 
as the system grows older, some blue giants will become novae or nova-like objects and will be- 
gin to lose mass rapidly, because we infer, from the relative scarcity of these objects, that they 
last, in this stage, for a short interval of time; finally, in the oldest systems the blue giants will be 
absent, and the white dwarfs will take their places. Does this correspond to reality? The author 
does not consider the clusters, which would have given him a chance to examine the consequences 
of his hypothesis. But if our other theories of stellar evolution are correct—and Vorontzoff- 
Velyaminov apparently accepts the thermonuclear transformation of H into He along the main 
sequence—then it is surprising not to find in some of the older clusters (with appreciable H-de- 
ficiency, according to Kuiper and others) like the Pleiades, Praesepe, or the Hyades, any indi- 
cation of P Cygni type or nova-like objects. Such objects abound in a relatively young cluster 
like NGC 6231, which also has many luminous O and B stars. But perhaps this argument is not 
compelling. Vorontzoff-Velyaminov would regard a globular cluster with few O and B stars, or 
even without any, as an extremely young object, in which the O and B stars of the main sequence 
had not yet come into existence. We must remember that he discards the hypothesis, frequently 
accepted by others, that the hot, massive, rapidly rotating, main-sequence stars are formed di- 
rectly out of the interstellar dust and are the first members of any stellar population, being con- 
stantly re-formed as the older ones among them disappear from the upper-left corner of the H-R 
diagram. But is it not surprising that among the known globular clusters there is not one which is 
old enough to have passed through and beyond the blue-giant stage? 

But I repeat: The main purpose of the book is to demonstrate the importance of loss of mass 
by stars as an evolutionary process and as a process of replenishing the interstellar gas. In this 
respect Vorontzoff-Velyaminov will find many sympathetic readers. The phenomena have been 
outlined by other workers, most recently by A. D. Thackeray.” 

Users of the new book will find four appendices of value: a long list of references, a catalogue 
of planetary nebulae, a catalogue of galactic novae, and a list of supernovae. 

Unfortunately, this very valuable book has been marred by a series of ungenerous and un- 
dignified attacks upon all science in what the author calls the “bourgeois, capitalistic countries.” 
He even censures by name “the Americanized apostate Gamow,” who “advances new theories 
only for the sake of sensation” and who “with amazing ease, sometimes even after a few months, 
discards them in order to propose a new, equally sensational theory.” In another place the author 
singles out Messrs. Aller and Goldberg who “in their book Atoms, Stars, and Nebulae have pre- 


2 Observatory, 68, 22, 1948. 
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sented in a distorted manner a picture of the disappearance of life on the earth in the event of a 
nova-like outburst in the sun.” The author continues: “The purpose of such realistic descriptions 
in the capitalistic world is to prove the futility of life on earth, and to undermine the will of the 
people to rebuild their social order.” 

We have become used, during the last two or three years, to being showered with abuse from 
Soviet sources. But it is a revelation to learn that our ‘“‘bourgeois science is completely incapable, 
in a fruitful way, of explaining the regularities which lie at the bottom of the observed phe- 
nomena, because the method of bourgeois science is sinful.” Instead, the author proposes “‘to 
base himself upon the forward march of the philosophy of dialectic materialism,” which will en- 
able him to “create a really advanced theory” and to provide for the Soviet astrophysicists ‘“‘the 
knowledge of the weak sides of bourgeois science which will enable them to carry on the fight on 
the solid ground of dialectic materialism.” It appears that “‘the sum-total of all these labors dem- 
onstrates in a concrete manner the endless circulation of matter, which had been predicted, long 
ago, by the philosophy of materialism.”” The book ends with several quotations from Stalin and 
one from Engels, which have no bearing upon the problems of astronomy. 

It would seem that we, who “are unable to form sound theories,” are nevertheless sufficiently 
competent to furnish the raw data of world science. At least, the vast majority of the observa- 
tional facts used by Vorontzoff-Velyaminov come from Western sources, and in the body of the 
book these results are given fairly and usually with the proper references. But the photographic 
illustrations are another matter. Out of the 49 halftones—many of them composite—all but two 
or three will be easily recognized by their intellectual fathers in the United States and Canada. 
But the only acknowledgements which I can find are two exceptions: both are credited to Russian 
astronomers in Moscow, and both are poor beyond description. 

Perhaps we should not blame the author personally for the political nonsense, which adorns 
only the first and the last few pages of his book. But the control of thought by powerful political 
groups in many countries is a threat to the whole world. 

Otto STRUVE 
Yerkes Observatory 


Astronomischer Jahresbericht, Vol. 45, Part I. Published by the Astronomisches Rechen-Institut, 
Heidelberg, Germany, and containing the literature of the years 1943-1946. Berlin: Walter 
de Gruyter & Co., 1948. Pp. 333. RM. 40.! 


At the 1948 meeting of the International Astronomical Union a resolution was passed en- 
couraging Professor A. Kopff, director of the Heidelberg section of the German Astronomisches 
Rechen-Institut, to continue the publication of the annual volumes which have appeared 
regularly since 1899. Volume 45 contains the literature from 1943 to 1946, or, perhaps more cor- 
rectly, it contains reviews and summaries of those publications up to and including the year 1946 
which had arrived at the Rechen-Institut before December 1, 1947. The present volume is 
labeled Part I because it had been decided to issue Part II as Volume 46, covering the literature 
wa the same years, 1943-1946, which had not arrived in Heidelberg in time for the present 
volume. 

As was the case in the pre-war years the Jahresbericht is exceedingly valuable because it is as 
nearly complete as anyone might wish. In the forty-two introductory pages the authors have 
given a list of all publications which they have reviewed. It is to be hoped that the directors of all 
observatories and the editors of astronomical publications who have not yet made their publica- 
tions available to the Rechen-Institut will do so at once, so that the next volume may contain the 
entire remaining literature. Authors of articles which were printed in periodicals not ordinarily 
accessible to the Rechen-Institut are likewise requested to send reprints to Heidelberg. Institu- 
tions which have not yet purchased the Jahresbericht may now do so through any established 
bookstore in this country. 

The editor of Volume 45 was Dr. K. Heinemann, who had already been responsible for several 
of the earlier issues. His collaborators were A. Bohrmann, Heidelberg; H. Gollnow, Gottingen; 
I. Groeneveld, Heidelberg; K. O. Kiepenheuer, Freiburg; H. Klauder, Heidelberg; A. Konig, 


1 The price of the current volume is 40 German marks or about $13. That of the earlier volumes 
(1940, 1941, and 1942) is about 20 German marks. The editors have informed us that all volumes may 
be purchased through the following address: Carl Fr. Fleischer, Buchhandlung, Frankfurt/M, Biir- 
gerstrasse 9-11, Germany. 
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Heidelberg; G. R. Miczaika, Heidelberg; E. Rabe, Heidelberg; W. Strohmeier, Géttingen. 
Dr. Jr. Bouska, of Prague, covered the Czechoslovak literature of 1943; Dr. F. Zagar, of 
Bologna, has reviewed the Italian literature for 1943-1945; and Dr. W. Lohmann, of Heidelberg, 
has reviewed the entire Russian literature. 

The general arrangement of the book is similar to that of previous years, but a new section 
has been introduced for theoretical astrophysics listing separately the following topics: physical 
foundations; stellar atmospheres and spectra; stellar interiors; nebulae and interstellar matter; 
stellar evolution and cosmogony. Several new sections have been added to Part VI—the sun, 
namely, the photosphere and the spectrum; solar radiation; the chromosphere and the prom- 
inences; the corona; solar activity in relation to terrestrial effects. 

What was formerly a single part devoted to the fixed stars has now been split into four new 
parts entitled, respectively, (1) ‘““The Stars”; (2) ‘“‘Double Stars”; (3) “Variable Stars and 
Novae”; (4) ‘‘Stellar Systems, Nebulae, and Interstellar Space.’’ The Rechen-Institut especially 
records its gratitude to the Astronomer Royal, Sir Harold Spencer Jones, for his efforts in mak- 
ing available a large part of the literature from the allied countries. 

O. STRUVE 
Yerkes Observatory 


Johannes Kepler. By Max Caspar. Stuttgart: W. Kohlhammer Verlag, 1948. Pp. 479. DM 18. 


Professor Caspar is the editor of Kepler’s collected works and is probably better informed 
concerning the life of Kepler and the times in which he lived than is any other living person. 
Hence his new book is an important event. It is the best and most complete biography of the 
great Gerrnan astronomer. 

Kepler was born in 1571 and as a child knew some of the great contemporaries of Martin 
Luther. He died in 1630, when the Thirty Years’ War was at its height. His life was marked by 
religious persecution, financial worries, and the constant danger and turmoil of war. Born in a 
Protestant community of Wiirttemberg and educated at the Protestant University of Tiibingen, 
he was, nevertheless, excluded from communion in his own church because his religious and sci- 
entific views were regarded as radical. He dared to uphold the Copernican theory, equally de- 
nounced by both the Protestant and the Roman Catholic clergies, and he was exiled from Graz 
because he refused to be converted to Catholicism» And yet, despite the constant worries of his 
mother’s trial for witchcraft, of the emperor’s failure to pay him his salary, and of the scorn 
which he had to endure from many scientists, he became the greatest theoretical genius of his own 
period and one of the greatest in the history of mankind. 

Caspar’s biography is full of interesting details and of no less interesting generalizations. He 
has spiced the text with numerous quotations from Kepler’s own writings—many of them from 
letters which have not been previously accessible. But this most interesting feature wil] make the 
book rather difficult to read for persons who are not thoroughly familiar with the German lan- 
guage: most of the quotations are exact not only in their wording but even in their peculiar, old- 
German spelling. Moreover, Kepler, following the usage among scientists of the sixteenth and 
seventeenth centuries, often interspersed his letters with Latin words carefully adapted in form 
to the structure of his German sentences. 

The author has so completely entered into the mind of his subject that he has succeeded in 
giving a vivid, yet truthful, picture of the mental processes which gradually led Kepler to the 
enunciation of his first two laws of planetary motion, when he served as imperial mathematician 
in Prague, and, much later, of his third law, when he was living in Linz. 

But Kepler was not an easy person to get along with. A few days of close contact with Tycho 
Brahe brought about a violent explosion between the two men; and one wonders whether the 
unreasonable Dane had not finally met an even more unreasonable German. But the very fact 
that Caspar does not attempt to idealize Kepler but presents him as he was—a small, sickly man 
with a brilliant mind and a difficult character; a man who was hot tempered but never complete- 
ly free of his reliance upon others, who often soon regretted the outbursts of his fury; a man who, 
even as a student, had embraced the Copernican teaching but who remained an astrologer until 
his dying days—makes this book an outstanding accomplishment and an indispensable source 
for future studies. 

Otto STRUVE 
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Skalnate Pleso Atlas of the Heavens. By ANTONIN BECVAR. Cambridge, Mass.: Sky Pub. Corp., 
1949. 16 charts. $5.00. 


With the single exception of the Bonner Durchmusterung, this is the most useful atlas to the 
practicing astronomer that the reviewer knows of. The whole sky is illustrated on sixteen charts, 
which include the following information: all stars to magnitude 7.5, variables, novae, galactic 
nebulae, globular clusters, and over a thousand of the brightest extragalactic nebulae of mag- 
nitude 13 or brighter according to the Shapley-Ames catalogue. In addition, the outlines of the 
dark nebulae are shown, together with the Milky Way as delineated by Pannekoek. 

The author, Dr. A. Becvar, director of the observatory at Skalnate Pleso, is responsible for 
the preparation of the charts; the work was first published in Prague in 1948 to commemorate 
the thirtieth anniversary of the astronomical society. The present edition is published in the 
United States under the sponsorship of the Sky Publishing Corporation and the Harvard College 
Observatory. The atlas represents a research project of major importance to astronomy, and it 
is certain to be an invaluable part of the astronomer’s tools for many years to come. 


W. W. Morcan 
Yerkes Observatory 


Mappa coelestis nova. Cambridge, Mass.: Sky Pub. Corp., 1949. 1 map. $3.50. 


This is an attractively printed colored chart, giving the location of all stars north of declina- 
tion —40° and brighter than visual magnitude 5.0. The magnitudes to two decimals are entered 
near the star images, and the latter are colored in accordance with their spectral types. 

It would be hard to imagine a more interesting map of the brightest stars. 


W. W. M. 
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PRINCIPLES OF 
STELLAR DYNAMICS 


By S. CHANDRASEKHAR, Yerkes Observatory 


A concise and authoritative ac- .a well-rounded book which 
count of current investigations should for many years to. come be 
by the author and others on the = ncaa 
dynamics of the galaxy, spiral pamics”—Bant J. peor 


nebulae, and star clusters. 
$5.00 . toa specialist in the eld this 
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In the Astrophysical Monographs Series —LywanSerrexn, Jn., Popalerdstronomy. 
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